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Preface to the Second Edition 



Accompanied with humanity into the 21st century, a highlight trend for developing 
a science is its overlap and hybrid, and harmoniously with other sciences, which 
enables one to handle complex systems in the WORLD. This is also for develop- 
ing mathematics. As a powerful tool for dealing with relations among objectives, 
combinatorics, including combinatorial theory and graph theory mushroomed in last 
century. Its related with algebra, probability theory and geometry has made it to an 
important subject in mathematics and interesting results emerged in large number 
without metrics. Today, the time is come for applying combinatorial technique to 
other mathematics and other sciences besides just to find combinatorial behavior 
for objectives. That is the motivation of this book, i.e. , to survey mathematics and 
fields by combinatorial principle. 

In The 2nd Conference on Combinatorics and Graph Theory of China (Aug. 
16-19, 2006, Tianjing), I formally presented a combinatorial conjecture on mathe- 
matical sciences (abbreviated to CC Conjecture), i.e., a mathematical science can 
be reconstructed from or made by combinatorialization , implicated in the foreword 
of Chapter 5 of my book Automorphism groups of Maps , Surfaces and Smarandache 
Geometries (USA, 2005). This conjecture is essentially a philosophic notion for de- 
veloping mathematical sciences of 21st century, which means that we can combine 
different fields into a union one and then determines its behavior quantitatively. It 
is this notion that urges me to research mathematics and physics by combinatorics, 
i.e., mathematical combinatorics beginning in 2004 when I was a post-doctor of Chi- 
nese Academy of Mathematics and System Science. It finally brought about me one 
self-contained book, the first edition of this book, published by InfoQuest Publisher 
in 2009. This edition is a revisited edition, also includes the development of a few 
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topics discussed in the first edition. 

Contents in this edition are outlined following. 

Chapters 1 and 2 are the fundamental of this book. In Chapter 1, we briefly 
introduce combinatorial principle with graphs, such as those of multi-sets, Boolean 
algebra, multi-posets, countable sets, graphs and enumeration techniques, including 
inclusion-exclusion principle with applications, enumerating mappings, vertex-edge 
labeled graphs and rooted maps underlying a graph. The final section discusses the 
combinatorial principle in philosophy and the CC conjecture, also with its implica- 
tions for mathematics. All of these are useful in following chapters. 

Chapter 2 is essentially an algebraic combinatorics, i.e. , an application of com- 
binatorial principle to algebraic systems, including algebraic systems, multi-systems 
with diagrams. The algebraic structures, such as those of groups, rings, fields and 
modules were generalized to a combinatorial one. We also consider actions of multi- 
groups on finite multi-sets, which extends a few well-known results in classical per- 
mutation groups. Some interesting properties of Cayley graphs of finite groups can 
be also found in this chapter. 

Chapter 3 is a survey of topology with Smarandache geometry. Terminologies in 
algebraic topology, such as those of fundamental groups, covering space, simplicial 
homology group and some important results, for example, the Seifert and Van- 
Kampen theorem are introduced. For extending application spaces of Seifert and 
Van-Kampen theorem, a generalized Seifert and Van-Kampen theorem can be also 
found in here. As a preparing for Smarandache n-manifolds, a popular introduction 
to Euclidean spaces, differential forms in R n and the Stokes theorem on simplicial 
complexes are presented in Section 3.2. In Section 3. 3-3. 5, these pseudo-Euclidean 
spaces, Smarandache geometry, map geometry, Smarandache manifold with differen- 
tial, principal fiber bundles and geometrical inclusions in pseudo-manifold geometry 
are seriously discussed. 

Chapters 4 — 6 are mainly on combinatorial manifolds motivated by the com- 
binatorial principle on topological or smooth manifolds. In Chapter 4, we discuss 
topological behaviors of combinatorial manifolds with characteristics, such as Eu- 
clidean spaces and their combinatorial characteristics, topology on combinatorial 
manifolds, vertex-edge labeled graphs, Eulcr-Poincare characteristic, fundamental 
groups, singular homology groups on combinatorial manifolds or just manifolds and 
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regular covering of combinatorial manifold by voltage assignment. Some well-known 
results in topology, for example, the Mayer-Vietoris theorem on singular homology 
groups can be found. 

Chapters 5 and 6 form the main parts of combinatorial differential geome- 
try, which provides the fundamental for applying it to physics and other sciences. 
Chapter 5 discuss tangent and cotangent vector space, tensor fields and exterior dif- 
ferentiation on combinatorial manifolds, connections and curvatures on tensors or 
combinatorial Riemannian manifolds, integrations and the generalization of Stokes’ 
and Gauss’ theorem, and so on. Chapter 6 contains three parts. The first concen- 
trates on combinatorial submanifold of smooth combinatorial manifolds with fun- 
damental equations. The second generalizes topological groups to multiple one, for 
example Lie multi-groups. The third is a combinatorial generalization of principal 
fiber bundles to combinatorial manifolds by voltage assignment technique, which 
provides the mathematical fundamental for discussing combinatorial gauge fields in 
Chapter 8. 

Chapters 7 and 8 introduce the applications of combinatorial manifolds to fields. 
For this objective, variational principle, Lagrange equations and Euler- Lagrange 
equations in mechanical fields, Einstein’s general relativity with gravitational held, 
Maxwell held and Abelian or Yang-Mills gauge helds are introduced in Chapter 7. 
Applying combinatorial geometry discussed in Chapters 4 — 6, we then generalize 
helds to combinatorial helds under the projective principle , i.e., a physics law in 
a combinatorial field is invariant under a projection on its a field in Chapter 8. 
Then, we show how to determine equations of combinatorial helds by Lagrange 
density, to solve equations of combinatorial gravitational helds and how to construct 
combinatorial gauge basis and helds. Elementary applications of combinatorial helds 
to many-body mechanics, cosmology, physical structure, economical or engineering 
helds can be also found in this chapter. 

This edition is preparing beginning from July, 2010. All of these materials are 
valuable for researchers or graduate students in topological graph theory with enu- 
meration, topology, Smarandache geometry, Riemannian geometry, gravitational or 
quantum helds, many-body system and globally quantifying economy. For preparing 
this book, many colleagues and friends of mine have given me enthusiastic support 
and endless helps. Without their help, this book will never appears today. Here 1 



IV 



Combinatorial Geometry with Applications to Field 



must mention some of them. On the first, I would like to give my sincerely thanks 
to Dr.Perze for his encourage and endless help. Without his suggestion, 1 would do 
some else works, can not investigate mathematical combinatorics for years and finish 
this book. Second, I would like to thank Professors Feng Tian, Yanpei Lin, Mingyao 
Xn, Fuji Zhang, Jiyi Yan and Wenpeng Zhang for them interested in my research 
works. Their encourage and warmhearted support advance this book. Thanks are 
also given to Professors Han Ren, Junliang Cai, Yuanqiu Huang, Rongxia Hao, 
Deming Li, Wenguang Zai, Goudong Liu, Wcili He and Erling Wei for their kindly 
helps and often discussing problems in mathematics altogether. Partially research 
results of mine were reported at Chinese Academy of Mathematics & System Sci- 
ences, Beijing Jiaotong University, Beijing Normal University, East- China Normal 
University and Hunan Normal University in past years. Some of them were also re- 
ported at The 2nd and 3rd Conference on Graph Theory and Combinatorics of China 
in 2006 and 2008, The 3rd and fth International Conference on Number Theory and 
Smarandache’s Problems of Northwest of China in 2007 and 2008. My sincerely 
thanks are also give to these audiences discussing mathematical topics with me in 
these periods. 

Of course, 1 am responsible for the correctness all of these materials presented 
here. Any suggestions for improving this book and solutions for open problems in 
this book are welcome. 



L.F.Mao 



July, 2011 
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All that we are is the result of what we have thought. The mind 
everything. What we think, we become. 



Buddha. 



CHAPTER 1. 



Combinatorial Principle with Graphs 



They are able because they think they are able. 

By Virgil, an ancient Roman poet. 



The combinatorial principle implies that one can combining different fields 
into a unifying one under rules in sciences and then find its useful behav- 
iors. In fact, each mathematical science is such a combination with metrics 
unless the combinatorics, which was for caters the need of computer sci- 
ence and games in the past century. Now the combinatorics has become 
a powerful tool for dealing with relations among objectives by works of 
mathematicians. Its techniques and conclusions enables that it is possible 
to survey a classical mathematical science by combinatorics today. In this 
chapter, we introduce main ideas and techniques in combinatorics, includ- 
ing multi-sets with operations, partially ordered sets, countable sets, graphs 
with enumeration and combinatorial principle. Certainly, this chapter can 
be also viewed as a brief introduction to combinatorics and graphs with 
enumeration, also a speculation on the essence of combinatorics. 
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§1.1 MULTI-SETS WITH OPERATIONS 

1.1.1 Set. A multi-set is a union of sets distinct two by two. So we introduce sets 
on the first. A set © is a collection of objects with a property AA , denoted by 

© = {x\x posses property <$P}. 



For examples, 

A = {(x,y,z)\x 2 + y 2 + z 2 = 1 }, 

B = {stars in the Universe} 

are two sets by definition. In philosophy, a SET is a category consisting of parts. 
That is why we use conceptions of SET or PROPERTY without distinction, or 
distinguish them just by context in mathematics sometimes. 

An element x possessing property TP is said an element of the set ©, denoted 
by x G ©. Conversely, an element y without the property is not an element of 
©, denoted y fL ©. We denote by | © | the cardinality of a set ©. In the case of finite 
set, | ©| is just the number of elements in ©. 

Let ©i and ©2 be two sets. If for Vx G ©1, there must be x G ©2, then we say 
that ©1 is a subset of ©2 or ©1 is included in © 2 , denoted by ©1 C © 2 . A subset 
©1 of © 2 is proper, denoted by ©1 C ©2 if there exists an element y G © 2 with 
y fL ©1 hold. Further, the void (empty) set 0 , i.e., | 0 | = 0 is a subset of all sets by 
definition. 

There sets ©1, ©2 are said to be equal, denoted by ©i = ©2 if x G ©1 implies 
x G ©2, and vice versa. Applying subsets, we know a fundamental criterion on 
isomorphic sets. 

Theorem 1 . 1.1 Two sets ©1 and © 2 are equal if and only if 6 1 C © 2 and ©2 Q ©i- 

This criterion can simplifies a presentation of a set sometimes. For example, 
for a given prime p the set A can be presented by 

A = { pn | n > 1 }. 

Notice that the relation of inclusion C is reflexive, also transitive, but not 
symmetric. Otherwise, by Theorem 1 . 1 , if ©! C © 2 and © 2 C © 1; then we must 



Sec. 1.1 Multi-Sets with Operations 



3 



find that ©i = © 2 - In summary, the inclusion relation C for subsets shares with 
following properties: 

Reflexive: For any ©, © C ©; 

Antisymmetric: If ©i C © 2 and © 2 C © 1; then ©! = © 2 ; 

Transitive: If ©i C © 2 and © 2 C © 3 , then © 3 = © 3 . 

A set of cardinality i is called an i-set. All subsets of a set © naturally form a 
set ^(©), called the power set of ©. For a finite set ©, we know the number of its 
subsets. 



Theorem 1.1.2 Let © be a finite set. Then 



|^(©)| = 2 '®'. 



Proof Notice that for any integer i, 1 < i < |©|, there are 
isomorphic subsets of cardinality i in ©. Therefore, we find that 



© 

i 



non- 




□ 



1.1.2 Operation. For subsets S, T in a power set <^(©), binary operations on 
them can be introduced as follows. 

The union S UT and intersection S fl T of sets S and T are respective defined 
by 

S\jT = {x|a; G S or x G T}, 

S n T — { x\x G S and x G T}. 

These operations U, fl have analogy with ordinary operations • , + in a real 
field R, such as those of described in the following laws. 



Idempotent: 

Commutative: 

Associative: 

Distributive: 



X{JX = X and X f| X = X; 

X\JT = T\JX and Xf)T = Tf)X; 
X\J(T\JR) = (XUT)U^andXn(Tfl^) 
XU(rn J R) = (^Ur)n(^U^) and 



(XHT)nA; 
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*n(ru*) = (*rm upmfl)- 

These idempotent, commutative and associative laws can be verified immedi- 
ately by definition. For the distributive law, let x G AT |J (T (~) /?) = (X(JT)P|(X 
(J R). Then x G X or x G T P| R, i.e. , x G T and x G R. Now if x G X, we know that 
x G X U T and x G X U R. Whence, we get that x G (X [J T) P| (X (J R) ■ Otherwise, 
x G TP| R, i.e., igT and x G R. We also get that x G {X [J T) P|(X (J R). 

Conversely, for Vx G (X IJ T) P|(X (J -R), we know that x G X\JT and x G 
X (J R, i.e., x G X or x G T and x G R. If x G X, we get that x G A" (J(T Q /?,). 
If x G T and x G R, we also get that x G X[J(Tf > |i?). Therefore, = 

(. X U T ) P|(X (J i?) by definition. 

Similar discussion can also verifies the law X p|(T [J R) = (A" p| T ) (J(A’’ P| R). 

Theorem 1.1.3 Let & be a set and X,T G £^(6). Then conditions following are 
equivalent. 

(i) XCT- 
(a) xn t = X; 

(in) XU T = T. 

Proof The conditions (1) =>- (2) and (1) =U (3) are obvious. Now if XflT = X 
or X U T = T, then for Vx G X, there must be x G T, namely, X C T. Whence, 
these conditions (2) =>■ (1) and (3) =>■ (1). □ 

For the empty set 0 and & itself, we also have special properties following. 

Universal bounds: 0 C X C 6 for X G ^(6); 

Union: 0 U X = X and 6UX = 6; 

Intersection: 0 fl X = 0 and 6 fl X = X. 

Let 0 be a set and X G PP(&). Define the complement X of X in © to be 

X = { y | y G 6 but y <£ X}. 

Then we know three laws on complementation of a set following related to union 
and intersection. 

Complementarity: X fl X = 0 and XUX=6; 

Involution: X = X; 
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Dualization : X U T = X n T and X n T = X U T . 

These complementarity and involution laws can be immediately found by def- 
inition. For the dualization, let x G X U T. Then x G © but x ^ X U T, i.e., 
x X and x ^ T. Whence, x G X and x G T. Therefore, i G In T. Now for 
Vs Gin T, there must be x G I and x G T, i.e., x G © but x X and x ^LT. 
Hence, x X U T. This fact implies that x G X U T. By definition, we find that 
X U T = X fl T . Similarly, we can also get the law X (IT = X U T . 

For two sets S and T, the Cartesian product S x T of S and T is defined to be 
all ordered pairs of elements (a, b ) for Va G S and Mb G T, i.e., 

SxT = {(a , b)\a E S,b <E T}. 

A binary operation o on a set S is an injection mapping o : S x S — * S'. Generally, 
a subset i? of S' x S is called a binary relation on S, and for V(a, 6) G i?, denoted by 
that a has relation R with b in S. A relation R on S is equivalent if it is 

Reflexive: aRa for Va G S; 

Symmetric : aRb implies bRa for Va, b G S'; 

Transitive aRb and bRc imply aRc for Va, b,c G S. 

1.1.3 Boolean Algebra. A Boolean algebra is a set SS with two operations vee 
V and wedge A, such that for Va, b, c G SS properties following hold. 

(i) The idempotent laws 

aVa = aAa = a, 

the commutative laws 

a V I) = & V a, a Ab = b A a, 

and the associative laws 

a \/ (b \/ c) = (a \/ b) \/ c, a A (6 A c) = (a A b) A c. 

(ii) The absorption laws 

a V (aRb) = a A (a V 6) = a. 



(iff) The distributive laws, i.e., 

a V (6 A c) = (a A 6) V (a A c), a A (6 V c) = (a A 6) V (a A c). 
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(iv) There exist two universal bound elements O, I in such that 
O V a = a, O A a = O, I V a = /, / A a = a. 

(u) There is a 1 — 1 mapping : a — * a obeyed laws 

a V a = /, a Aa = O. 

Now choose operations U = V, D = A and universal bounds / = (5, O = 0 in 
&(&). We know that 

Theorem 1.1.4 Let & be a set. Then the power set &(&) forms a Boolean algebra 
under these union, intersection and complement operations. □ 

For an abstractly Boolean algebra 3§, some basic laws can be immediately found 
by its definition. For instance, we know each of laws following. 

Law B 1 Each of these identities a V x = x and a A x = a for all x e SB implies 
that a = O, and dually, each of these identities a V x = a and a Ax = x implies that 
a = I . 

For example, if a V x = x for all x G 3B, then a V O — O in particular. But 
a V O = a by the axiom (iv). Hence a = O. Similarly, we can get a = O or a = I 
from all other identities. 

Law B 2 For Va, b e a V b = b if and only if a Ab = a. 

In fact, if a V b = b, then a A 6 = a A (a V 5) = aby the absorption law ( ii ). 
Conversely, if a A b = a, then a Vfe = (a A b) V b = b by the commutative and 
absorption laws. 

Law B 3 These equations a V x = a V y and a Ax = a Ay together imply that x = y. 
Certainly, by the absorption, distributive and commutative laws we have 

x = x A (a V x) = x A (a V y) 

= (x A a) V (x V y) = (y A x) V (y V a) 

= y A (x V a) = y A (y V a) = y. 



Law BA For Vx, y G 88, 



x = x, (x A y) — x V y and (x V y) = x Ay. 
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Notice that x A x = x Ax = O and xVx=xVx= I. By Law B 3, the 
complement a is unique for Va G We know that x — x. Now by distributive, 
associative laws, we find that 

(x A y) A (x V y) = (x Ay Ax) V (x Ay Ay) 

= ((x A x) A y) V (x A (y A y)) 

= (O A y) V (x A O) = O V O = O 

and 

(x A y) V (x V y) = (x V x V y) A (y V x V y) 

= {x V x V y) A (y V y V x) 

= (/ V y) A (/ V x) = I V / = I. 

Therefore, again by the uniqueness of complements, we get that (x Ay) — x\/y. 
The identity {x V y) =x Ay can be found similarly. 

For variables x±, X 2 ,---,x n in polynomials f{x i, X 2 , ■ ■ ■ , x n ) built up from 
operations V and A are called Boolean polynomials. Each Boolean polynomial has 
a canonical form ensured in the next result. 

Theorem 1.1.5 Any Boolean polynomial in x i,X 2 ,---,x n can be reduced either to 
O or to join of some canonical forms 

Pi A P 2 A ■ ■ ■ A p n , 

where each p^ = Xj or x % . 

Proof According to the definition of Boolean algebra and laws Bl—BA, a canon- 
ical form for a Boolean polynomial, for example, /(x i, x 2 , x 3 ) = Xi V x 3 V x 2 V x 3 V 
(x 2 V xi), can be gotten by programming following. 

STEP 1. If any complement occurs outside any parenthesis in the polynomial, 
moved it inside by Law BA. 

After all these complements have been moved all the way inside, the polynomial 
involving only vees and wedges action on complement and uncomplement letters. 
Thus, in our example: /(x i, x 2 , x 3 ) = \T\ A x 3 A (x 2 V x 3 )] V (x 2 A Xi). 

STEP 2. If any A stands outside a parenthesis which contains a V, then the A can 
be moved inside by applying the distributive law. 
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There result a polynomial in which all meets A are formed before any join V, 
i.e., a join of terms in which each term is a meet of complement and uncomplement 
letters. In the above example, f(x i,x 2 ,x 3 ) = (xi Ax 3 Ax 2 ) V (ah Ax 3 Ax 3 ) V (x 2 Axi). 

STEP 3. If a letter y appears twice in one term, omit one occurrence byyAy = y. If 
y appears both complement and uncomplement, omit the whole term since y Aa Ay = 
O and O V b = b for all a,b G 38. 

Thus in our example, we know that f(x i, X2, £3) = (x\ A x 3 A X2) V (£2 A £1). 

STEP 4. If some term T fail to contain just a letter z by STEP 3, then replace it 
by {T A z) V (T A z), in each of which z occurs exactly once. 

By this step, our Boolean polynomial transfers to f(x 1, £2, £3) = (x 1 AX3AX2) V 
(x2 Axi A £3) V (£2 A £1 A £3). 

STEP 5. Rearrange letters appearing in each term in their natural order. 

Thus in our example, we finally get its canonical form f[x 1, £2, £3) = (£1 A £2 A 
£3) V (£1 A £2 A £3) V (£1 A £2 A £3). 

This completes the proof. □ 

Corollary 1.1.1 There are 2 n canonical forms and 2 2 " Boolean polynomials in 
variable £1, £2, ■ • • , x n in a Boolean algebra SB with \SB\ > n. 

Defining a mapping 77 : AS — > {0, 1} by 77 (£j) = 1 or 0 according to pi = £* or 
Pi = £j in Theorem 1.1.5, we get a bijection between these Boolean polynomials in 
variable £1, £2, • • ■ , x n and the set of all 2 n n-digit binary numbers. For the example 
in the proof of Theorem 1.5, we have 

r )( f ( x i, £2, £3)) = 010, 111, 110. 

1.1.4 Multi-Set. For an integer n > 1, a multi-set X is a union of sets X\, X2, 

■ ■ ■, X n distinct two by two. Examples of multi-sets can be found in the following. 

& = R U T, 

where R = {integers}, T = {polyhedrons}. 



= GxljGsljGa, 
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where G\ = {grvaitional field}, G 2 = (electric field} and G 3 = (magnetic field}. By 
definition, a multi-set is also a set only with a union structure. The inverse of this 
proposition is also true for sets with cardinality > 2. 

Theorem 1.1.6 Any set X with |X| >2 is a multi-set. 

Proof Let a, b e X be two different elements in A". Define X\ = X \ {a}, 
X 2 — X \ {b}. Then we know that 

x = x 1 \Jx 2 , 

i.e., X is a multi-set. □ 

According to Theorem 1.5, we find that an equality following. 

(sets with cardinality > 2} = (multi — sets}. 

This equality can be characterized more accurately by introducing some important 
parameters. 

Theorem 1.1.7 For a set with cardinality > 2 and integers k > 1, s > 0, there 
exist k sets Ri, R 2 , ■ ■ ■ , distinct two by two such that 

k 

& = u Ri 

i = 1 

with 

k 

01 = s 
2=1 

if and only if 

\M\ > k + s. 

Proof Assume there are sets k sets R\, R 2l ■ ■ ■ , Rk distinct two by two such that 

k k 

and | P| Ri\ — s. Notice that for any sets X and Y with X fi Y — 0 
2=1 2=1 

|A'lJy| = |A'| + |>'| 

k k k k 

U(b, \ (U r, \ R t )) U(f] «•) ^ U R - 

2=1 t = 1 2=1 2=1 



and there is a subset 
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with 



we find that 






t= i 



i = 1 



k k k k 

ijb, > U(ft\(Ufi«\-Ri))U(ri ft ) 

i— 1 i = 1 t= 1 i = 1 

k k k 

= iu<*\<U*\*)>i + if> 

i=l t — 1 i = 1 

> k + s. 



Now if \ 3 %\ > k + s, let 



{ai,a 2 ,---,a k ,bi,b 2 ,---,b s } C & 

with a t ^ dj, b t 7^ bj if i j. Construct sets 

R\ = {a 2, ■ ■ ■ , Ofc, 6i, b 2 , • ■ • j frs}, 



/?-2 — M \ {02}, 
R 3 = & \ {a 3 }, 



J 



R k = M\ {a k }- 



Then we get that 

k k 

&=U Ri and Pi R,i = {61, 62, • ■ ■ , M- 
2=1 2=1 

This completes the proof. 



□ 



Corollary 1 . 1.2 For a set with cardinality^ 2 o?rd an integer k > 1 , there exist 
k sets Ri, R 2 , ■ ■ ■ , Rk distinct two by two such that 

k 

& = IJ R > 

2=1 



if and only if 
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§1.2 Multi-Posets 

1.2.1 Partially Ordered Set. A multi-poset is a union of partially ordered sets 
distinct two by two. We firstly introduce partially ordered set in this subsection. 
A partially ordered set (X, P), or poset in short, consists of a non-empty set X 
and a binary relation P on X which is reflexive, anti-symmetric and transitive. For 
convenience, x < y are used to denote (x, y ) G P. In addition, let x < y denote that 
x < y but x f - y. If x < y and there are no elements z6 X such that x < z < y, 
then y is said to cover z. 

A common example of posets is the power set &(S) with the binary operation 
U on a set S. Another is ( X , P ), where X and P is defined in the following: 

X = {e, a, b, c, d}, 

P = {(a, a), (b, b ), (c, c), (d, d), (e, e), (a, b ), (a, c), (d, c), (e, a), (e, d), (e, c), (e, 6)}. 

Partially ordered sets with a finite number of elements can be conveniently 
represented by Hasse diagrams. A Hasse diagram of a poset ( X , P) is drawing in 
which the elements of X are placed on the Euclid plane R 2 so that if y covers x, 
then y is placed at a higher lever than x and joined to x by a line segment. For the 
second example above, its Hasse diagram is shown in Fig.1.2.1. 




Two distinct elements x any y in a poset (X, P) are called comparable if either 
x < y or y < x, and incomparable otherwise. A poset in which any two elements 
are comparable is called a chain or ordered set, and one in which no two elements 
are comparable is called an antichain or unordered set. 

A subposet of a poset (A", P) is a poset (Y, Q) in which Y C X and Q is the 
restriction of P to Y x Y . Two posets (A", P) and (A"', P') are called isomorphic 
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if there is a one-to-one correspondence r : A — » X' such that x < y in P if and 
only if r(x) < r(y) in P' . A poset (Y, Q ) is said to be embedded in (A, P ), denoted 
by ( Y, Q ) C (X, P) if ( Y, Q) is isomorphic to a subposet of ( A , P) . For two partial 
orders P and Q on a set A", we call Q an extension of P if P C Q and a linear 
extension of P if Q is a chain. It is obvious that any poset (A, P) has a linear 
extension and the intersection of all linear extension of P is P itself This fact can 
be restated as follows: 

for any two incomparable elements x and y in a poset (A, P) , there is one linear 
extension of P in which x < y, and another in which y < x. 

Denote a linear order L : X\ < x 2 < • • • < x n by L : [x\, x 2 , ■ ■ ■ , x n ]. For a given 
poset (A, P), a realizer {Li, L 2 , ■ • ■ , L t } of P is a collection R of linear extension 
whose intersection is P, i.e. , x < y in P if and only if x < y in every Li, 1 < i < t. 
The it dimension dim(A, P) of a poset (A, P) is defined to be the minimum order 
of realters R of P and the rank rank(A, P) of (A, P) to be the maximum order of 
realizers R in which there are no proper subset of R is again a realizer of (A, P). 
For example, dim(A, P) = 1 or rank(A, P) = 1 if and only if it is a chain and 
dim (A, P) = 2 if it is an n-element antichain for n > 2. For n > 3, we construct a 
infinite family, called the standard n-dimensional poset S° with dimension and rank 
n. 

For n > 3, the poset S° consists of n maximal elements a\, a 2 , ■ ■ ■ , a n and n 
minimal elements b\, b 2 , ■ ■ ■ , b n with bi < aj for any integers 1 < i, j < n with i ^ j. 
Then we know the next result. 

Theorem 1.2.1 For any integer n > 3, <PmS° = rankS ° n = n. 

Proof Consider the set R = {L 1; L 2 , • • • , L n } of linear extensions of S° with 

Lk ■ [^lj j bk— 1, bk-\- 1, , b n , Ok , bk , Ol, ■, Ufc— l, Ufc+l, , ®n]- 

Notice that if i ^ j, then bj < ai < bi < aj in and 6* < Oj < bj < at in 
Lj for any integers i,j, l < i,j < n. Whence, R is a realizer of S°. We know that 
dimS° < n. 

Now if R* is any realizer of S° , then for each k = 1, 2, • • • , n, by definition some 
elements of R* must have a*, < bk, andTurthermore, we can easily find that there are 
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no linear extensions L of S° such that a* < h and dj < bj for two integers i,j,i j - j. 
This fact enables us to get that dimS° > n. 

Therefore, we have dimS° = n. 

For rankS° = n, notice that rankS° >dimS° > n. Now observe that a family 
R of linear extension of S° is a realizer if and only if , for i — 1,2 ,■■■ ,n, there'exists 
a Li E R at least such that a* < b t . Hence, n is also an upper bound of rankS°. □ 

1.2.2 Multi-Poset. A multi-poset (X,P) is a union of posets (Ai,Pi), ( X 2 , P 2 ), 

• • -, (A s , P s ) distinct two by two for an integer s > 2, i.e. , 

(X,P) = \J(X l ,P l ), 

i= 1 

also call it an s-poset. If each (Aj, Pi) is a chain for any integers 1 < i < s, we call 
it an 6- chain. For a hnite poset, we know the next result. 

Theorem 1.2.2 Any finite poset (X,P) is a multi-chain. 

Proof Applying the induction on the cardinality \X\. If A = 1, the assertion 
is obvious. Now assume the assertion is true for any integer |X| < k. Consider the 
case of |X| = k + 1. 

Choose a maximal element a\ G X. If there are no elements (22 in X such that 
<22 < ai, then the element a\ is incomparable with all other elements in X. Whence, 

(. X \ {ai}, P ) is also a poset. We know that ( X \ {ai}, P ) is a multi-chain by the 
induction assumption. Therefore, (A, P) — (A \ {ai}, P ) U Li is also a multi-chain, 
where L x = [cp]. 

If there is an element <22 in A covered by op, consider the element 02 in A 
again. Similarly, if there are 110 elements a 3 in A" covered by a 2 , then L 2 = [a 2 , ai] is 
itself a chain. By the induction assumption, A \ {01,02} is a multi-chain. Whence, 
(A, P) — (A \ {01, 02}, P ) U L 2 is a multi-chain. 

Otherwise, there are elements a 3 in A covered by a 2 . Assume a t , a t - 1; •••,02,01 
is a maximal sequence such that Oj + i is covered by Oj in (A, P ), then L t = [a t , a t - 1, • • • , 
02, ai] is a chain. Consider (A \ {ai, 02, • • • , (k-i, a t }, P). It is still a poset with 
\X \ {a±, a 2 , ■ ■ ■ , a t -i, a t }\ < k. By the induction assumption, it is a multi-chain. 
Whence, 



(A", P) — (A \ {ai, 02, • • • , at- 1, at}, P) L t 
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is also a multi-chain. In conclusion, we get that (X, P) is a multi-chain in the case 
of |X| = k + l. By the induction principle, we get that (X, P) is a multi-chain for 
any X with |X| >1. □ 

Now consider the inverse problem, i.e., when is a multi-poset just a posetl We 
find conditions in the following result. 

^ S 

Theorem 1.2.3 An s-poset (X,P) = (J(Xj,Pj) is a poset if and only if for any 

2—1 

integer i,j, 1 < i,j < s, (x,y) G Pj and ( y,z ) G Pj imply that (x, z) G P. 

Proof Let (X, P) be a poset. For any integer i,j, 1 < i, j < s, since ( x , y) G Pi 
and (y, z) G Pj also imply (x,y), ( y,z ) G P. By the transitive laws in (X,P), we 
know that (x, G P. 

On the other hand, for any integer i, j, 1 < i, j < s, if (x, y) G Pi and (y, z ) e Pj 
imply that (x,z) G P, we prove (X,P) is a poset. Certainly, we only need to check 
these reflexive laws, antisymmetric laws and transitive laws hold in (X,P), which 
is divided into three discussions. 

(i) For Vx G X, there must exist an integer i, 1 < i < s such that x G Xj by 
definition. Whence, (x, x) G Pj. Hence, (x, x) G P, i.e., the reflexive laws is hold in 
(X,P). 

(ii) Choose two elements x, y G X. If (x, y) G P and (y, x) G P, then there are 
integers integers i,j, 1 < i, j < s such that (x,y) G Pi and (y,x) G Pj by definition. 
According to the assumption, we know that (x, x) G P, which is the antisymmetric 
laws in (A", P). 

(m) The transitive laws are implied by the assumption. For if (x, y) G P 
and (y,x) G P for two elements x, y G X, by definition there must exist integers 
i,j, 1 < i,j < s such that (x,y) G P* and (y, z) G Pj. Whence, (x, z) G P by the 
assumption. 

Combining these discussions, we know that (X,P) is a poset. □ 

Certainly, we can also find more properties for multi-posets under particular 
conditions. For example, construct different posets by introducing new partially 
orders in a multi-poset. All these are referred to these readers interested on this 
topics. 
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§1.3 COUNTABLE SETS 

1.3.1 Mapping. A mapping f from a set X to Y is a subset of X x Y such that 
for \/x G X, |/(fl({x} x T)| = 1, i.e. , / D ({x} x Y) only has one element. Usually, 
we denote a mapping / from X to Y by / : X — > Y and /(x) the second component 
of the unique element of / fl ({x} x Y), called the image of x under /. Usually, we 
denote all mappings from X to Y by Y x . 

Let / : X — > Y be a mapping. For any subsets 1/CI and V C Y, define the 
image f(U ) ofU under f to be 

f(U) = {f{u)\forVueU} 

and the inverse / _ 1 (U) ofV under f to be 

f~\V) = {ue X\f{u) e V}. 

Generally, for U Cl, we have 

UCf-\f(U)) 

by definition. A mapping / : X — > Y is called injection if for V?/ G F, \f fl ( X x 
{j/}) | < 1 and surjection if |/fl (. X x {?/})| > 1 . If it is both injection and surjection, 
i.e., |/ fl (A" x {2/}) | = 1 , then it is called a bijection or a 1 — 1 mapping. 

A bijection / : X — > X is called a permutation of X. In the case of finite, there 
is a useful way for representing a permutation r on X, |X| = n by a 2 x n table 
following, 

_ ( X 1 X 2 ' • • X n 

\ Vl V 2 ■■■ y n , 

where, £;,?/* € X and x* 7 ^ Xj, y t 7 ^ y 3 if i 7 ^ j for 1 < i,j < n. For instance, let 
X = {1, 2, 3, 4, 5, 6 }. Then 

/12345678 
\23561487 

is a permutation. All permutations of A form a set, denoted by n(^0- The identity 
on X is a particular permutation 1 x 6 IIPO g iven b 7 1 x(x) = x for all 16 I. 
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For three sets X , Y and Z, let / : X — > Y and h : Y — > Z be mapping. Define 
a mapping h o / : A" — > Z, called the composition of f and h by 

ho f{x) = h{f{x)) 

for Vx 6 X. It can be verified immediately that 

(ho f)- 1 = f- 1 o h _1 

by definition. We have a characteristic for bijections from X to Y by composition 
operations. 

Theorem 1.3.1 A mapping f : X — > Y is a bijection if and only if there exists a 

mapping h :Y —* X such that f o h = ly and h o f — l x . 

Proof If / is a bijection, then for \/y G Y, there is a unique x G X such 

that f(x) = y. Define a mapping h : Y — * X by /i(y) = x for \/y G T and its 

correspondent x. Then it can be verified immediately that 

f oh — ly and ho f = l x . 

Now if there exists a mapping h : Y — > X such that / oh — ly and ho f = lx, 
we claim that / is surjective and injective. Otherwise, if / is not surjective, then 
there exists an element y G Y such that f~ l (y) = 0. Thereafter, for any mapping 
h :Y — > X, there must be 

(/ ° h)(y) = f(h(y )) ± y. 

Contradicts the assumption f oh = ly. If / is not injective, then there are elements 
Xi,X 2 G X, x\ ^ x 2 such that f(x i) = /(x 2 ) = y ■ Then for any mapping h :Y — > X, 
we get that 

(h o f)( x i) = %) = (/io /)(x 2 ). 

Whence, ho f ^\ x . Contradicts the assumption again. 

This completes the proof. □ 

1.3.2 Countable Set. For two sets X and Y, the equality X\ = |Y|, i.e., X and 
Y have the same cardinality means that there is a bijection / from X to Y. A set 
X is said to be countable if it is bijective with the set Z of natural numbers. We 
know properties of countable sets and infinite sets following. 
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Theorem 1.3.2(Paradox of Galileo) Any countable set X has a bijection onto a 
proper subset of itself, i.e., the cardinal of a set maybe equal to its a subset. 

Proof Since A" is countable, we can represent the set X by 



X = {xj|l <i< Too}. 



Now choose a proper subset X' — X \ {x{\ and define a bijection / : X — > 

*\Wby 

f(Xi) = x i+1 

for any integer i, 1 < i < Too. Whence, \X \ {xi}| = |A|. □ 

Theorem 1.3.3 Any infinite set X contains a countable subset. 

Proof First, choose any element X\ G X. From X \ {or}, then choose a second 
element x 2 and from X \ (xi, X 2 } a third element X 3 , and so on. Since X is infinite, 
for any integer n, X \ (xi, x 2 , • • • , x n } can never be empty. Whence, we can always 
choose an new element x n+ i in the set X \ (xi,x 2 , • • • ,x n }. This process can be 
never stop until we have constructed a subset X' = (xj|l < i < Too} C A, i.e., a 
countable subset X' of A. □ 



Corollary 1.3.1 (Dedekind- Peirce) A set X is infinite if and only if it has a bijection 
with a proper subset of itself. 



Proof If A is a finite set of cardinal number n, then there is a bijection / : A — >• 
{1, 2, • ■ ■ , n}. If there is a bijection h from A to its a proper subset Y with cardinal 
number k, then by definition we deduce that k — \Y\ — |A| = n. By assumption, Y 
is a proper subset of a finite set X. Whence, there must be k < n, a contradiction. 
This means that there are no bijection from a finite set to its a proper subset. 

Conversely, let A be an infinite set. According to Theorem 1.3.3, A contains a 
countable subset A' = {xi, x 2 , ■ • •}. Now define a bijection / from A to its a proper 
subset X' \ {xi} by 



f(z) 



Xi+i, if x = Xj. e Xj 
x, if x € A \ A'. 



Whence, X has a bijection with a proper subset X' \ {xi} of itself. 



□ 
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§1.4 GRAPHS 

1.4.1 Graph. A graph G is an ordered 3-tuple (V, E\ /), where V, E are finite sets, 
V 7^ 0 and / : E — > V x V . Call V the vertex set and E the edge set of G, denoted 
by V(G) and E(G), respectively. An elements v G V(G) is incident with an element 
e G E{G) if /(e) = (v,x) or (x,v) for an x G V(G). Usually, if (u,v) = (v,u) 
for Vu, v G V, G is called a graph, otherwise, a directed graph with an orientation 
u — > v on each edge (u, v). 

The cardinal numbers of |U(G)| and \E(G)\ are called its order and size of a 
graph G, denoted by |G| and e(G), respectively. 

Let G be a graph. It be can represented by locating each vertex u of G by a 
point p(u), p(u ) 7^ p(v) if u ^ v and an edge (u,v) by a curve connecting points 
p(u) and p(v) on a plane R 2 , where p : G — > P is a mapping from the V(G) to R 2 . 

For example, a graph G = (V, E; /) with V = {ni, V 2 , v^, W4}, E = {ei, e2, e^, e^, e&, 
e 6 ,e 7 ,e 8 ,e 9 ,e w } and /(e*) = (n*,^), 1 < i < 4 ;/(e 5 ) = (vi,v 2 ) = (v 2 ,vi ),/(e 8 ) = 
(Un'ffi) = (n 4 ,v 3 ),/(e 6 ) = /(e 7 ) = (v 2 ,v 3 ) = (v 3 , v 2 ), /(e 8 ) = /(e 9 ) = (v 4 ,vi) = 
(i?i, v 4 ) can be drawn on a plane as shown in Fig. 1.4.1 




Fig. 1.4.1 

Let G = (V, E\ I) be a graph. For Ve G E, if /(e) = (u,u),u G V, then e is 
called a loop. For non-loop edges ei,e 2 G E, if /(e 4 ) = /(e 2 ), then e 4 , e 2 are called 
multiple edges of G. A graph is simple if it is loopless without multiple edges, i.e. , 
/(e) = (u,v) implies that u 7^ u, and /(e 4 ) 7^ /(e 2 ) if e 4 7^ e 2 for Vei,e 2 G E{G). In 
the case of simple graphs, an edge (u, v ) is commonly abbreviated to uv. 

A walk of a graph G is an alternating sequence of vertices and edges ui, e 4 , u 2 , e 2 , 

• • • , e n , u ni with ej = (ttj, Mj+i) for 1 < z < n. The number n is called the length of 
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the walk. A walk is closed if u\ = u n+ \, and opened, otherwise. For example, the 
sequence ^161^165^266^363 v^v 2 e 2 v 2 is a walk in Fig.1.3.1. A walk is a trail if all its 
edges are distinct and a path if all the vertices are distinct also. A closed path is 
called a circuit usually. 

A graph G = (V, E\ I) is connected if there is a path connecting any two vertices 
in this graph. In a graph, a maximal connected subgraph is called a component. 
A graph G is k-connected if removing vertices less than k from G still remains a 
connected graph. Let G be a graph. For Vu G V[G), the neighborhood N G (u ) of 
the vertex u in G is defined by N G {u) = {v\\/(u,v) G E(G)}. The cardinal number 
|A'g'(u)| is called the valency of vertex u in G and denoted by p G (u). A vertex v with 
p G (v ) = 0 is an isolated vertex and p G {v) = 1 a pendent vertex. Now we arrange 
all vertices valency of G as a sequence p G (u) > p G {v ) > ••• > p G (w). Call this 
sequence the valency sequence of G. By enumerating edges in E(G), the following 
equality is obvious. 



£ p G (u) = 2\E(G)\. 

uev(G) 

A graph G with a vertex set V (G) = {t>i, v 2 , ■ • ■ , v p } and an edge set E(G) = 
{ei, e 2 , • • • , e q } can be also described by means of matrixes. One such matrix is a 
pxq adjacency matrix A{G) = [aij\ P xq, where a, t j = |/~ 1 (n i , vf) \. Thus, the adjacency 
matrix of a graph G is symmetric and is a 0, 1-matrix having 0 entries on its main 
diagonal if G is simple. For example, the matrix A(G) of the graph in Fig.4.1 is 

0 2 " 

2 0 
1 1 
1 1 _ 

Let G 1 = (Vi,Ei,Ii) and G 2 = (V 2 , E 2 ] I 2 ) be two graphs. They are identical, 
denoted by G\ = G 2 if V\ = V 2 j ,E 1 = E 2 and I\ = I 2 . If there exists a 1 — 1 
mapping </> : Ei — >• E 2 and (j) : Vi V 2 such that (fli(e) = I 2 (j>(e) for Ve G Ei with 
the convention that <p(u,v) = (<f(u) , <f>(v)) , then we say that G\ is isomorphic to 
G 2 , denoted by G\ = G 2 and <f> an isomorphism between G\ and G 2 . For simple 
graphs Hi,H 2 , this definition can be simplified by (u,v) G h(Ef) if and only if 
(cf)(u) , 4>(v)) G I 2 {E 2 ) for Vu, v G lj. 



A(G) = 



1 1 
1 1 
0 2 
2 0 
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For example, let G\ = (hi, Ei; I±) and G 2 = (V 2 , E 2 \ I 2 ) be two graphs with 

Vi = {V!,V 2 ,V 3 }, 



E 1 — {ei, e 2 , e 3 , e 4}, 

h(e 1 ) = (vi, v 2 ), h(e 2 ) = (v 2 , v 3 ), h(e 3 ) = (v 3 , v 3 ), /i(e 4 ) = (wi,wi) 



and 

V 2 = {u h u 2 ,u 3 }, 
e 2 = {/ 1 , f 2 , f 3 , / 4 }, 

h(fl) = (Ul,U 2 ),I 2 (f 2 ) = (■ U 2 ,U 3 ),I 2 (f 3 ) = (tX3,Mi),/ 2 (/ 4 ) = (tt2,«2), 
i.e. , those graphs shown in Fig. 1.4. 2. 



e 4 




Gi 




G 2 



Fig. 1.4.2 

Dehne a mapping 0 : Ed U hi — > F 2 [J h" 2 by 

0(e 4 ) = / 2 , 0(e 2 ) = /a, 0(e 3 ) = / 1 , 0(e 4 ) = / 4 

and 0(fj) = rtj for 1 < i < 3. It can be verified immediately that 0/i(e) = J 2 0(e) 
for Ve G Ei. Therefore, 0 is an isomorphism between G\ and G 2 , i.e., G\ and G- 2 
are isomorphic. 

If G\ = G 2 = G, an isomorphism between G\ and G 2 is called an automorphism 
of G. All automorphisms of a graph G form a group under the composition opera- 
tion, i.e., (p9(x) = 0(6 ) (x)), where x G E(G) |J 14(G). We denote this automorphism 
group by AutG. 

For a simple graph G of n vertices, it can be verified that AutG < S n , the 
symmetry group action on n vertices of G. But for non-simple graph, the situation is 
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more complex. For example, the automorphism groups of graphs K m and B n shown 
in Fig. 1.4.3, respectively called complete graphs and bouquets , are Aut K m = S m and 
Aut£> n = S n , where m = \V(K m )\ and n = \E(B n )\. 




Fig. 1.4.3 

1.4.2 Subgraph. A graph H = (Vi, Ei, A) is a subgraph of a graph G = (V, E; /) 
if V\ C V, Ei C E and A : Ei — > V\ x V\. We use H C G to denote that H is 
a subgraph of G. For example, graphs G'i , G 2 , G 3 are subgraphs of the graph G in 
Fig.1.4.4. 

Ui u 2 u± u 2 u± u 2 



U4 U3 M3 M4 M3 U4 

G G\ G 2 G% 

Fig. 1.4.4 

For a nonempty subset U of the vertex set V(G) of a graph G, the subgraph 
( U ) of G induced by A is a graph having vertex set U and whose edge set consists of 
these edges of G incident with elements of U . A subgraph H of G is called vertex- 
induced if H = ( U ) for some subset U of V(G). Similarly, for a nonempty subset 
F of E(G), the subgraph (F) induced by F in G is a graph having edge set F and 
whose vertex set consists of vertices of G incident with at least one edge of F. A 
subgraph FI of G is edge-induced if H = (F) for some subset F of E{G). In Fig. 3. 6, 
subgraphs G'i and G 2 are both vertex-induced subgraphs ({ui,^}), ({u 2 ,u 3 }) and 
edge-induced subgraphs ({(ui, U4)}), ({(142,^3)}). 

For a subgraph H of G, if \V(H)\ = |V’(G ! )|, then H is called a spanning 
subgraph of G. In Fig. 4. 6, the subgraph G 3 is a spanning subgraph of the graph G. 
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A complete subgraph of a graph is called a clique, and its a fc-regular vertex- 
spanning subgraph also called a k- factor. 



1.4.3 Labeled Graph. A labeled graph on a graph G = (V,E;I) is a mapping 
6l : V U E — »■ L for a label set L, denoted by G L . If 9l : E — > 0 or 6l : 1/ — > 0, 
then G L is called a vertex labeled graph or an edge labeled graph, denoted by G * or 
G E , respectively. Otherwise, it is called a vertex-edge labeled graph. For example, 
two vertex-edge labeled graphs on Ji 4 are shown in Fig. 1.4. 5. 



2 1 





Fig. 1.4. 5 

Two labeled graphs Gf 1 , G% 2 are equivalent, denoted by G^ 1 = Gy 2 if there is 
an isomorphism r : G\ — > G 2 such that t6 Li (x ) = 9 L2 t(x) for Vx G F(Gi) U E(Gf). 
Whence, we usually consider non-equivalently labeled graphs on a given graph G. 

1.4.4 Graph Family. Some important graph families are introduced in the 
following. 

Cl Forest. A graph without circuits is called a forest , and a tree if it is connected. 
A vertex u in a forest F is called a pendent vertex if Pf(u) = 1- The following 
characteristic for trees is well-known and can be checked by definition. 

Theorem 1.4.1 A graph G is a tree if and only if G is connected and E(G ) = 
\V{G)\-1. 

C2. Hamiltonian graph. A graph G is hamiltonian if it has a circuit, called 
a hamiltonian circuit containing all vertices of G. Similarly, a path containing all 
vertices of a graph G is called a hamiltonian path. 

C3. Bouquet and dipole. A graph B n = (14, Ep, If) with 14 = { O }, E^ — 
{ei, e-i, ■ ■ ■ , e n } and hie-i) = (G, O ) for any integer i, 1 < i < n is called a bouquet of 
n edges. Similarly, a graph D s Lt = (1 / d ,E d ;I d ) is called a dipole if 14 — {Gi,0 2 }, 
hi d {C) ^ 2 j j G, G+i, j ^s+i) ^s+i+i) j ^'s+z+tj' and 
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For example, R 3 and ^2,3,2 are shown in Fig. 1.4.6. 





Fig. 1.4.6 



The behavior of bouquets on surfaces fascinated many mathematicians atten- 
tion. By a combinatorial view, these connected sums of tori, or these connected 
sums of projective planes used in topology are just bouquets on surfaces with one 
face. 

C4. Complete graph. A complete graph K n = (V c , E c ; I c ) is a simple graph with 
V = {v 1 ,v 2 ,---,v n }, E c = {e i:j , 1 < i,j < n,i ^ j} and / c (e„) = (v^Vj). Since 
K n is simple, it can be also dehned by a pair (V, E) with V = {ni, v 2 , • • • , v n } and 
E = {viVj, 1 < i , j < n,i 7 - j}. The one edge graph K- 2 and the triangle graph A" 3 
are both complete graphs. An example K 6 is shown in Fig. 4. 3. 

C5. Multi-partite graph. A simple graph G = (V, A; I) is r-partite for an 
integer r > 1 if it is possible to partition V into r subsets V\, V 2 , ■ ■ ■ , V r such that 
for Ve G E, /(e) = (ig, Vj) for u* G Vi, Vj G Vj and i 7^ j,l < i, j < r. 

For n = 2, a 2-partite graph is also called a bipartite graph. It can be shown 
that a graph is bipartite if and only if there are no odd circuits in this graph. As a 
consequence, a tree or a forest is a bipartite graph since both of them are circuit-free. 

Let G = iV,E] I) be an r-partite graph and V\, V 2 , ■ ■ ■ , V r its r-partite vertex 
subsets. If there is an edge e l3 G E for Vn* G V t and \/vj G Vj, where 1 < i, j < r,i 7^ j 
such that /(e) = ( Vi,Vj ), then G is called a complete r-partite graph, denoted by 
G = AT(|Vi|, | V2I, • • • , |Vj.|). By this definition, a complete graph is nothing but a 
complete 1 -partite graph. 

C6. Regular graph. A graph G is regular of valency k if Pg( u ) — k for Vu G V ( G ). 
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These graphs are also called k-regular. A 3-regular graph is often referred to a cubic 
graph. 



C7. Planar graph. A graph is planar if it can be drawn on the plane in such a 
way that edges are disjoint expect possibly for endpoints. When we remove vertices 
and edges of a planar graph G from the plane, each remained connected region is 
called a face of G. The length of the boundary of a face is called its valency. Two 
planar graphs are shown in Fig. 1.4. 7. 





cube 



Fig. 1.4.7 

C8. Embedded graph. A graph G is embeddable into a topological space 1Z if 
there is a one-to-one continuous mapping / : G — > S in such a way that edges are 
disjoint except possibly on endpoints. An embedded graph on a topological space S 
is a graph embeddable on this space. 

Many research works are concentred on graphs on surfaces, i.e., dimensional 
2 manifolds without boundary, which brings about two trends, i.e., topological 
graph theory and combinatorial map theory. Readers can find more information 
in references [GrTl], [Liul]-[Liu3], [Maol], [MoTl], [Tutl] and [Whil], But if the 
dimensional > 3, the situation is simple for the existence of rectilinear embeddings of 
a simple graph in Euclid spaces R n , n > 3 following. 

Definition 1.4.1 For an integer n > 1, a rectilinear embedding of G in R n is a 
one-to-one continuous mapping tt : G — > E such that 

(i) for Ve E E(G), 7r(e) is a segment of a straight line in R"; 

(ii) for any two edges e\ = ( u , v), e 2 = ( x , y) in E(G), (7r(ei) \ (vr(u), 7r(u)}) fj 
(7r(e 2 ) \ Ma;),7r(j/)}) = 0. 

Theorem 1.4.1 There is a rectilinear embedding for any simple graph G in R n for 
n > 3. 

Proof We only need to prove this assertion for n = 3. In R 3 , choose n 
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points (ti, tf, tf), (t 2 , t 2 , ^l)> ' ' ' > (t n , t„,tn)i where ti,t 2 , ■ • • ,t n are n different real 
numbers. For integers i, j, k,l, 1 < i, j , k, l < n, if a straight line passing through ver- 
tices and (tjjtpt?) intersects with a straight line passing through vertices 

( ) and then there must be 



tk tj, 

tf 



tj t{ ti tfc 



t 2 

l k 



f 3 
l k 



t 2 
t 3 



t 2 

t? 



7-2 

l l 

+3 

l l 



f 2 

l k 

t 3 

l k 



= 0 , 



which implies that there exist integers s, f G s 7 - / such that £ s 

contradiction. 



— tf , a 



Let 14(G) = {ui, u 2 , • • • , u n }. We embed the graph G in R 3 by a mapping 
7T : G — > R 3 with 7r(uj) = (L,t 2 ,t 3 ) for 1 < i < n and if ViVj G E(G), define n{viVj) 
being the segment between points (ti,t 2 ,tf) and (tj,t 2 ,t 3 ) of a straight line passing 
through points (L,t 2 ,t 3 ) and (t,-, f 2 , t 3 ). Then 7r is a rectilinear embedding of the 
graph G in R 3 . □ 



1.4.5 Operation on Graphs. A union G\ (JG 2 of graphs G ± with G 2 is dehned 
by 



v(g 1 \Jg 2 ) = v 1 {Jv 2 , e(g 1 {Jg 2 ) = e 1 {Je 2: /(^(Ja,) = i 1 (e 1 )\Ji 2 (e 2 ). 

A graph consists of k disjoint copies of a graph H, k > 1 is denoted by G = kH. 
As an example, we find that 

5 

K, = |J S\ i 

for graphs shown in Fig. 1.4.8 following 



i=l 



3 d 
/ 

/ / 


4 


4 

/ z* 5 


6 

5 


.6 


.6 l 


.6 


.6 , 


2 


3 


4 


5 


51.5 


5i.4 


5i.3 


5i.2 5, 



Fig. 1.4.8 

n — 1 

and generally, K n = [J S\,i- Notice that kG is a multigraph with edge multiple k 

i=l 

for any integer k, k > 2 and a simple graph G. 
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A complement G of a graph G is a graph with vertex set V (G) such that vertices 
are adjacent in G if and only if these are not adjacent in G. A join G\ + G2 of G\ 
with G 2 is defined by 



V(G 1 + G 2 ) = V(G 1 )\Jv(G 2 ), 

E(Gi + G 2 ) = E(Gi) U E(G 2 ) U((u, v)\u g V{G 1 ), v G V(G 2 )} 

and 



I(Gi + G 2 ) = I(Gi) U I(G 2 ) V ) = (u, v)\ u e V(Gi),v e V(G 2 )}. 

Applying the join operation, we know that 

K(m,n ) = K m + K n . 

A cartesian product G\ x G 2 of graphs G\ with G 2 is defined by V {G\ x G 2 ) = 
V(G\) x V{G 2 ) and two vertices («i, u 2 ) and (ui, v 2 ) of G\ x G 2 are adjacent if and 
only if either U\ = V\ and (u 2 ,v 2 ) G E{G 2 ) or u 2 = v 2 and (wi,Ui) G E{G 1). 



§1.5 ENUMERATION TECHNIQUES 

1.5.1 Enumeration Principle. The enumeration problem on a finite set is to 
count and find closed formula for elements in this set. A fundamental principle for 
solving this problem in general is on account of the enumeration principle: 

For finite sets X and Y , the equality |X| = \Y \ holds if and only if there is a 
bijection f : X —> Y. 

Certainly, if the set Y can be easily countable, then we can find a closed formula 
for elements in X. 

1.5.2 Inclusion-exclusion principle. By definition, the following equalities on 
sets X and Y are known. 

|x x y| = |x||r|, 

|v|Jy| = |v| + |y| -i^nU- 
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Usually, the first equality is called the product principle and the second, inclusion- 
exclusion principle can be generalized to n sets Xi, X 2 , • • • , X n . 



Theorem 1.5.1 Let X\, X 2 , • • • , X n be finite sets. Then 

n n 

njx,i=^(-i)* +i e i^rwn-rw 



i — 1 



5=1 



n 



Proof To prove this equality, assume an element x E (J W is exactly appearing 



i— 1 

5 



in s sets X n , X l2 , • • • , X is . Then it is counted s times in E |AT|, and 



3 = 1 



S 

2 



times 



in V \X tl P X l2 1 , • • -, etc.. Generally, for any integers k < s, it is counted 



s 

k 



times in 



To sum up, it is counted 



.s 

2 



+ -" + (-l) ; 



= 1 — (1 — l) s = 1 



times in 



E(-i)* +i e ^-.n^n-n^ 



s=l 



Whence, we get 



u*<i= Ef-t* e i^rwn-rw 

i=l s=l {*i,-",i s }C{l,2,---,n} 



by the enumeration principle. 



□ 



The inclusion-exclusion principle is very useful in dealing with enumeration 
problems. For example, an Euler function p> is a mapping p> : Z + — > Z on the 
integer set Z + given by 



<p{n) — \{k ^ Z|0 < k <n and ( k,n ) = 1} | , 

for any integer n G Z n , where (k,n) is the maximum common divisor of k and n. 
Assume all prime divisors in n are P\,p 2 , • • • ,pi and define 



Xi — {k G Z|0 < k < n and (k, n ) = pi}, 
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for any integer i, 1 < i < l. Then by the inclusion-exclusion principle, we find that 
(p{n) = |{& G Z|0 < k <n and ( k,n ) = 1} | 

i 

= |{l,2,..., n }\([Jx,)| 



= n 



e<-i )* e i*.n*.n-n*. 



s=l 



= n 



[i-Ev+ E 



1< i<l 



Pi 



PiPj 



+ (-l) 



1 <i,j<l ■ 

= «(l - — )(i - — ) ■ ■ ■ (i - — ) 

Pi P2 Pi 



PlP2 ■ "Pi 



= n 



lid- 



1=1 



Pi 



1.5.3 Enumerating Mappings. This subsection concentrates on the enumera- 
tion of bijections, injections and surjections from a given set X to Y . For conve- 
nience, define three sets 

Bij{Y x ) = {/ G Y x \f is an bijection}, 

Inj(Y x ) = {/ G Y x \f is an injection}, 

Sur(Y x ) = {/ G Y x |/ is an surjection}. 

Then, we immediately get 

Theorem 1.5.2 Let X andY be finite sets. Then 

0 if \X\ ^ \Y\, 



\Bij(Y x )\ = 



and 



\Inj(Y x ) \ = 



0 



|E|! if \X\ = \Y\ 

*f \x\ > in 

im 



wFm 1*1 ^ in 

Proof If |X| \Y\, there are no bijections from X to Y by definition. Whence, 

we only need to consider the case of \X\ = \Y\. Let X = (xi, x 2 , ■ ■ ■ , x n } and Y = 
{ 2 / 1 , 2 / 2 , • • • , y n }- For any permutation p on 2 / 1 , 2 / 2 , ■ • • , y n , the mapping determined 
by 

xi x 2 ■ ■■ x n 

p(yi) pfyf) ••• p(y n . 
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is a bijection from X to Y, and vice versa. Whence, 



\Bij(Y x )\ 



0 if \X\ \Y 

n\ = \Y\\ if \X\ = \Y 



Similarly, if X > \Y\, there are no injections from X to Y by definition. 
Whence, we only need to consider the case of |X| < |T|. For any subset Y' C Y 
with \Y'\ = |X|, notice that there are \Y'\\ = |X|! bijections from X to Y r , i.e., |X|! 



surjections from X to Y . Now there are 



\Y 

X 



ways choosing the subset Y' in 



Y. Therefore, the number \Inj(Y x )\ of surjections from X to Y is 



( ' y ' j |X|! = Ml . 

I \X\ J ' m - |A-|!) 

This completes the proof. □ 

The situation for \Sur(Y x )\ is more complicated than these cases of determining 
\Bij{Y x )\ and \Inj(Y x )\, which need to apply the inclusion-exclusion principle with 
techniques. 



Theorem 1.5.3 Let X and Y be finite sets. Then 



= r-ih y i 



|^r(T A )| = ( 



i) |r| E(-i)‘f 

i = 0 \ 



\Y\ 



;\*\ 



Proof For any sets X = {aq, X 2 ,x n } and Y, by the product principle we 
know that 



| y x \ = lyf 311 ! x y ^ X2 ^ x • • • x yf x ”f| 

_ |y{®i}| |y{®2}| . . . |y{a;n}| _ |y|XI 



Now let $ : Y x — >• &(Y) be a mapping defined by 

*(/) = rU/W- y fVW- 

Notice that / G Sur(Y x ) is a surjection if and only if $(/) = 0. For any subset 
S C Y, let 

X s = {/ G Y X \S C $(/)}. 
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Then calculation shows that 

l*sl = |{/er x |Sc<D(/)}| 

= \{feY x \f(X)CY\JS-Yf]S}\ 

= = (|y| - |s|) |x| . 

Applying the inclusion-exclusion principle, we find that 

= |l" x \ U 

9^scy 
\Y\ 

= ir x i-E(-i) |S| (yi-|5|) w 

i= 1 

= E(-i)‘E(yi-i) |x| 

i = 0 |S|=» 

= YyyC Vi-y 

^ on binomial coeffi- 
cients. □ 

1.5.4 Enumerating Vertex-Edge Labeled Graphs. For a given graph G and 
a labeled set L , can how many non-equivalent labeled graphs G L be obtained? We 
know the result following. 

Theorem 1 . 5.4 Let G be a graph and L a finite labeled set. Then there are 

| L ||V(G)|+|E(G)| 

|AutG| 2 

non-equivalent labeled graphs by labeling 0 L : V[G) U E{G) — > L. 

Proof A vertex-edge labeled graph on a graph can be obtained in two steps. 
The first is labeling its vertices. The second is labeling its edges on its vertex 
labeled graph. Notice there are \L\^ X A? vertex labelings 9l : V{G) — > L. If there 



The last equality applies the fact 



|y| 

i 



\Sur(Y x )\ 
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is an automorphism / G AutG such that ( G v )* = G x , then it can show easily that 
/ = lAutGj he., |(AutG) G v| = 1. Applying a famous result in permutation groups, 
i.e. , |r x ||x r j = | r | for any finite permutation group T and x G T, we know that the 
orbital length of G x under the action of AutG is |AutG|. Therefore, there are 

\ L \W(G)\ 

| AntC | 

non-equivalent vertex labeled graphs by labeling 9l : V(G) L on vertices in G. 
Similarly, for a given vertex labeled graph G v , there are 

|/,||V(G)| 

|AutG| 

non-equivalent edge labeled graphs by labeling 9 L : E{G) —> L on edges in G. 
Whence, applying the product principle for enumeration, we find there are 

| L ||V(G)| + |E(G)| 

|AutG| 2 

non-equivalent labeled graphs by labeling 9l : V{G) U E{G) —> L. □ 

If each element in L appears one times at most, i.e. | 9l(x) fl L\ < 1 for 
Vx G V(G) U E(G), then \L\ > |!^(G)| + |i?(G)| if there exist such labeling. In this 
case, there are 

\L\ 

\V(G)\ + \E(G)\ 

labelings 9l '■ V(G ) U E(G) L with \9 L (x) O L\ < 1 . Particularly, choose 
\L\ = |P(G)| + | -ZT(G') | as usual, then there are (|fd(G)| + |i?(G)|)! such labelings. 
Similar to Theorem 1.5.4, we know the result following. 

Theorem 1.5.5 Let G be a graph and L a finite labeled set with \L\ > |I/(G)| + 
\E(G)\. Then there are 

\L\ 

\V(G)\ + \E(G)\ 

|AutG| 2 

non- equivalent labeled graphs by labeling 9 L : V(G)OE{G) — >• L with \9 L (x)nL\ < 1, 
and particularly 
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|AutG| 2 

non- equivalent labeled graphs if \L\ = |R(G)| + \E(G)\. □ 

For vertex or edge labeled graphs, i.e., \L\ = |R(G)| or \L\ = \E(G)\, we can get 
similar results on the numbers of non-equivalent such labeled graphs shown in the 
following. 

Corollary 1.5.1 Let G be a graph. Then there are 

\V(G)\'- nr |£(G)|! 

jAutGj |AutGj 

non- equivalent vertex or edge labeled graphs. 

There is a closed formula for the number of non-equivalent vertex-edge labeled 
trees with a given order, shown in the following. 

Theorem 1.5.6 Let T be a tree of order p. Then there are 

(2p — l) p-2 (p + 1)! 

non- equivalent vertex-edge labeled trees. 

Proof Let T be a vertex-edge labeled tree with a label set L — {1, 2, • • • , 2 p— 1}. 
Remove the pendent vertex having the smallest label a\ and the incident edge with 
label cj. Assume that b\ was the vertex adjacent to a\ . Among the remaining 
p — 1 vertices let 02 be the pendent vertex with the smallest label and b 2 the vertex 
adjacent to a 2 . Remove the edge (a 2 , b 2 ) with label c 2 . Repeated this programming 
on the remaining p — 2 vertices, and then onp— 3 vertices, and so on. It is terminated 
after p — 2 steps as only two vertices are left. Then the vertex-edge labeled tree 
uniquely defines two sequences 



(&i> 5 b p - 2 ), 


(5.1) 


(Cl, C-2i * * * 1 Cp— 2 5 Cp— l)? 


(5.2) 



where c p _i is the label on the edge connecting the last two vertices. For example, 
the sequences (5.1) and (5.2) are respective (1, 1, 4) and (6, 7, 8, 9) for the tree shown 
in Fig. 1.5.1. 
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Conversely, given sequences (61, b 2 , ■ ■ ■ , b p _ 2 ) and (ci, c 2 , • • • , c p _i) of 2p — 3 la- 
bels, a vertex-edge labeled tree of order p can be uniquely constructed as follows. 

First, determine the first number in 1, 2, 3, ■ • • , 2 p — 1 that does not appear 
in (bi, b 2 , ■ ■ ■ , b p _ 2 ), say cq and define an edge (ai,&i) with a label c±. Removing 
bi, Ci from these sequences. Find a smallest number not appearing in the remaining 
sequence (&2, C2, • • • , b p - 2 , Cp- 2 ), say 02 and define an edge (02,62) with a label C2. 
This construction is continued until there are no element left. At the final, the last 
two elements remaining in L are connected with the label c p _i. 

For each of the p — 2 elements in the sequence (5 — 1), we can choose any one 
of numbers in L, thus 

(2 p - l) p ~ 2 

(p — 2)-tuples. For the remained two vertices and elements in the sequence (5 — 2), 
we have 

choices. Therefore, there are 



(2 p - l) p 2 (p + 1)! 

such different pairs (5 — 1) and (5 — 2). Notice that each of them defines a district 
vertex-edge labeled tree of p vertices. Since each vertex-edge labeled tree uniquely 
defines a pair of there sequences and vice versa. We find the number of vertex-edge 
labeled trees of order p asserted in this theorem. □ 

Similarly, we can also get the number of vertex labeled trees of order p, which 
was firstly gotten by Cayley in 1889 shown in the next result. 

Theorem 1.5.7(Cayley, 1889) Let T be a tree of order p. Then there are p p ~ 2 
non- equivalent vertex labeled trees. □ 
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1.5.5 Enumerating Rooted Maps. A combinatorial map is a connected graph 
G cellularly embedded in a surface. By the work of Tntte ( See [Tut 2] for details), a 
combinatorial map can be also defined algebraically as a pair M = (X a ^,V), where 
X a is the disjoint union of quadricells Kx of x E X ,K is the Klein 4-elements 
group and V is a basic permutation, i.e, for Vx G X a ,p, V k x ^ ax for any positive 
integer k , acting on X a ^ satisfying the following axioms: 

Axiom (i) aV = T~ x a\ 

Axiom (ii) The group \kj =-< a,/3,V >- is transitive on X a ^. 

According to the condition (ii), the vertices of a combinatorial map are defined 
as the pairs of conjugate of V action on and edges the orbits of K on X a ,/ 3 , 
for example, {x,ax, /3x,af3x}, an edge of map. A combinatorial map is called non- 
orientable if it satisfying the following Axiom (in). Otherwise, orientablc. 

Axiom (in) The group 'k L = (a/3,V) is transitive on X a ^. 

A rooted map is a combinatorial map M r with an element r E X a ^ marked 
beforehand. Two combinatorial maps M\ = (X^g,Vi) and M 2 = (X^g. V 2 ) are 
called isomorphic if there exists a bijection £, 

e = — Kp 

such that for \/x E 

€a(z) = ag(x),£j9(x) = fl£(x) and ^(x) = V 2 £(x) 



and ^ is called an isomorphism between M\ and M 2 . If M\ = M 2 = M, an iso- 
morphism £ on M is called an automorphism of M. All such automorphisms of a 
combinatorial map M form a group, called the automorphism group of M, denoted 
by Aut M. Similarly, Two rooted maps M. £ are said to be isomorphic if there 

is an isomorphism 6 between them such that 6(ri) = r 2 , where ri, r 2 are the roots 
of M[ and M^. It is well known that Aut M r is trivial. 

Let G be a simple graph. Then we get the number of rooted maps underlying 
G in the next result. 



Theorem 1.5.8 

4e(Af) 



M is 



|AutM| ’ 



For a given map M, the number r(M) of non-isomorphic roots on 
where e(M) is the size of M . 
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Proof By definition, two roots r\ and r 2 are isomorphic if and only if there is 
an automorphism £ of M such that £(ri) = r 2 . Whence, the non-isomorphic roots is 
the number of orbits of under the action of Aut M. For Vr G U, we have know 
that (AutM) r = AutM r is a trivial group. According to |AutM| = |(AutM) r ||r AutM |, 
we hnd that |r AutM | = |AutM|. Whence, the length of orbit of r G X a ,p under the 
action of Aut M is |AutM|. 

Therefore, the number of non-isomorphic roots on M is 

r(M) = \ Xa ’ p \ = □ 

1 J |AutM| | Aut M | 

According to Theorem 1.5.8, the number of rooted maps on onientable surfaces 
underlying a simple graph G is obtained in the following. 

Theorem 1.5.9 The number r°(G) of non-isomorphic rooted maps on orientable 
surfaces underlying a simple graph G is 



r°(G) = 



2 e(G) El ( P(v ) - 1)! 

vev(G) 



|AutG| 

where e(G), p[y) denote the size of G and the valency of vertex v, respectively. 

Proof Denotes the set of all non- isomorphic orientable maps underlying G by 
According to Theorem 1.5.7, we know that 

4 e(M) 



r °(G) = ;r 



|AutM| 



From |AutG x (a) \ — j(AutG x (a)) M \ \M AutGx< ' a ' > |, we get that 

rAutGx (a) I _ |AutG x (a) 



Therefore, we get that 
r°(G) = 



| M* 



E 



|AutM| 



4 e(M) 



4 e(G) 



| Aut M | 



|AutG x (a) 
2 e(G) 



E 

MeM°(g) 



|AutG x (a) 



|AutG| 



E \ M 






|AutM| 

AutGx (a) I 2e(G)|£°(G)| 
|AutG| 
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where 8°{G) = £ |M AutGx <“>| is all orientable embeddings of G. By a result 

in [BiWl] for embedding a graph on onientable surfaces, we know that 



|£°(G)| = n W”) - !)!• 

v£V(G) 



Whence, we finally get that 



r°(G) = 



mg ) n we-i)! 

v£V(G) 



|AutG| 

This completes the proof. □ 

Notice that every tree on surface is planar. We get the following conclusion. 

Theorem 1.5.10 The number of rooted tree of order n is 



r(T) = 



2n f] W v) ~ 1)! 
vev(T) 

|AutT| 



1.5.6 Automorphism Groups Identity of Trees. These enumerating results 
in Theorems 1.5.6 — 1.5.7 and 1.5.10 can be rewritten in automorphism groups 
equalities combining with Theorem 1.5.4 and Corollary 1.5.1. 

Corollary 1.5.2 Let T(p — 1) be a set of trees of order p. Then 

1 pP~ 2 



E 



TeT(p-i) 



|AutT| 



p\ 



and 



E 

tgT(p-i) 



E 



n (d-l)! 

d£D(T) _ (2p — 3)! 

|AutT| p\(p — 1)!’ 

1 [2p — l) p ~ 2 (p + 1)! 



|AutT| 5 



(2p - 1)! 



TeT(p-i) 

Proof By Theorems 1.5.6 — 1.5.7, the number of vertex labeled and vertex-edge 
labeled trees are pL~ 2 , (2 p — 1 ) p ~ 2 (p + 1)!, respectively. Notice that the number of 

(2p — 2)! 



rooted tree of size p is 



found by Harray and Tutte in 1964 (See [Liu2] for 



p\(p-l)\ 

details). Applying Theorems 1.5.4 and 1.5.10, we get these automorphism groups 



identities. 



□ 
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§1.6 COMBINATORIAL PRINCIPLE 

1.6.1 Proposition in Logic. The multi-laterality of our WORLD implies multi- 
systems to be its best candidate model for ones cognition on the WORLD. This is 
also included in a well-known Chinese ancient book TAO TEH KING written by 
LAO ZI. In this book we can find many sentences for cognition of our WORLD, 
such as those of the following ([Lujl]-[Luj2],[Siml]). 

SENTENCE 1. All things that we can acknowledge is determined by our eyes, or 
ears, or nose, or tongue, or body or passions, i.e., these six organs. Such as those 
shown in Fig. 1.6.1. 

unknown 



/ known part y 

unknown (by ones six organs unknown 



unknown 



Fig. 1.6.1 

SENTENCE 2. The Tao gives birth to One. One gives birth to Two. Two 
gives birth to Three. Three gives birth to all things. All things have their backs to 
the female and stand facing the male. When male and female combine, all things 
achieve harmony. Shown in Fig. 1.6. 2. 




Fig. 1.6. 2 
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SENTENCE 3. Mankind follows the earth. Earth follows the universe. The 
universe follows the Tao. The Tao follows only itself. Such as those shown in 
Fig. 1.6. 3. 




Fig. 1.6.3 

SENTENCE 4. Have and Not have exist jointly ahead of the birth of the earth 
and the sky. This means that any thing have two sides. One is the positive. Another 
is the negative. We can not say a thing existing or not just by our six organs because 
its existence independent on our living. 

What can we learn from these words? All these sentences mean that our world 
is a multi-one. For characterizing its behavior, We should construct a multi-system 
model for the WORLD, also called parallel universes ([Mao3], [Tegl]), such as those 
shown in Fig. 1.6.4. 



• • • • • • 




Fig. 1.6.4 

How can we apply these sentences in mathematics of the 21st century ? We 
make some analysis on this question by mathematical logic following. 

A proposition p on a set S is a declarative sentence on elements in E that is 
either true or false but not both. The statements it is not the case that p and it is 
the opposite case that p are still propositions, called the negation or anti-proposition 
of p, denoted by non-p or anti-p, respectively. Generally, non — p ^ anti — p. The 
structure of anti-p is very clear, but non-p is not. An oppositive or negation of a 
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proposition are shown in Fig. 1.6. 5. 




non-p 




Fig. 1.6. 5 

For a given proposition, what can we say it is true or false ? A proposition and 
its non-proposition jointly exist in the world. Its truth or false can be only decided 
by logic inference, independent on one knowing it or not. 

A norm inference is called implication. An implication p — > q, i.e., if p then q, 
is a proposition that is false when p is true but q false and true otherwise. There 
are three propositions related with p —■ ► q, namely, q — >• p, ->q — >• ->p and ->p — > ->q, 
called the converse, contrapositive and inverse of p — » q. Two propositions are called 
equivalent if they have the same truth value. It can be shown immediately that an 
implication and its contrapositive are equivalent. This fact is commonly used in 
mathematical proofs, i.e., we can either prove the proposition p — > q or ->q — > in 

the proof of p — >• q, not the both. 

1.6.2 Mathematical System. A rule on a set £ is a mapping 

ExE-'-xE->E 
' . ' 

n 

for some integers n. A mathematical system is a pair (£;7£), where E is a set 
consisting mathematical objects, infinite or finite and 1Z is a collection of rules on 
£ by logic providing all these resultants are still in £, i.e., elements in £ is closed 
under rules in TZ. 

Two mathematical systems (£i;7£i) and (£ 2 ; 72-2) are isomorphic if there is a 
1 — 1 mapping to : £1 — > £ 2 such that for elements a, b, ■ ■ ■ , c G £ 1 , 

uj{1Zi(a, b, ■ ■ ■ , c)) = 1Z 2 {pj(a),uj(b), ■ ■ • ,u ;(c)) G £ 2 - 

Generally, we do not distinguish isomorphic systems in mathematics. Examples 
for mathematical systems are shown in the following. 
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Example 1.6.1 A group (G; o) in classical algebra is a mathematical system (Eg-; Tie), 
where = G and 

tz g = {r ( {-r^r^}, 

with 

Rf: (x o y) o z = x o (y o z) for Vic, y,z G G; 

R 2 '. there is an element lg 6 G such that x o 1 G = x for Vx G G; 

Alf : for Vic G G, there is an element y,y G G, such that x o y = 1 G . 

Example 1.6.2 A ring (A; +, o) with two binary closed operations “+” , “o” is a 
mathematical system (E; 7 Z), where E — R and TZ = {Ap A 2 , A3, A4} with 
R ,\ : x + y, x o y g A for Vx, y G A; 

A 2 : (A; +) is a commutative group, i.e. , x + y = y + x for Vx, y G A; 

A 3 : (A; o) is a semigroup; 

A4: x o (y + z) = xoi/-ixoz and (x + ?/) o 2 = x o 2 + y o £ for Vx, y, z £ R. 

Example 1.6.3 a Euclidean geometry on the plane R 2 is a a mathematical system 
(E e'i Re), where E^ = {points and lines on R 2 } and 7Ze = {Hilbert's 21 axioms on 
Euclidean geometry}. 

A mathematical (E; TV) can be constructed dependent on the set E or on rules 
1Z. The former requires each rule in TZ closed in E. But the later requires that 
TZ(a, b, ■ ■ ■ , c) in the final set E, which means that E maybe an extended of the set 
E. In this case, we say E is generated by E under rules TZ , denoted by (E; TZ). 

Combining mathematical systems with the view of LAO ZHI in Subsection 
1.6.1, we should construct these mathematical systems (E; TZ) in which a proposition 
with its non-proposition validated turn up in the set E, or invalidated but in multiple 
ways in E. 

Definition 1.6.1 A rule in a mathematical system (E \TZ) is said to be Smaran- 
dachely denied if it behaves in at least two different ways within the same set E, i.e., 
validated and invalided, or only invalided but in multiple distinct ways. 

A Smarandache system (E ; A) is a mathematical system which has at least one 
Smarandachely denied rule in TZ. 

Definition 1.6.2 For an integer m > 2, let (EpAi), (E 2 ;A 2 ) 7 • • •, (E m ]TZ m ) be 
m mathematical systems different two by two. A Smarandache multi-space is a pair 
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(E; 1Z) with 

m m 

E = |^J Ej, and 1Z = |^J TZi. 

i= 1 i= 1 

Certainly, we can construct Smarandache systems by applying Smarandache 
multi-spaces, particularly, Smarandache geometries appeared in the next chapter. 

1.6.3 Combinatorial System. These Smarandache systems (T,;TZ) defined in 
Definition 1.6.1 consider the behavior of a proposition and its non-proposition in 
the same set E without distinguishing the guises of these non-propositions. In fact, 
there are many appearing ways for non-propositions of a proposition in E. For 
describing their behavior, we need combinatorial systems. 

Definition 1.6.3 A combinatorial system is a union of mathematical systems 
(Ep 7 ^i) ? (E 2 ; TZ 2 ), • • ■, (S m ; 7 Z m ) for an integer m, i.e., 

m m 

= (U Eh U^) 

2=1 2 — 1 

with an underlying connected graph structure G, where 

V{G) = (Ei, E 2 , • • • , E m }, 

E{G) = { (Ej, Ej) | Ej P| Ej 7 ^ 0, 1 < i,j < m}. 

Unless its combinatorial structure G , these cardinalities E ?; P| Ej | , called the 
coupling constants in a combinatorial system % J c also determine its structure if 
Ej f~] Ej 7 ^ 0 for integers 1 < i, j < m. For emphasizing its coupling constants, 
we denote a combinatorial system ^3 by r Ac(f tJ , 1 < i,j < m) if l t j = |Ej P| Ej| 7 ^ 0. 

Let and be two combinatorial systems with 

772 772 72 72 

= (Q bh 0 b 11 ). = (U b 2) ; U b 2 ’)- 

2 — 1 2 — 1 2 — 1 2 — 1 

, . . . 772 . . 72 . . 

A homomorphism w : % A (; — > Tpi is a mapping w : (J E • — > |J E ? - and w : 

2—1 2=1 

IJ TZ^ y ) — > U ^! 2) such that 
2=1 2=1 

^|Ei(a7 Z^b) = t^7| Si (a)t^7| Si (7^S i) )t^7| Ei (6) 
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for Va, b G E^, 1 < i < m, where denotes the constraint mapping of w on the 
mathematical system (Ej, 7 Zi). Further more, if w : ^ ^q' 1 is a 1 — 1 mapping, 

then we say these and c &(j } are isomorphic with an isomorphism w between 
them. 

A homomorphism w : ‘tfpp — > ‘tfpp naturally induces a mappings w\q on the 
graph G\ and G 2 by 

w\ c : V{Gi) — > w{y{Gi)) C C(G 2 ) and 

w\ G : (Ej,Ej) G E(Gi) — > (cu(Ej), ro(Ej)) G £(G 2 ),1 < ij < m. 

With these notations, a criterion for isomorphic combinatorial systems is presented 
in the following. 

Theorem 1.6.1 Two combinatorial systems c €p ] and are isomorphic if and 
only if there is a 1 — 1 mapping w : — * < rojp' > such that 

(i) cu| (i) is an isomorphism and w\ E (i)(^) = vo\ (i)(x) forMx G E-^ClE^, 1 < 

2-1 i 2-1 i ^3 

i,j < m; 

(ii) w\g : G\ —■ > G 2 is an isomorphism. 

Proof If w : % A C P -»■ C € A) is an isomorphism, considering the constraint map- 
pings of w on the mathematical system (E, : , TZf) for an integer i, 1 < % < m and the 
graph G\ , then we find isomorphisms ©Lp) and w\ g- 

Conversely, if these isomorphism w\ s (i),l < i < m and w\g exist, we can 
construct a mapping w : %p ] — * ^q' 1 by 

zu(a) = if a G Ej and w(o) = cu| Sl (o) if oG^,l<i<m. 

Then we know that 

w^fallPb) = ro|E i (a)^|E i (^ 1) )w| Ei (6) 

for Va, b G E.- 1 ^, 1 < i < m by definition. Whence, w : ‘tfpp — * is a homomor- 
phism. Similarly, we can know that w~ l : is also an homomorphism. 

Therefore, w is an isomorphism between and . □ 

For understanding well the multiple behavior of world, a combinatorial system 
should be constructed. Then what is its relation with classical mathematical sci- 
ences ? What is its developing way for mathematical sciences l I presented an idea 
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of combinatorial notion in Chapter 5 of [Maol], then formally as the Combinatorial 
Conjecture for Mathematics in [Mao4] and [MaolO], the later is reported at the 2nd 
Conference on Combinatorics and Graph Theory of China in 2006. 

Combinatorial Conjecture Any mathematical system (£; TV) is a combinatorial 
system c Cc{l i3 . 1 < i, j < m). 

This conjecture is not just an open problem, but more likes a deeply thought, 
which opens a entirely way for advancing the modern mathematics and theoretical 
physics. In fact, it is an extending of TAO TEH KING, Smarandache’s notion by 
combinatorics, but with more delicateness. Here, we need further clarification for 
this conjecture. In fact, it indeed means a combinatorial notion on mathematical 
objects following for researchers. 

(i) There is a combinatorial structure and finite rules for a classical math- 
ematical system, which means one can make combinatorialization for all classical 
mathematical subjects. 

(ii) One can generalizes a classical mathematical system by this combinatorial 
notion such that it is a particular case in this generalization. 

(Hi) One can make one combination of different branches in mathematics and 
find new results after then. 

(iv) One can understand our WORLD by this combinatorial notion, establish 
combinatorial models for it and then find its behavior, for example, 

what is true colors of the Universe, for instance its dimension? 

This combinatorial notion enables ones to establish a combinatorial model for 
the WORLD, i.e. , combinatorial Universe (see Chapter 8 of this book) characterizing 
the WORLD, not like the classical physics by applying an isolated sphere model or 
a Euclidean space model. Whence, researching on a mathematical system can not 
be ended if it has not been combinatorialization and all mathematical systems can 
not be ended if its combinatorialization has not completed yet. 



§1.7 REMARKS 

1.7.1. Combinatorics has made great progress in the 20th century with many 
important results found. Essentially, it can be seen as an extending subject on 
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sets or a branch of algebra with some one’s intuition, such as these graphs. But 
it is indeed come into being under the logic, namely, a subject of mathematics. 
For materials in Sections 1.1 — 1.3, further information and results can be found in 
references [BiMl], [Huai] and [NiDl], The concept of multi-set and multi-poset are 
introduced here by Smarandache’s notion in [Smal]. Sections 1.4 — 1.5 are a brief 
introduction to graphs and enumerating techniques. More results and techniques 
can be found in reference [BoMl], [CaMl], [ChLl], [GrWl] and [Tutl], etc. for 
readers interesting in combinatorics with applications. 

1 . 7.2 The research on multi-poset proposed in Section 3 is an application of the 
combinatorial notion, i.e., combining different fields into a unifying one. It needs 
both of the knowledge of posets and combinatorics, namely, posets with combina- 
torial structure. Further research on multi-poset will enrich one’s knowledge on 
posets. 

1 . 7.3 These graph families enumerated in Section 4 is not complete. It only presents 
common families or frequently met in papers on graphs. But for 178, i.e., embed- 
ded graphs, more words should be added in here. Generally, an embedded graph 
on a topological space 77 is a one-to-one continuous mapping / : G — > 77 in such a 
way that edges are disjoint except possibly on endpoints, namely, a 1-CW complex 
embedded in a topological space [Griil] . In last century, many researches are con- 
centrated on the case of 77 being a surface, i.e., a closed 2-manifold. In fact, the 
terminology embedded graph is usually means a graph embedded on a surface, not in 
a general topological space. For this spacial case, more and more techniques beyond 
combinatorics are applied, for example, [GrTl], [Whil] and [Maol] apply topology 
with algebra, particularly, automorphism groups, [Liul]-[Liu3] use topology with 
algebra, algorithm, mathematical analysis, particularly, functional equations and 
[MoTl] adopts combinatorial topology. Certainly, there are many open problems 
in this field. Beyond embedded graphs on surfaces, few results are observable on 
publications for embedded graphs in a topological space, not these surfaces. 

1 . 7.4 A combinatorial map is originally as an object of decomposition surface with 
2-cell components. Its algebraic definition by Klein 4-group in Subsection 1.5.5 is 
suggested by Tutte ([Tut2]) in 1973. We adopted a formally definition appeared in 
[Liu2], It should be noted that a widely approach for enumeration of rooted maps 
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on surface is by analytic technique. Usually, this approach applies four STEPS as 
follows: 

STEP 1: Decompose the set of rooted maps 

STEP 2: Establish functional equations satisfied by the enumeration function f^. 
STEP 3: Find properly parametric expression. 

STEP 4: Solving these functional equations, usually by Lagrange or other inversion. 

The interested readers are referred to references [Liu2]-[Liu4] for such enumeration. 
But in here, Theorem 1.5.8 clarifies non-isomorphic roots on a combinatorial map 
is essentially orbits under the action of its automorphism group and Theorem 1.5.9 
presents a closed formula for counting rooted maps underlying a graph G, which 
also makes known the essence of enumeration of rooted maps. 

1.7.5 These three equalities in Corollary 1.5.2 are interesting, which present closed 
formulae for automorphism groups of trees with given size. The first equality was 
noted first by Babai in 1974. The second is gotten by Mao and Liu in [MaLl] in 
2003. The third identity, i.e. , 

y- 1 _ (2p-iy~\p + l)\ 

l A " tT i 2 " e*- 1 )' 

in Corollary 1.5.2 is a new identity. All of these identities are found by the applica- 
tion of enumeration principle shown in Subsection 1.5.1. 

1.7.6 The original form of the Combinatorial Conjecture for Mathematics discussed 
in Section 1.6 is that mathematical science can be reconstructed from or made by 
combinatorialization, abbreviated to CCM Conjecture in [Mao4] and [MaolO]. Its 
importance is in combinatorial notion for entirely developing mathematical sciences, 
which produces an enormous creative power for modern mathematics and physics. 

1.7.7 The relation of Smarandache’s notion with LAO ZHL s thought was first 
pointed out by the author in [Maol9], reported at the fth International Conference 
on Number Theory and Smarandache Problems of Northwest of China in Xianyang, 
2008. Here, combinatorial systems is a generalization of Smarandache systems, also 
an application of LAO ZHL s thought to mathematics. Complete words in TAO 
TEH KING written by LAO ZHI can be found in [Siml]. Further analysis on LAO 
ZHTs thought can consults references [Lujl]-[Luj2] and [WaWl], particularly [Lujl], 
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1.7.8 It should be noted that all objects in combinatorics are without metrics, 
which enables its results concise and formulae with mathematical beauty. But most 
of them are only beneficial for pure or classical combinatorics, not the entirety of 
mathematics or sciences for its lack of metrics. The goal of combinatorics is to find 
combinatorial counterpart in mathematics, not just these results only with purely 
combinatorial importance. For contributing it to the entire science, a good idea 
is pull-back these metrics ignored in classical combinatorics to construct the math- 
ematical combinatorics suggested by the author in [Maol]. The reference [Mao2] 
is such a monograph with Smarandache multi-spaces. In fact, the material in the 
following chapters is on mathematical combinatorics, particularly on combinato- 
rial differential geometry and its application, i.e., combinatorial fields in theoretical 
physics. 



CHAPTER 2. 



Algebraic Combinatorics 



If the facts don’t fit the theory, change the facts. 

By Albert Einstein, an American theoretical physicist. 



One increasingly realizes that our world is not an individual but a multiple 
or combinatorial one, which enables modern sciences overlap and hybrid, 
i.e. , with a combinatorial structure. To be consistency with the science 
development, the mathematics should be also combinatorial, not just the 
classical combinatorics without metrics, but the mathematical combinatorics 
resulting in the combinatorial conjecture for mathematics, i.e., CCM Con- 
jecture presented by the author in 2005. The importance of this conjecture 
is not in it being an open problem, but in its role for advancing mathemat- 
ics. For introducing more readers known this heartening combinatorial no- 
tion for mathematical sciences, this chapter introduces the combinatorially 
algebraic theory , i.e., algebraic combinatorics, including algebraic system, 
multi-operation system, multi-group, multi-ring, multi-ideal, multi-module, 
action of multi-group and combinatorial algebraic system, ..., etc.. Other 
fields followed from this notion, such as those of Smarandache geometries 
and combinatorial differential geometry are shown in the following chapters. 
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§2.1 ALGEBRAIC SYSTEMS 



2.1.1 Algebraic System. Let si be a set and o an operation on si. If o : 
si x si — > si, i.e. , closed then we call si an algebraic system under the operation 
o, denoted by (si; o). For example, let si = {1,2,3}. Define operations Xi, x 2 on 
si by following tables. 



Xi 


12 3 


1 


12 3 


LO 


2 3 1 


3 


3 12 



X2 

1 

2 

3 



1 

1 

3 

2 



2 3 

2 3 
1 2 

3 1 



table 2.1.1 



Then we get two algebraic systems (si ; and (si ; x 2 ). Notice that in an algebraic 

system (si ; o) , we can get an unique element ao b G si for Va, b G si. 



2.1.2 Associative and Commutative Law. We introduce the associative and 
commutative laws in the following definition. 



Definition 2.1.1 An algebraic system (si;o) is associative if 



(a o b) o c = a o (b o c) 



for Va, b, c G si. 

Definition 2.1.2 ^4n algebraic system (si; o) is commutative if 



a o b = b o a 



for Va, b G si. 

We know results for associative and commutative systems following. 

Theorem 2.1.1 Let (si ; o) be an associative system. Then for ai, a 2 , • • • , a n G si , 
the product aioa 2 o---oa„ is uniquely determined and independent on the calculating 
order. 

Proof The proof is by induction. For convenience, let a\ o a 2 o • • • o a n denote 
the calculating order 

(• • • ((ai o a 2 ) o a 3 ) o • • •) o a n . 
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If n — 3, the claim is true by definition. Assume the claim is true for any 
integers n < k. We consider the case of n = k + 1. By definition, the last step for 
any calculating order must be a result of two elements, i.e., 

n=n°n 

1 2 

Apply the inductive assumption, we can assume that 

! = (••• (Oi o a 2 ) o a 3 ) o • • •) o ai 
i 

and 

! = (••• ((<h + i ° &i+ 2) 0 <h+ 3) 0 • • •) o a k+ 1- 
2 

Therefore, we get that 

n = n°n 

1 2 

= (■ • • (ai O a 2 ) O ■ ■ ■) o ai o (• ■ • (az+i o a i+2 ) o • ■ •) o a k+1 

= (• • • (ai o a 2 ) o • • •) o a t o ((• • • (a z+ i o a [+2 ) o ■ ■ ■ o a k ) o a k+1 ) 

= ((■■■ (a 1 o a 2 ) o ■ • ■) o Oj o (■ ■ ■ (a z+ i o a i+2 ) o • • • o a k )) o a k+1 

= (• ■ ■ ((ai o a 2 ) o a 3 ) o • • •) o a fc+ i 

by the inductive assumption. Applying the inductive principle, the proof is com- 
pleted. □ 

Theorem 2.1.2 Let {stf ; o) be an associative and commutative system, a±, a 2 , • • • , a n E 
stf . Then for any permutation n on indexes 1, 2, ■ ■ ■ , n, 

o-K(i) 0 ®7t(2) o • • • o a^n) = ai O a 2 O • • • O a n . 



Proof We prove this result by induction on n. The claim is obvious for cases 
of n < 2. Now assume the claim is true for any integer l < n — 1, i.e., 

<Mi) 0 ®7r(2) o • • • o a T(z) = ai o a 2 o • • • o a/. 

Not loss of generality, let 7 r(/c) = n. Then we know that 

^7r(l) ^ ^7r(2) O * ' ' O O'Tr^n) (^7r(l) ^ ^7r(2) O ' ' ' O ^7r(fc— 1)) 
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OCt n ° (fl n(k+l ) ° Q"jT(k+2) ° * * * ° ^7r(n)) 

(^7r(l) ^ ^7r(2) 0***0 ^7r(fc— 1)) 
o((a T ( fe+ i) O a 7r(fe+2 ) O • • • O ^(n)) O a n ) 
((^7r(l) ^ ^7 t( 2) O ‘ ‘ O ^7r(fc— 1)) 

°(® 7 r(fc+l) ° ®7r(fc+2) O • ■ • O O CL n 

= ai O fl 2 O • ■ • O a„ 



by the inductive assumption. 



□ 



Let ; o) be an algebraic system. If there exists an element l z 0 (or 1£) such 



that 



if o a — a or a o V = a 



for Va G then V 0 (1{) is called a left unit (or right unit ) in o). If V 0 and 1£ 
exist simultaneously, then there must be 

1 Z = 1 z o 1 T ' = 1 r '=1 
-*-0 -*-0 u -*-o 1 o -*- 0 ) 

i.e. , a unit 1 D in o). For example, the algebraic system [srf\ Xi) on {1,2,3} in 

previous examples is a such algebraic system, but x 2 ) only posses a left unit 
1 X2 = 1 . 

For a G srf in an algebraic system {s4\o) with a unit 1 0 , if there exists an 
element b G such that 

a o b = 1 0 or b o a = 1 D , 

then we call b a right inverse element (or a left inverse element ) of a. If a o b — 
b o a = 1 0 , then b is called an inverse element of a in {s4\ o), denoted by b = a 1 . 
For example, 2” 1 = 3 and 3” 1 = 2 in Xi). 



2.1.3 Group. An algebraic system {srf\o) is a group if it is associative with a 
unit 1 0 and inverse element a" 1 for Va G denoted by £/ usually. A group is 
called finite ( or infinite ) if \srf\ is finite ( or infinite). For examples, the sets , 
permutations II (X) under operations x 1; composition on a finite set X form finite 
groups Xx) and Sym(X) respectively. 

2.1.4 Isomorphism of Systems. Two algebraic systems and (^ 2 ; o 2 ) 

are called homomorphic if there exists a mapping ^ — > srf-i such that g(a o x b) = 
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g(a) o 2 g(b) for Va, b G If this mapping is a bijection, then these algebraic 

systems are called isomorphic. In the case of si\ = sii — si and o x = o 2 = o, an 
isomorphism between (sip, o x ) and (sip, o 2 ) is called an automorphism on (si] o). 

Theorem 2.1.3 Let (si]o) be an algebraic system. Then all automorphisms on 
(si] o) form a group under the composition operation, denoted by Aut( si] o). 

Proof For two automorphisms and <^ 2 on (si] o), it is obvious that 

?i? 2 (a o b) = si g 2 (a) o ^ q 2 (b) 

for Va, b G si by definition, i.e., Aut(si ; o) is an algebraic system. Dehne an auto- 
morphism 1 f lx by lfi X (a) = a and an automorphism <j _1 by <j _1 (6) = a if g(a) = b 
for Va, b G si. Then 1 f lx is the unit and <^ _1 is the inverse element of g in Aut(s i ; o). 
By definition, Aut(si] o) is a group under the composition operation. □ 

2.1.5 Homomorphism Theorem. Now let (si] o) be an algebraic system and 
SB C si, if (SB] o) is still an algebraic system, then we call it an algebraic sub- 
system of (si] o), denoted by SB -< si . Similarly, an algebraic sub-system is called 
a subgroup if it is group itself. 

Let (si ; o) be an algebraic system and SB -< si. For Va G si , dehne a coset 
a o SB of SB in si by 

a o SB = {a o b\\/b G SB}. 

Dehne a quotient set © = si / SB consists of all cosets of SB in si and let R be a 
minimal set with 6 = {ro SB\r G R}, called a representation of ©. Then 

Theorem 2.1.4 If (SB] o) is a subgroup of an associative system (si] o), then 

( i ) for Va, b G si, (a o SB) fl (b o SB) =0 or ao SB = bo SB, i.e., 6 is a partition 
of si; 

(ii) define an operation • on & by 

(a o SB) • (b o SB) = (a o b) o SB, 

then (©; •) is an associative algebraic system, called a quotient system of si to SB. 
Particularly, if there is a representation R whose each element has an inverse in 
(si] o) with unit l^, then (©; •) is a group, called a quotient group of si to S3. 
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Proof For (i), notice that if 

(a o SB) n (b o SB) ± 0 

for a, b G then there are elements Ci,c 2 G SB such that a o c\ = b o c 2 . By- 
assumption, (■££?; o) is a subgroup of (^;o), we know that there exists an inverse 
element cf 1 G SB, i.e. , a = b o c 2 o c^ 1 . Therefore, we get that 

flo J = (& o C 2 O bf 1 ) O ^ 

= {(6 o c 2 o c” 1 ) o c|Vc G SB } 

= {bo c|Vc G SB} 

= bo SB 

by the associative law and (SB; o) is a group gain, i.e., (a o SB) D (b o SB) = 0 or 
a o SB = b o SB. 

By definition of • on © and (*), we know that (©; •) is an algebraic system. 
For Va, b, c G sS , by the associative laws in {srf ; o), we find that 

((a o SB) •(bo SB)) • (c o SB) = ((a ob) o SB) • (c o SB) 

= ((a ob) o c) o SB = (a o (b o c)) o SB 
= (a o SB) o ((b o c) o SB) 

= (a o SB) • ((b o SB) • (c o SB)). 

Now if there is a representation R whose each element has an inverse in (sS ; o) 
with unit 1^, then it is easy to know that o SB is the unit and a~ l o SB the inverse 
element of a o SB in ©. Whence, (6; •) is a group. □ 

Corollary 2.1.1 For a subgroup ( SB ; o) of a group (sS] o), (©; •) is a group. 
Corollary 2.1.2(Lagrange theorem) For a subgroup ( SB ; o) of a group (sS ; o), 

\&\ I H- 



Proof Since a o c\ = a o c 2 implies that C\ = c 2 in this case, we know that 



Sec. 2.1 Algebraic Systems 



53 



for Va G sg . Applying Theorem 2.1.4(f), we find that 

reR 

for a representation R , i.e., \g§\ \ \jg\. □ 

Although the operation • in 6 is introduced by the operation o in jg, it may 
be • ^ o. Now if • = o, i.e., 

(a o gg) o (b o gg) = (a o 6) o J, (2 — 1) 

the subgroup {gS\ o) is called a normal subgroup of (g$\ o), denoted by gB < sg . In 
this case, if there exist inverses of a, 5, we know that 

g$ obo g$ = bo g$ 

by product a^ 1 from the left on both side of (2 — 1). Now since o) is a subgroup, 
we get that 

b~ 1 oggob = gg, 

which is the usually definition for a normal subgroup of a group. Certainly, we can 
also get 

b o g$ = gg o b 

by this equality, which can be used to define a normal subgroup of a algebraic system 
with or without inverse element for an element in this system. 

Now let w : sg\ — > be a homomorphism from an algebraic system (jg; cq) 
with unit 1,^ to (^;o 2 ) with unit l^ 2 . Define the inverse set tu _1 (a 2 ) for an 
element a 2 G sg^ by 

tu“ 1 (a 2 ) = {ai G sg\\w{a\) = a 2 }. 

Particularly, if a 2 = 1^ 2 , the inverse set w is important in algebra and called 

the kernel of w and denoted by Ker(tu), which is a normal subgroup of [sg\ ; cq) if it 
is associative and each element in Ker(tu) has inverse element in (^/ 1 ;o 1 ). In fact, 
by definition, for Va, b, c G sg\, we know that 

(1) (a o b) o c = a o (b o c) G Ker(tu) for zu((a o 6) o c) = tu(a o (6 o c)) = 1^; 

(2) 1^ 2 G Ker(tu) for w(l^) = 1^ 2 ; 
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(3) a 1 G Ker(o 7 ) for Va G Ker(w) if a 1 exists in since w(a *) = 

^ (®) 1 ^) 

(4) a o Ker(oi) = Ker(oi) o a for 

07 (a o Ker(oj)) = o?(Ker(o 7 ) o a) = o 7 _ 1 (o 7 (a)) 

by definition. Whence, Ker(o 7 ) is a normal subgroup of [srf \ ; o 1 ). 

Theorem 2.1.5 Let vo \ ^ be an onto homomorphism from associative 

systems to (^; o 2 ) with units 1^. Then 

M/Ker(cc7) = (^ 2 ; °2) 

z/ each element of Ker(oj) has an inverse in {s4\\ cq). 

Proof We have known that Ker(w) is a subgroup of o 1 ). Whence £ 4 /Ker(o 7 ) 
is a quotient system. Define a mapping g : ,a^/Ker(o 7 ) — > ^ by 

<j(a cq Ker(o 7 )) = w (a). 

We prove this mapping is an isomorphism. Notice that is onto by that w is 
an onto homomorphism. Now if a cq Ker(oj) 7 ^ h o 1 Ker(oj), then 07(a) 7 ^ 07(h). 
Otherwise, we find that a cq Ker(oj) = b o 1 Ker(oj), a contradiction. Whence, 
g(a cq Ker(o 7 )) 7 ^ g(b cq Ker (07)), i.e., g is a bijection from ^i/Ker(o 7 ) to 3/2 ■ 

Since w is a homomorphism, we get that 



<j((a cq Ker(o7)) cq (b cq Ker(zu))) 

= g(a cq Ker(w)) o 2 <j(h cq Ker(o7)) 

= -07(a) o 2 07(h), 

i.e., ? is an isomorphism from ^/Ker(o7) to (^; o 2 ). □ 

Corollary 2.1.3 Let w : ^ he an onto homomorphism from groups cq) 

to (.g^; o 2 ). Then 



M/Ker(o7) = (^ 2 ;°2)- 
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§2.2 MULTI-OPERATION SYSTEMS 

2.2.1 Multi-Operation System. A multi- operation system is a pair (yf-,0) 
with a set yP and an operation set 

O = {oj | 1 < i < 1} 

on y? such that each pair (J^ 7 ; Oj) is an algebraic system. We also call (J^; O) an 
l- operation system on y?. 

A multi-operation system (y?\ O ) is associative if for Va, b, c G y?, Vox, o 2 G O, 
there is 

(a o 1 b) o 2 c = a o l (b o 2 c). 

Such a system is called an associative multi- operation system. 

Let (y?, O ) be a multi-operation system and Sf C Q C O. If (Sf ; Q) is itself 
a multi-operation system, we call (0;Q) a multi- operation subsystem of (yf,0)), 
denoted by (fS\ Q ) -< (^, O). In those of subsystems, the (3f; O) is taking over an 
important position in the following. 

Assume (Sf ; O) -< (J^, O). For Va G ^ and o t G O, where 1 < i < /, define a 
coset a Oj by 

a Oj = {a Oj 6| for V6 G Sf }, 

and let 

J ^ 7 = ao&. 

aeR,oePcO 

Then the set 

£? = {a o <g\ a e R,o e P c O} 

is called a quotient set of in yP with a representation pair (R,P), denoted by 
if\mpy Similar to Theorem 2.1.4, we get the following result. 

2.2.2 Isomorphism of Multi-Systems. Two multi-operation systems (ifi; OJ 

and (y 0 2 ) are called homomorphic if there is a mapping c j : — > yP 2 with 

to : 0\ — > 0 2 such that for a±,bi G and o x g 0\, there exists an operation 
o 2 = g 0 2 enables that 



a; (a! o x bi) = u>(ai) o 2 ui(bi). 
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Similarly, if u; is a bijection, and {Mb, O 2 ) are called isomorphic , and if 

= ^2 = Iff , oj is called an automorphism on M’. 

Theorem 2.2.1 Let be an associative multi- operation system with a unit 

1 0 for Vo g O and 3 C M* . 

(i) If 3 is closed for operations in O and for Va G 3 , o g O, there exists 
an inverse element a ' 1 in (3\ o), then there is a representation pair ( R,P ) such 
that the quotient set ^-\ is a partition of Jtf, i.e., for a,b G Jff, Vo 1 ,o 2 G O, 
(a o x 3) fi (b o 2 3) = 0 or a o l 3 = b o 2 Sf . 

(ii) For Vo g O, define an operation o on ™ by 

(a o x cf ) o (5 o 2 ^) = (ao 5) o x 3. 

Then (f^-\ (RpyO) * s an associative multi- operation system. Particularly, if there is 
a representation pair (R, P ) sne/i that for o' g P, any element in R has an inverse 
in (J^o 7 ), then (yf-| (rp)P') a group. 

Proof For a, b G J# 7 , if there are operations o 1; o 2 G O with (ao 1 3)r\(bo 2 3) 7 ^ 0, 
then there must exist gi, g 2 G 3 such that ao 1 g 1 = b o 2 g 2 . By assumption, there is 
an inverse element Pf 1 in the system [3] o 1 ). We hnd that 

a o 1 3 = {b o 2 g 2 o x pf 1 ) °i 3 

= bo 2 (g 2 o 1 Ci 1 o l 3) =bo 2 3 

by the associative law. This implies that p) is a partition of . 

Notice that ^-\^ R p\ is closed under operations in P by definition. It is a multi- 
operation system. For Va, b, c G R and operations o 1; o 2 , o 3 , o 1 , o 2 g P we know 
that 



((a o x 3) o 1 ( b o 2 3)) o 2 (c o 3 3) 



((a o 1 b) o x 3) o 2 (c o 3 3) 
((a o 1 b) o 2 c) o x 3 



and 



= (a o x 3) 03 ((5 o 2 c) o 2 
= (a o 1 ( b o 2 c)) o x 3. 



(a o x cf) o 1 ((5 o 2 cf) o 2 (c o 3 £f)) 
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by definition. Since (Jif, O ) is associative, we have (ao 1 b)o 2 c = ao 1 (bo 2 c). Whence, 
we get that 

((a o x £f) o 1 ( b o 2 Sf)) o 2 (c o 3 = (a o x o 1 ((5 o 2 o 2 (c o 3 5f)), 

i.e. , (^|( R p^;0) is an associative multi-operation system. 

If any element in R has an inverse in (Jtf] o'), then we know that is a unit 
and a -1 o' is the inverse element of a o' ^ in the system {i§-\( R py °'), namely, it 
is a group again. □ 

Let 1(0) be the set of all units 1 0 , o e O in a multi-operation system (Jt?; O ). 
Define a multi-kernel Kero; of a homomorphism u> : (d%\\ 0\) — > (d% 2 \ 0 2 ) by 

Keren = { a G \ u(a) — 1 0 G X(0 2 ) }■ 

Then we know the homomorphism theorem for multi-operation systems in the 
following. 

Theorem 2.2.2 Let co be an onto homomorphism from associative systems (M(\ 0\) 
to (LfffiOf) with (1(0 2 ); 0 2 ) an algebraic system with unit 1 D - for\/o~ G O 2 and 
inverse x~ l for Wx G (X(0 2 ) m ((X(0 2 );o _ ). X/ien f/iere are representation pairs 
(Ri, Pi) and (R 2 ,P 2 ), where P\ C 0,P 2 C 0 2 such that 

(■giiQi) | _ s PgjOj ■ 

(Keren; Ox) (Pl ’ Pl) (X(0 2 ); 0 2 ) {P2 ’ P2) 

if each element of Keren /ias an inverse in (3%\\ o) for o g Oi. 

Proof Notice that Keren is an associative subsystem of (J^;Oi). In fact, for 
Vfci, k 2 G Keren and Vo G Oi, there is an operation o _ g 0 2 such that 

u(ki o k 2 ) = u(k{) o~ u(k 2 ) G 1(0 f) 

since X(0 2 ) is an algebraic system. Whence, Keren is an associative subsystem of 
(M{\ Oi). By assumption, for any operation o G Ox each element a G Keren has an 

inverse a L in (J^l; o). Let en : (M{\ o) — > o _ ). We know that 

en(a o a -1 ) = en(a) o _ en(a _1 ) = l a -, 

i.e., en(a” 1 ) = en(a) -1 in (M 2 ;o _ ). Because 1(0 2 ) is an algebraic system with an 

inverse x~ l for Vx G 1(0 f) in ((X(0 2 );o _ ), we find that en(a _1 ) G 1(0 2 ), namely, 

a -1 G Keren. 
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Define a mapping cr : 



(xfi;0, 



O 2 



I (to, Pi) 



(Ker wjOi)'^ 1 ' (X(0 2 );0 2 ) 

a (a o Kero;) = a (a) o~ X(0 2 ) 



l(J?2,P 2 ) 



by 



for Va G Pi, o G Pi, where a; : (34 i; o) — ■> (J^; o _ ). We prove a is an isomorphism. 
Notice that a is onto by that c 0 is an onto homomorphism. Now if a o x Kero; 7 ^ b o 2 
Ker(to) for a,b E R\ and o 1; o 2 g P x , then u>(a)o^X(0 2 ) 7 ^ a;(&)o 2 X(0 2 ). Otherwise, 
we find that a o x Kero; = b o 2 Kero;, a contradiction. Whence, a(a o x Kera;) 7 ^ 

„ (^ 2 ;0 2 ) , 



a (b o 2 Kera;), i.e., a is a bijection from 

(Kero;; Oi) 

Since a; is a homomorphism, we get that 



l(to,Pi) 



to 



(Z(0 2 );0 2 ) 



l(to,P 2 )' 



cr ((a o x Kero;) o (5 o 2 Kero;)) = a (a o x Kero;) o cr(6 o 2 Kero;) 

= (a; (a) 0 “ X(0 2 )) o~ (w(6) o 2 X(0 2 )) 

= <j((a o x Kero;) o“ a(5 o 2 Kera;), 

. . f (^iO) , (JG;d 2 ) , 

i.e., a is an isomorphism from — — b p p , to — — , p 5 v U 

(Kerw; O,) fll,Pl (I(0 2 ); 0 2 ) l( ' !l ' P2, 

Corollary 2.2.1 Let (34?i,Oi), (J^; 0 2 ) 6e multi- operation systems with groups 
(3? 2;°1 ), (^ 2 ;° 2 ) for\/o 1 G Oi, Vo 2 G 0 2 and uj : — >■ (J^; 0 2 ) « ho- 

momorphism. Then there are representation pairs (Pi, Pi) and (P 2 ,P 2 ), where 
Pi C Oi ,?2 C 0 2 such that 

eg ;Oi) | _ ^ PgiQj . 

(Kerw; Oi) (Rl,Pl) (X(0 2 ); 0 2 ) (P2,P2) ' 

Particularly, if (J^; 0 2 ) is a group, we get an interesting result following. 



Corollary 2.2.2 Let (3^?\ O) be a multi- operation system and u ; : (^; O) — > (^; o) 
a onto homomorphism from (34?] O) to a group (£?;o). Then there are representa- 
tion pairs (P, P), P C O such that 



0 &\0) 1 

(Kera;; O) (jR,P) 



= K;°)- 



2.2.3 Distribute Law. A multi-operation system (34? ] O) is distributive if O — 
0\ U 0\ with (D\ fl (D 2 = 0 such that 
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a o x ( b o 2 c) = (a o x b ) o 2 (a o x c) and ( b o 2 c) o x a — ( b o x a) o 2 (c o x a) 

for Va, b, c G J^ 7 and Vo x g C?i, o 2 g C> 2- Denoted such a system by (^; (9i 

C? 2 ). In this case, the associative means that systems (crff] 0\) and (J^; O2) are 
associative, respectively. 

Similar to Theorems 2.1.1 and 2.1.2, we can also obtain the next result for 
distributive laws in a multi-operation system. 

Theorem 2.2.3 Let (^; 0\ (T 2 ) &e an associative system for operations in 0 2 , 

a, b\, 62, ■ ■ ■ , b n G and o g Oi , o ; g 0 2 for 1 < i < n — 1. Tden 

a o (&! 0l b 2 o 2 • • • o n _ x 6 n ) = (a o bi) o 1 (a o b 2 ) o 2 • • • o n _ x (a o 6 n ), 

(&i o x b 2 o 2 o„_ 1 b n ) o a = (61 o a) o x (& 2 o a) o 2 • • • (6 n o a). 

Proof For the case of n = 2, these equalities are hold by definition. Now assume 
that they are hold for any integer n < k. Then we find that 

a o (61 o x b 2 o 2 o k b k+ i) = (a o bi) o 1 (a o 6 2 ) o 2 • • • (a o (6 fc o fc+1 6 fc+1 )) 

= (a o bi) o 1 (a o b 2 ) o 2 • • • (a o 6 fc ) o fc+1 (a o 6 fc+1 ) 

by the inductive assumption. Therefore, 

a o (bi o x b 2 o 2 b n ) = (a o 61) o x (a o b 2 ) o 2 ■ ■ ■ o n _! (a o 6 n ) 

is hold for any integer n > 2. Similarly, we can also prove that 

(bi 01 b 2 o 2 • ■ • o n _! b n ) o a = (61 o a) o! (6 2 o a) o 2 • • • o n _ 1 (6 n o a). □ 

2.2.4 Multi-Group and Multi-Ring. An associative multi-operation system 
0\ 0 2 ) is said to be a multi-group if (J^ 7 ; o) is a group for Vo g 0\ U 0 2 , 

a multi-ring (or multi-field ) if 0\ = {-j|l < i < /}, (9 2 = {-hi 1 1 < i < /} with rings 
(or multi-held) (J^ 7 ; +j, •*) for 1 < i < l. We call them l-group , l-ring or l -field for 
abbreviation. It is obvious that a multi-group is a group if \0\ U 0 2 \ = 1 and a ring 
or held if | Oi | = 1 0 2 1 = 1 in classical algebra. Likewise, We also denote these units 
of a /-ring (J^; 0\ 0 2 ) by l. ; and 0 +i in the ring (^; +;,•;). Notice that for 

Va G by these distribute laws we hnd that 

a -i b = a -i (b +i 0 +i ) = a b +* a 0 +i , 
b -i a = (b +i 0+.) ■ i a = b- i a+ i 0 +i a 
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for Vb £ JF. Whence, 



a 'i 0 +^ = 0 +i and 0 +i -ja = 0 +i . 

Similarly, a multi-operation subsystem of (J$f; 0\ > O 2 ) is said a multi- 

subgroup ', multi- subring or multi- sub field if it is a multi-group , multi-ring or multi-field, 
itself. 

Now let Cb Cb) be an associative multi-operation system. We find 
these criterions for multi-subgroups and multi-subrings of (M*; Cb Cb) hi the 
following. 

Theorem 2.2.4 Let (Jif; Cb ^ 0 2 be a multi-group, h H C . Then (‘ hi ; Cb Cb) 

is a 

(i) multi- subgroup if and only if for Va, b £ hi, o £ Cb U Cb, a o 6" 1 £ hi; 

(ii) multi- subring if and only if for \/a,b £ hi, •* £ Cb and V+j £ Cb), a 
b, a +i bffi £ TL, particularly, a multi- field if a - t bf 1 , a +, bff £ TL, where, Cb = 
{•j|l < * < ^}, Cb — {+i|l < 2 < /}. 

Proof The necessity of conditions (i) and (ii) is obvious. Now we consider their 
sufficiency. 

For (i), we only need to prove that (hi; o) is a group for Vo £ Cb U Cb- In 
fact, it is associative by the definition of multi-groups. For Va £ hi, we get that 
1 0 = a o a ” 1 £ hi and 1 D o a " 1 £ hi. Whence, (hi; o) is a group. 

Similarly for (ii), the conditions a-ib , a+ibff £ hi imply that (hi; +*) is a group 
and closed in operation •; £ 0\ . These associative or distributive laws are hold by 
(^ ; +j, •*) being a ring for any integer i, 1 < i < l. Particularly, a 6" 1 £ hi imply 
that (hi; -f) is also a group. Whence, (J$f; +*, -f) is a field for any integer i,l < i < l 
in this case. □ 

A multi-ring (Jrff; Cb Cb) with Cb = {-j|l < i < /}, Cb = {+j|l < i < 1} 
is integral if for Va, b £ M" and an integer i, 1 < i < l, a b = b a, l Qi 7 ^ 0 +i 
and a Oj 6 = 0 +i implies that a = 0 +i or b = 0 +i . If l = 1, an integral bring is 
the integral ring by definition. For the case of multi-rings with finite elements, an 
integral multi-ring is nothing but a multi-field. See the next result. 

Theorem 2.2.5 A finitely integral multi-ring is a multi-field. 



Sec. 2. 2 Multi-Operation Systems 



61 



Proof Let 0\ c — > C> 2 ) be a finitely integral multi-ring with Jif = {ap, a 2 • • • , a n 
where Cb = {-j|l < i < /}, 0 2 = (+i|l < i < l}. For any integer i, 1 < i < l, choose 
an element a G J4? and a 0 +i . Then 



CL O* (2i, (2 0i Ct2 : 7 0* 

are n elements. If aoj a s = aoj a ; , i.e., aoj (a s -fja^ 1 ) = 0 +i . By definition, we know 
that a s +j a^T 1 = 0+i, namely, a s = a t . That is, these a Oj ai, a Oj a 2 , • • • , a Oj a n are 
different two by two. Whence, 

.J-+ 7 { ^ Oj ni, cl o i n 2 , j n Oj ci n j- . 

Now assume ao ; a s = 1.., then a -1 = a s , i.e., each element of has an inverse 
in -j), which implies it is a commutative group. Therefore, (Jff] +$, - f) is a field 
for any integer i, 1 < i < l. □ 

Corollary 2.2.3 Any finitely integral domain is a field. 

2.2.5 Multi-Ideal. Let O f), (9|) be multi-rings with 

Of = {-f |1 < i < Z fc }, 0* = {+f |1 < i < 4} for k = 1, 2 and g : (+T; Of Of) 
Of) a homomorphism. Define a zero kernel Ker^> of g by 

Ker 0 £> = (a G J$?\g(a) = 0 + ?, 1 < i < / 2 }. 

Then, for V7i G ^ and a G Ker 0 £>, g(a-jh) = 0 +i g(-i)h = 0 +i , i.e., a-ih G Ker 0 £>. 
Similarly, h -j a G Kero£>. These properties imply the conception of multi-ideals of a 
multi-ring introduced following. 

Choose a subset X C For V/i G a G X, if there are 

h Oj a G X and a o { h G 7i, 

then X is said a multi-ideal. Previous discussion shows that the zero kernel Kero£> of 
a homomorphism g on a multi-ring is a multi-ideal. Now let X be a multi-ideal of 
(Jf?] 0\ C? 2 ). According to Corollary 2 . 2 . 1 , we know that there is a representation 

pair (i? 2 , P 2 ) such that 

X = {a +j X | a G P 2 , +j G P 2 } 

is a commutative multi-group. By the distributive laws, we find that 
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(a +2 X) • j (b -\~k X) — a ' j b +£ <2 *j X X6 +& X -j X 

— CL ' j b T& X. 

Similar to the proof of Theorem 2.2.1, we also know these associative and 
distributive laws follow in (X; 0\ <— > Of). Whence, (X; 0\ 0 2 ) is also a multi- 
ring, called the quotient multi-ring of 0\ Of)-, denoted by : X). 

Dehne a mapping g : (Jf?-, 0\ Of) — ■» : X) by p(a) = a +§ X for Va G ^ 

if a £ a +j X. Then it can be checked immediately that it is a homomorphism with 

Ker 0 p = X. 

Therefore, we conclude that any multi-ideal is a zero kernel of a homomorphism 
on a multi-ring. The following result is a special case of Theorem 2.2.2. 

Theorem 2.2.6 Let {Mf, 0\ <— ■> Of) and {Lfff, Of ^ Of) be multi-rings and 
to : (dTp Of) — > 6e an onto homomorphism with (X {Off Of) be a multi- 

operation system, where I{Of) denotes all units in [Mf, Of). Then there exist rep- 
resentation pairs (Pi, Pi), (P 2 , Pf) such that 

~ (Jr 2 ;0?-O 2 2 ) 

{^.±)\ {RiPi) - I(R2,P 2 )- 

Particularly, if (9 2 (P|) is a ring, we get an interesting result following. 

Corollary 2.2.4 Let {^\ 0\ ^ (P 2 ) fre a multi-ring, (P; +, ■) a ring and a; : 
{L#L] Of) — > (P; +) &e an onto homomorphism. Then there exists a representation 
pair (P, P) such that 

§2.3 MULTI-MODULES 

2.3.1 Multi-Module. There multi-modules are generalization of linear spaces 
in linear algebra by applying results in last section. Let 0 = {+i\l<i< m}, 
0\ = {-j|l < i < m} and 0 2 = {+j|l < i < m} be operation sets, {^f\0) 
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a commutative m-group with units 0 +i and 0\ 0 2 ) a multi-ring with a 



unit 1. for V- G 0 \. For any integer i, 1 < i < m, define a binary operation 
x i : 3% x ^ by a x j x for a G M, x G such that for Va, b G Vx, y G ./#, 

conditions following hold: 

(i) a Xj (x +j i/) = a Xj x +j a Xj y, 

{%%) ( a+ib ) Xj x = a Xj x +* 6 x, x; 

(iff) (a -j 6) Xj x = a Xj (6 Xj x); 

(in) l.j Xj x = x. 

Then (^; 0) is said an algebraic multi-module over 0 \ 0 2 ) abbreviated 

to an m-module and denoted by Mod : &{0\ O 2 )). In the case of 

m — 1, It is obvious that Mod (.#(0) : &{0\ ^ 0 2 )) is a module, particularly, 
if (<^; 0i 0 2 ) is a field, then Mod(./(0) : &{0\ 0 2 )) is a linear space in 

classical algebra. 

For any integer k, ai G & and x* G ^ , where 1 < i, k < s, equalities following 
are hold by induction on the definition of m-modules. 

a X^ (xi T k T k ’ ’ ' k ^s) ^ X k T A: U X ^ X 2 T k ~kk ^ s X k %•) 

( CX 2 ~ F fc CZ. 2 ~ 1 ' ' ' TfcU s ) X k X Gp Xa X Ga n 2 Xa, X Ta; Ta; X k 

f 0 1 'k ^2 ’k * * * ’k &s) X A; % 6q X A; (^2 X k X (tt s Xfc x) * * *) 



we find that a Xj 0 +i = 0 +i . Similarly, 0_j_. Xj a = 0 +r Applying this fact, we know 
that 



and 



l- 4l Xii (l. i2 Xj 2 Xj s-1 (l. is Xj a x) ■ • •) = x 

for integers i±, i 2 , ■ ■ ■ , i s G {1, 2, • • • , m}. 

Notice that for Va, x G ^ , 1 < z < m, 



a Xj x = a Xj (x +j 0 +i ) 



a Xj x +j a Xj 0 +i , 




0 +; 



a Xj x +j a x j x; 



a Xj (x +j x + .) = a Xj 0 +i 



0 +: 



and 
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We know that 

(a Xj x)+. = a^ Xj x = a Xj x+.. 

Notice that ax * x = 0 +i does not always mean a = Op. or x = 0 +i in an 771- 

module Mod(^(C>) : &{Oi C? 2 )) unless ax is existing in {&\ +j, -d if x 7^ 0 + .. 

Now choose Mod(.# L (C ) i) : 0\)) an m-module with operation sets 

0\ = { +■ | 1 < i < m}, 0\ — {-1|1 < % < m}, 0\ = { + ■ |1 < i < m} and 

Mod(h# 2 ((!) 2 ) : ^2(^1 ^ C?|)) an n- module with operation sets 0 2 — { +'■ | 1 < 

i < n}, Of = {-? 1 1 < i < n}, 0\ = {+^|1 < i < n}. They are said homomorphic if 
there is a mapping 1 : — > ^# 2 such that for any integer i, 1 < i < m, 

(■ i ) t(x + ' 7/) = t(x) +" 7(7/) for Vx, y G .#1, where t(+') = +" G O2; 

(77) t(a Xj x) = a Xj t(x) for Vx G 

If l. is a bijection, these modules Mod(^i(Oi) : 8%\{0\ ^ 0 2 )) and Mod(.# 2 ((9 2 ) : 
& 2 {P\ ^ 0 2 )) are said to be isomorphic, denoted by 

Mod (.#1(0!) : ,^,(C>j ^ C^ 1 )) = Mod(^ 2 (C> 2 ) : @ 2 {0\ ^ 0 2 2 )). 

Let Mod (•/#(£?) : > 0 2 )) be an m-module. For a multi-subgroup 

(<xF; (9) of ; 0), if for any integer i, 1 < 7 < m, aXjXG <xF for Va G ^ and 
x G <vF, then by definition it is itself an m-module, called a multi-submodule of 

Mod(^(C?) : @{p x ^ 0 2 )). 

Now if Mod( t /F((9) : &{0\ ^ 0 2 )) is a multi-submodule of Mod(^((9) : 
M{0\ ^ 0 2 )), by Theorem 2.3.2, we can get a quotient multi-group j?\r R p} with 
a representation pair (R, P ) under operations 

(a +j t/F) + (6 +j exF) = (a + 6 ) +j =yF 

for Va, b E R,+ E O. For convenience, we denote elements x +j JV in by 

xW. For an integer 7, 1 < 7 < m and Va G define 

a Xj xh) = (a Xj x)W. 

Then it can be shown immediately that 

(7) a Xj (xW +j 7 /W) = a Xj xW +j a Xj t/W; 

(77) (a+j 6 ) Xj xW = a Xj xW +j 6 Xj xW; 
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(in) (a -j b) Xj xW = a Xj (b X* xW); 

( iv ) l.j Xj xW = x( l ), 

i- e -,(^l(R_p) : &) is also an 77i-module, called a quotient module of Mod (j$(0) : 
M(O x ^ 0 2 )) to Mod (JT(0) : M(O l ^ 0 2 )). Denoted by M.od(JZ/OP). 

The result on homomorphisms of m-modules following is an immediately con- 
sequence of Theorem 2.2.6. 

Theorem 2.3.1 Let Mod (Jt^Oi) : @ x (0\ ^ Of)), Mod (Jt 2 (0 2 ) : & 2 (0\ ^ 
Of)) be multi-modules with 0\ — { +' | 1 < i < m}, 0 2 — { +" | 1 < i < n}, 
0\ = {-}|1 <i<m},0\ = {+J|1 <i<m}, Of = {-f|l <i<nj, Of = {+ t 2 |l < 
i < n} and l : Mod (Jt x (Of) : M x (0\ ^ 0\)) -»• Mod(^# 2 (C> 2 ) : & 2 (Of ^ Of)) 
be a onto homomorphism with (X(0 2 ); 0 2 ) a multi-group, where X (Of) denotes all 
units in the commutative multi-group (^ 2 \0 2 ). Then there exist representation 
pairs (Ri, Pi), (R 2 ,P 2 ) such that 

Mod (.#/a-)| (Si p i) = Mod(.# 2 (0 2 )/I(0 2 ))| (fl2 _p a| , 

where JV = Ken, is the kernel of t. Particularly, if (X(0 2 );0 2 ) is trivial, i.e., 
\X(0 2 )\ = 1, then 

Mod(^/^)\ {Rih) = Mod(y/ 2 (0 2 ):t% 2 (Of^Of))\ {R2P2) . 



Proof Notice that (X(0 2 ); 0 2 ) is a commutative multi-group. We can certainly 
construct a quotient module Mod(.-# 2 ((!} 2 )/Z((n 2 )). Applying Theorem 2.3.6, we 
find that 

Mod(.^/^)\ [RtPi) - Mod(^(0,)/Z(0 2 ))| (SaA) . 

Notice that Mod( t .# 2 (C> 2 )/J((!l 2 )) = Mod (^ 2 (0 2 ) : ffl 2 (Q\ Of)) in the 
case of \X(0 2 )\ = 1. We get the isomorphism as desired. □ 

Corollary 2.3.1 Let Mod (^f(O) : 3%(0\ 0 2 )) be an m-module with O = 

{ +* | 1 < i < m}, 0\ = { -* 1 1 < i < m}, 0 2 = {+j|l < i < m}, M a module on a 
ring (R\ +, ■) and i : Mod( t .# L (C ) i) : (0\ <— > Of)) — > M a onto homomorphism 

with Ken = jV . Then there exists a representation pair (R' , P) such that 



(R',P) 



M, 



TAod(JC j JT)\ 
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particularly, if~Wlod(^(0) : \ ^ 0 2 )) is a module , then 

J£IJf = M. 



2.3.2 Finite Dimensional Multi-Module. For constructing multi-submodules 

of an m-module Mod (.#((9) : M{O x 0 2 )) with £> = {+* |l<i< m}, 
0\ = {-j|l < i < m}, O 2 = {+j|l < i < m}, a general way is described in the 

following. 

Let S C with \S\ = n. Define its linearly spanning set (^S\^j in Mod (^C(0) : 
^(£>i 0 2 )) to be 

m n 

(^S x i x ij\ °i] E&,Xij G S }, 

1=1 j= 1 

where 

m n 

©© &ij X ij X{ $11 ^1^11 +1 * * “hi & In X 1 %ln 

i=l j= 1 

+ ^021 X 2 X21 +2 ‘ ‘ ‘ +2 «2n X 2 2©n 
+ ( 2 ) _j_ ( 3 ) 

®ml X m X m i ©m " " " ©m X m X mn 



with ©C 1 ), +(2), +( 3 ) e (9 and particularly, if + x = + 2 = • • • = + m , it is denoted 

by x i as usual. It can be checked easily that (S\&) is a multi-submodule of 
i = 1 ' ' 

Mod (^(O) : 3%{0\ ^ d? 2 )), call it generated by S in Mod(^(0) : 

0 2 ))- If S is finite, we also say that is finitely generated. Particularly, if 

S = {x}, then (^S\& s j is called a cyclic multi-submodule o/Mod(^#((P) : M{0\ 
0 2 )), denoted by ffix. Notice that 

m 

& x = { a* x i x | Oj G 3% } 

1=1 

by definition. For any finite set S, if for any integer s, 1 < s < m, 

m Si 

(J) (J) a ij X i x ij - 0+ s 

i= 1 3 = 1 
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implies that = 0_j_ for 1 < i < m, 1 < j < n, then we say that < i < 

m, 1 < j < n} is independent and S a basis of the multi-module Mod (^(O) : 
M(O x ^ 0 2 )), denoted by (s\0t} = Mod(.#(C>) : S%{0 1 ^ 0 2 )). 

For a multi-ring {&■, 0\ 0 2 ) with a unit 1. for V- G O i, where 0\ = { -^ 1 1 < 

i < m} and 0 2 = {+i|l < i < m}, let 

= {(xi,x 2 , • • • , x n )\ Xi G 1 < i < n}. 

Define operations 

(xi,X 2 , ■ ■ ■ , X n ) +i (yi, 1/2, ■ ■ ■ , y n ) = (xi+iUl, X 2 +iV 2 , ■ • • ) Xn+iUn) 

and 

a x j (xi, x 2 , , Xyf) (a x i . a x 2l • , a • j x n ) 

for Va G ^ and integers 1 < i < m. Then it can be immediately known that ^ n ' 
is a multi-module Mod(^ n ) : M(O x ■— > 0 2 )). We construct a basis of this special 
multi-module in the following. 

For any integer k, 1 < k < n, let 

e i = (I-*) 0_j_ fc , • • • , 0_p fc ) ; 

e 2 = (0 +fc ,l. fc ,---,0 + J; 



e n ~ (O+fcJ ‘ ‘ ‘ > 

Notice that 

(xi, x 2 , , x n ) X\ X/j ex /,■ x 2 x k e 2 T& ■ ■ ■ T& x n x^ e n . 

We find that each element in is generated by e 1; e 2 , • • • , e n . Now since 

(xi,x 2 ,---,x n ) = (0 +fc ,0 +fc , - - -,0 +fc ) 

implies that x x = 0_j_ fc for any integer i, 1 < i < n. Whence, {ei, e 2 , • • • , e n } is a 
basis of Mod(^ n ) : M(O x ^ 0 2 )). 

Theorem 2.3.2 Let Mod(^(0) : &{0\ C? 2 )) = be a finitely generated 

multi-module with S = {wi, u 2 , ■ ■ ■ , u n }. Then 

Mod(^(C>) : M(O x ^ 0 2 )) = Mod(^< n > : ^ 0 2 )). 
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Proof Define a mapping $ : ^(O) — > 8$^ by $(«*) = e*, $(a Xj «*) = a Xj e^ 
and {}(ui +k Uj ) = e* +fc ej for any integers i,j, k, where 1 < i,j, k < n. Then we 
know that 

m n m n 

a h x * = a t? x * e * - 

i= 1 j=l i= 1 j = 1 

Whence, $ is a homomorphism. Notice that it is also 1 — 1 and onto. We know 
that $ is an isomorphism between Mod : 8%{0\ '-h* 0 2 )) and Mod(^^ : 
^(C?i — 0 2 )). □ 



§2.4 ACTIONS OF MULTI-GROUPS 



2.4.1 Construction of Permutation Multi-Group. Let A = {xi,x 2 ,- ■ ■} 
be a finite set. As defined in Subsection 1.3.1, a composition operation on two 
permutations 



and 



are defined to be 



r = 





= 





a = 



Xi x 2 
yi V2 




Un 

Zn 




X r 

Zn 



As we have pointed out in Section 2.1.3, all permutations form a group 11(A) 
under the composition operation. 

For Vp E n(A), define an operation o p : 11(A) x 11(A) — > 11(A) by 
a o p q = apq, for Vcr, G II (A - ). 



Then we have 

Theorem 2.4.1 (11(A) ; o p ) is a group. 
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Proof We check these conditions for a group hold in (n(X);o p ). In fact, for 

Vr, cr,q- g n(x), 

(r o p a) o p q = ( rpa ) o p ? = rpapg 

= rp(a o p g) = T Op (a o p <f). 

The unit in (II(X);Op) is l 0p = p _1 . In fact, for V0 G II(X), we have that 
p~ l Op 0 = 9 Op p _1 = 6 1 . 

For an element a G II(X), aj^ 1 = p -1 a -1 p -1 = (pap) -1 . In fact, 
a Op (pap) -1 = app -i a -1 p -i = p _1 = l Dp , 

(pap) -1 Op a = p _1 a _1 p _1 pa = p" 1 = l 0p . 

By definition, we know that (II(W);Op) is a group. □ 

Notice that if p = l x , the operation o p is just the composition operation and 
(II(A");Op) is the symmetric group Syrn(X) on X. Furthermore, Theorem 2.5.1 
opens a general way for constructing multi-groups on permutations, which enables 
us to find the next result. 

Theorem 2.4.2 Let Y be a permutation group on X, i.e., Y -< Sim(X). For given 
m permutations pi,p 2 , ■■■ ,p m £ F, (T]Op) with Op = {o p ,p g P},P = {pi, 1 < 

i < m} is a permutation multi-group, denoted by 

Proof First, we check that (r;{o p .,l < i < m}) is an associative system. 
Actually, for Va, g, r G and p, q G {pi, P 2 , • ■ ■ , p m }, we know that 

(r Op a) o q g = (rpa) o q g = rpaqg 

= rp(a o q g) = t o p (a o q g). 

Similar to the proof of Theorem 2.4.1, we know that (T; o p .) is a group for any 
integer i, 1 < i < m. I 11 fact, l 0p . = pf 1 and a -1 = (piapj) -1 in (fS\ o p .). □ 

The construction for permutation multi-groups shown in Theorems 2.4.1 — 2.4.2 
can be also transferred to permutations on vector as follows, which is useful in some 
circumstances. 

Choose m permutations pi,P 2 , • • • , p m on X . An m-permutation on x G X is 
defined by 

p (m) : x -> (pi(x),p 2 (x), • • • ,p m (x)), 
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i.e., an m-vector on x. 

Denoted by 11^ (X) all such s - vectors p( m \ Let o be an operation on X. Define 
a bullet operation of two m-permutations 

P (m) = (p 1 ,P 2 ,”-,Pm), 

Q (sm ) = (gi,g2,---,9m) 

on o by 

P {S) • Q {s) = (pi ° qi,P 2 ° 92, • • • ,Pm ° Qm) • 

Whence, if there are /-operations Oj, 1 < % < l on X, we obtain an s-permutation sys- 
tem n«(X) under these / bullet operations •*, 1 < i < /, denoted by (n( s )(JV) ;©i), 
where Oj = {• i | 1 < i < /}. 

Theorem 2.4.3 Any s-operation system O ) on Jif with units l Qi for each op- 

eration Oj, 1 < i < s in O is isomorphic to an s-permutation system (I Of). 

Proof For a E define an s-permutation a a E nS s \M > ) by 
<x a (x) = (a o x x, a o 2 x, ■ ■ ■ , a o s x) 

for Vx E M 1 . 

Now let 7 r : M 1 — ■> Il^(Jf) be determined by 7 r(a) = for Va E M 1 . Since 

*^"a( loj) (fl °1 lojj , O' °i— 1 1 Oj j ® °i+l lojj " , O O s l 0 j), 

we know that for a,b E Jff, d a 7 ^ cr b if a 7 ^ b. Hence, 7 r is a 1 — 1 and onto mapping. 

For Vi, 1 < i < s and Vx E , we find that 

7r(aoj6)(x) = o r a o i b(x) 

= (a Oj b o x x, a Oj b o 2 x, ■ ■ ■ , a o t b o s x) 

= (a o x x, a o 2 x, • • • , a o s x) «j (6 o x x, 6 o 2 x, • ■ ■ , 6 o s x) 

= cr a (x) •; cifc(x) = 7T(a) •* 7 t(6)(x). 

Therefore, n{ao i b) = 7 r(a) •j 7 r(fe), which implies that 7 r is an isomorphism from 
(jr,d) to (n( s )(jr);©!). □ 

According to Theorem 2.4.3, these algebraic multi-systems are the same as 
permutation multi-systems, particularly for multi-groups. 
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Corollary 2.4.1 Any s-group with O = {°i|l < i < s} is isomorphic to an 

s-permutation multi-group Of). 

Proof It can be shown easily that ©f) is a multi-group if O) is 

a multi-group. □ 

For the special case of s — 1 in Corollary 2.4.1, we get the well-known Cayley 
result on groups. 

Corollary 2.4.2(Cayley) A group G is isomorphic to a permutation group. 

As shown in Theorem 2.4.2, many operations can be defined on a permutation 
group G, which enables it to be a permutation multi-group, and generally, these 
operations °i, 1 < i < s on permutations in Theorem 2.4.3 need not to be the 
composition of permutations. If we choose all Oj, 1 < i < s to be just the composition 
of permutation, then all bullet operations in ©^ is the same, denoted by ©. We find 
an interesting result following which also implies the Cayley’s result on groups, i.e. , 
Corollary 2.4.2. 

(n!)! 

Theorem 2.4.4 (I T S '(J^);©) is a group of order — — . 

(n! — s)! 

Proof By definition, we know that 

P {s \x ) © Q( s )(x) = (PiQi(x), P 2 Q 2 (x), • • • , P s Q s {x )) 

for \/pi s \Q^ G n^(J^) and Vx E Jf. Whence, (1 , 1, - - - , 1) (l entries 1) is the 
unit and (P -(s) ) = (Pf 1 , P 2 _1 , ■ • ■ , P s _1 ) the inverse of P ^ = (P 1: P 2 , • ■ ■ , P s ) in 
(n^)(^);©). Therefore, (IT (s )(^);0) is a group. 

Calculation shows that the order of IT is 




which completes the proof. □ 

^ m 

2.4.2 Action of Multi-group. Let G~) be a multi-group, where u 

2—1 

m m ^ 

6 = U Oi, and X — |J Xi a multi-set. An action ip of (sf on X is defined to 
2=1 2—1 
be a homomorphism 
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for sets Pi, P 2 , • • • , P m > 1 of permutations, i.e. , for V7i G 1 < i < m, there is a 
permutation <p(h) : x — > x h with conditions following hold, 

<p(h o g) — <p(h)<p(o)ip(g), for h, g G and o G 0{. 

Whence, we only need to consider the action of permutation multi-groups on 
multi-sets. Let = {srf ; G) be a multi-group action on a multi-set A , denoted by . 
For a subset A C I, 1 G A, we define 

X s = { x 9 | Vg G and % = { .9 | 1 c 9 = ir, g G Sf }, 

called the or&it and stabilizer of x under the action of and sets 

= { S' | x 9 = x, g G for \/x G A}, 

Sf(A) = { (? | A 9 = A, (7 G for Vic G A}, 
respectively. Then we know the result following. 

Theorem 2.4.5 Let T be a permutation group action on X and n a permutation 
multi-group (T; G P ) with P = {pi,P 2 , ■ • • , p m } and Pi G V for integers 1 < i < m. 
Then 

(*) \&x \ = \(^x)x\\x^\, Vic G X; 

(ii) forW A C A, ((0£) a , 0 p ) is a permutation multi- group if and only if 
Pi G P for 1 < i < m. 

Proof By definition, we know that 

(&x)x = r x , and x^x = x r 

for x G A and A C A". Assume that x r = {ici, ic 2 , • • • , xi} with x 9i = x t . Then we 
must have 

1 

r = U&r*. 

i= 1 

In fact, for V/i G T, let x h = Xk, 1 < k < m. Then x h = x 9k , i.e., x hg k = x. Whence, 
we get that hgfi 1 G T x , namely, h G gkT x . 

For integers i,j,i 7 ^ j, there are must be g,T x n gjT x = 0. Otherwise, there 
exist hi, h -2 G r x such that g,hi = gjh 2 . We get that x t = x 9i = x 9jh2h 1 = x 9i = Xj, 
a contradiction. 
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Therefore, we find that 

\yr\ = \r\ = \T x \\x v \ = \{yr) x \\x^\. 

This is the assertion (i). For (ii), notice that (5^) a = Ta and Ta is itself a 
permutation group. Applying Theorem 2.4.2, we find it. □ 

Particularly, for a permutation group T action on 0, i.e., all p, = lx for 1 < 
i < m, we get a consequence of Theorem 2.4.5. 

Corollary 2.4.3 Let Y be a permutation group action on f 1. Then 

(■ i ) | T | = \Y x \\x r \, \/x G hi; 

(ii) for VA C Ta is a permutation group. 

Theorem 2.4.6 Let Y be a permutation group action on X and a permutation 
multi-group (T; (T P ) with P = {pi,P 2 , ■ • • ,p m }, Pi £ T for integers 1 < i < m and 
Orb(X) the orbital sets of action on X. Then 

io<«i = tX. e i*(p)i. 

1 X 1 

where <f>(p) is the fixed set of p, i.e., <P(p) = {i£ X\x p = x}. 

Proof Consider a set E — {(p, x) G x X\x p = x}. Then we know that 
E(p, *) = <P(p) and E(*, x) = {@x) x - Counting these elements in E, we find that 

v |t( P )i = Et*?).- 

pe&x xeX 

Now let Xi, 1 < i < \Orb(X)\ be representations of different orbits in Orb(X). 
For an element y in xf x , let y — x\ for an element g G c $x- Now if h G ) y , 
i.e., y h = y, then we find that (x 9 ) h = x\. Whence, xf 19 = x t . We obtain 
that ghg- 1 G (&£) Xi , namely, h G g ~ 1 (^) Xi g. Therefore, (#£)„ C g-\^) Xi g. 
Similarly, we get that C i.e., (#£)„ = We know 

that | (&x) y \ = |(^x)xil for any element in xf x , 1 < % < \Orb(X)\. This enables us 
to obtain that 

\Orb(X)\ 

E i*(p)i = E^tt = E E i(3t%,i 

v&SY xGX i=1 

A yex t x 
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\Orb(X)\ 



\Orb(X)\ 




\Orb(X)\\ 



by applying Theorem 2.4.5. This completes the proof. 



□ 



For a permutation group T action on 12, i.e., all pi = l x for 1 < i < m, we get 
the famous Burnside’s Lemma by Theorem 2.4.6. 

Corollary 2.4.4(Burnside’s Lemma) Let Y be a permutation group action on 12. 



A permutation multi-group is transitive on X if \Orb(X) \ = 1, i.e., for any 
elements x,y G X, there is an element g G n such that x 9 = y. In this case, we 
know formulae following by Theorems 2.5.5 and 2.5.6. 



Similarly, a permutation multi-group is k-transitive on X if for any two 
/e-tuples (xi, X 2 , ■ ■ ■ , Xk) and (y i, j/ 2 , ■ • • , yk), there is an element g G &x suc h that 
xf = y t for any integer i, 1 < % < k. It is well-known that Sym(X) is |X| -transitive 
on a finite set A". 

Theorem 2.4.7 Let T be a transitive group action on X and 3? a permutation 
multi-group (T; ffp) with P = {pi,P 2 , ■ • ■ ,p m } and Pi G T for integers 1 < i < m. 
Then for an integer k, 

(■ i ) (T ; X) is k-transitive if and only if (T x ; X \ {x}) is (k — 1) -transitive; 

(ii) yff is k-transitive on X if and only iflfStf)* is (k — 1) -transitive onX\{x}. 

Proof If T is /c-transitive on X, it is obvious that T is (k — Intransitive on 
X itself. Conversely, if T x is (k — l)-transitive on X \ {x}, then for two /c-tuples 
(xi, X 2 , • • • , Xk) and (yi, y 2 , ■ ■ ■ , yk), there are elements g±, g 2 G T and h £ T x such 
that 



Then 




Wx\ = ixmzu and |3?l = E l*(p)l 

V 
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for any integer i , 2 < i < k. Therefore, 

x 9 i lh 92 =yi, 1 <i<k. 

We know that Y is ‘/c-transitive on X. This is the assertion of (i). 

By definition, is /c-transitive on X if and only if T is /c-transitive, i.e. , (f&x)x 
is (k — l)-transitive on X \ {x} by (f), which is the assertion of (ii). □ 

Applying Theorems 2.4.5 and 2.4.7 repeatedly, we get an interesting conse- 
quence for fc-transitive multi-groups. 

Theorem 2.4.8 Let be a k-transitive multi-group and A C X with |A| = k. 
Then 

\^\ = \X\(\X\-l)---(\X\-k+\\(^) A \. 

□ 

Particularly, a fc-transitive multi-group with \ c $f\ = |X|(|A| — 1) • • ■ (|X| — 
k + 1| is called a sharply k-transitive multi-group. For example, choose T = Sym(X) 
with |X| = n, i.e., the symmetric group S n and permutations Pi G S n , 1 < i < m, 
we get an n-transitive multi-group (S n ] @p) with P = {pi,P 2 , ■ • • ,p m }- 

Let T be a transitive group action on X and a permutation multi-group 
(T;^p) with P = {pi,P 2 ,-",Pm},Pi £ T for integers 1 < i < m. An equivalent 
relation R on X is admissible if for \/(x,y) G A, there is (x 9 ,y 9 ) G R for 
Vg G &X- For a given set X and permutation multi-group it can be shown 
easily by definition that 

R = X x X or R— {(x,x)|a; G A} 

are 3? -admissible, called trivially -admissible relations. A transitive multi-group 

is primitive if there are no i^-admissible relations R on X unless R = X x X or 
R = {(x,x)\x G X}, i.e., the trivially relations. The next result shows the existence 
of primitive multi-groups. 

Theorem 2.4.9 Every k-transitive multi-group is primitive if k > 2 . 

Proof Otherwise, there is a -admissible relations R on X such that R ^ 
X x X and R ^ {(x,x)\x G X}. Whence, there must exists (x,y) G R, x,y G X 
and x f - y. By assumption, is ^-transitive on X, k > 2. For \/z G A", there is 
an element g G such that x 9 = x and y 9 = z. This fact implies that (x, z) G R 
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for Vz E X by definition. Notice that R is an equivalence relation on A". For 
Wzi, z 2 G A", we get (zi, x), (x, z 2 ) G R. Thereafter, (zi, Z 2 ) G R, namely, R = X x X, 
a contradiction. □ 

There is a simple criterion for determining which permutation multi-group is 
primitive by maximal stabilizers following. 

Theorem 2.4.10 A transitive multi-group n is primitive if and only if there is an 
element x G X such that p G (&x) x f° r Vp G P and if there is a permutation multi- 
group ( 74 ; Gp) enabling (((?x) x ; Gp) -< (74; Gp) -< then (74; Gp) = ((£fy) x ; Gp ) 
or 

Proof If (74; ^p) be a multi-group with ((^)h ^p) -4 (74; <^p) -< for an 
element x E X, define a relation 

R = { (x 9 , x 9 ° h ) I ge&£, hen}. 

for a chosen operation o g Gp. Then R is a (^-admissible equivalent relation. I 11 
fact, it is (^-admissible, reflexive and symmetric by definition. For its transitive- 
ness, let (s,t) G R , (t,u) G R. Then there are elements g\ , g 2 G (fy and hi, h 2 G 74 
such that 

5 — if — x 9 ^^^^ if — x 92 UL — x 92 ° h2 

Hence, x 92 lo9l ° hl = x, i.e., gf 1 o g 1 o hi G 74. Whence, (pf 1 o pjf 1 o g 2 E H. Let 
g* = g u h* = gf 1 o g 2 ° h 2 . We find that s = x 9 * , u = x 9 * oh * . Therefore, ( s , m) G 7?. 
This concludes that R is an equivalent relation. 

Now if i s primitive, then R = {(x, x)\x E X} or R = X x X by definition. 
Assume R = {(x,x)\x E X}. Then s = x 9 and t = x 9 ° h implies that s = t for 
VseSff and h E 74. Particularly, for g = 1 0 , we find that x h = x for \/h E 74, i.e., 
(7 i\G P ) = {&£)*, 0 P ). 

If R = X x A, then (x,x^) E R for V/ G Sff. In this case, there must exist 
g E &X an d h EH such that x = x 9 , x f = x 9 ° h . Whence, g E ((f#^) x ; G P ) -< (74; ^p) 
and p _1 o h~ l ° f E ((f#^%; ^p) -< (74; ^p). Therefore, / G 74 and (74; ^p) = 

Conversely, assume 7? to be -admissible equivalent relation and there is 
an element x E X such that p E (&x) x for V 'p E P, ((&x) x ', @p) P (74; Gp) -< (fy 
implies that (74; G P ) = ((@x) x ] G P ) or (((fy); &p)- Define 
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H = { h e | (x, x h ) e R }. 

Then (fH; Gp) is multi-subgroup of which contains a multi- subgroup ((&x) x ] Gp) 
by definition. Whence, (7i; Gp) = ((@x)x', @p) or &x- 

If (TL]G P ) = ((&x) x ', Gp), then x is only equivalent to itself. Since 3? is 
transitive on A", we know that R = {(x, x)\x E A"}. 

If (7 d; Gp) = ^x, by the transitiveness of &£ on X again, we hnd that R = 
X x X. Combining these discussions, we conclude that is primitive. □ 

Choose p = lx for each p E P in Theorem 2.4.10, we get a well-known result 
in classical permutation groups following. 

Corollary 2.4.5 A transitive group V is primitive if and only if there is an element 
x E X such that a subgroup H with T x -< H -< V hold implies that H = T x orY. 

Now let T be a permutation group action on a set X and P C 11(A). We have 
shown in Theorem 2.4.2 that (T; Gp) is a multi-group if P C T. Then what can we 
say if not all p E P are in T? For this case, we introduce a new multi-group ( Y\Gp ) 
on A, the permutation multi-group generated by P in Y by 

f = { gi o pi g 2 o p2 ■ ■ ■ o pi g l+1 | gi EY,pj E P, 1 < i < l + 1, 1 < j < l }, 

denoted by (T^). This multi-group has good behavior like 3?. also a kind way of 

extending a group to a multi-group. For convenience, a group generated by a set S 
with the operation in Y is denoted by (S) r . 

Theorem 2.4.11 Let Y be a permutation group action on a set X and P C 11(A). 
Then 

( i ) (Yx) = (F U P) r , particularly, if and only if P C T; 

(ii) for any subgroup A of T, there exists a subset P C Y such that 



<A£; ^p> = (r£) . 

Proof By definition, for Va, b E Y and p E P, we know that 

a o p b = apb. 

Choosing a = b = lp, we hnd that 

ao p b = p, 
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i.e., T C T. Whence, 

(r u p) t c (rg) . 

Now for V(?j G T and pj G P, 1 < i < l + 1, 1 < j < l, we know that 
£i ° P1 #2 °p 2 ' ' ' ° Pi fiWi = 91 P 192 P 2 ■ ■ -Pi9i+ 1 , 

which means that 

( r 5> c (rup) r 

Therefore, 

(rg} = (rup) r . 

Now if (r£) = , i- e -> (r U P) r = T, there must be P C T. According to 

Theorem 2.4.2, this concludes the assertion (i). 

For the assertion (ii), notice that if P = T \ A, we get that 

(A5> = {AUP>r = r 

by (i ) . Whence, there always exists a subset PcT such that 

(Ag; e P ) = (rg) . 

□ 

Theorem 2.4.12 Let T be a permutation group action on a set X . For an integer 
k > 1, there is a set P G n(X) with |P| < k such that (Ty) is k-transitive. 

Proof Notice that the symmetric group Sym(X) is |X|-transitive for any finite 
set X. If T is /c-transitive on X , choose P = 0 enabling the conclusion true. Other- 
wise, assume these orbits of T action on X to be 0\, O 2 , • • • , O s , where s = | Orh(X) \ . 
Construct a permutation p G ff(X) by 

p = (xi,x 2l - ■■ ,x s ), 

where Xj G Oj, 1 < i < s and let P = {p} C Sym(X). Applying Theorem 2.4.11, 
we know that (T^) = (T U P) r is transitive on X with \P\ = 1. 

Now for an integer k, if (T y 1 ) is ^-transitive with |Pi| < fc, let 0 \ , O r 2 , ■ ■ • , 0[ be 
these orbits of the stabilizer (T^) ^ action on X \ {yi, y 2 , ■ ■ ■ , yk}- Construct 

a permutation 
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where z t e O', 1 < i < l and let P 2 — P\ U {g}. Applying Theorem 2.4.11 again, 
we find that (P ^ 2 ) is transitive onI\ {yi, y 2 , - ■ ■ , yk }, where \P 2 \ < |Pi| + 1. 

y i y 2 yk 

Therefore, (T^ 2 ) is ( k + Intransitive on X with \P 2 \ < k + 1 by Theorem 2.4.7. 
Applying the induction principle, we get the conclusion. □ 

Notice that any /c-transitive multi-group is primitive if k > 2 by Theorem 2.4.9. 
We have a corollary following by Theorem 2.4.12. 

Corollary 2.4.6 Let T be a permutation group action on a set X . There is a set 
P G n(X) such that (T^) is primitive. 



§2.5 COMBINATORIAL ALGEBRAIC SYSTEMS 

2.5.1 Algebraic Multi-System. An algebraic multi-system is a pair (g / ; G) with 

m m 

srf = {J'7F i and G = (J O t 

i — 1 2—1 

such that for any integer i, 1 < i < m, (Jifp Oi) is a multi-operation system. For 
an algebraic multi-operation system (g / ; 0) and an integer i, 1 < i < m, a homo- 
morphism pi : (g/] G) — > Oi) is called a sectional projection, which is useful in 

multi-systems. 

, „ „ „ 771 , m 

Two multi-systems (g/p, Gf), (g/ 2 , Gf), where M = U k an d = U 

2—1 2=1 

for k — 1, 2 are homomorphic if there is a mapping o : — > g/ 2 such that opi 

is a homomorphism for any integer i, 1 < % < m. By this definition, we know the 
existent conditions for homomorphisms on algebraic multi-systems following. 

Theorem 2.5.1 There exists a homomorphism from an algebraic multi-system 

, 771 771 

(g/p, Gf) to (g/ 2 , G 2 ), where = [J and G k = [j O f for k = 1, 2 if and only 

2=1 2=1 

if there are homomorphisms rji,r] 2 ,- ■ ■ ,r} m on (J^ 1 ; Of), (GGf-, Ol), ■ ■ ■, (GGf-, Ofj) 
such that 

1 J L J 

for any integer 1 < i,j < m. 
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Proof By definition, if there is a homomorphism o : \ Gf) — > G 2 ), then 

opi is a homomorphism on Of) for any integer i, 1 < % < m. 

On the other hand, if there are homomorphisms r)i,r) 2 , ■ ■ ■ ,r) m on (GGf^Of), 
(J^ 1 ; Of ), ' • •, PC; Of), define a mapping o : p4; ^ 1 ) -> 04>; ^ 2 ) by o(a) = r/fa) 
if a G Jtf 1 - Then it can be checked immediately that o is a homomorphism. □ 

Let o : (g/p, Gf) — > {s& 2 , & 2 ) be a homomorphism with a unit 1 0 for each oper- 
ation o g & 2 - Similar to the case of multi-operation systems, we define the multi- 
kernel Ker(o) by 

Ker(o) = { a G \ o(a) = 1 Q for Vo G G 2 }• 



Then we have the homomorphism theorem 011 algebraic multi-systems following. 



Theorem 2.5.2 Let Gf), @ 2 ) be algebraic multi- systems, where ^4 = 

m m ^ ... , 

|J M’f , G k = U 0\ f or k = 1,2 and o : {sf\, Gf) — > (<c/ 2 ; @ 2 ) o onto homomor- 
1=1 1=1 

phism with a multi-group (If; Of) for any integer i, 1 < i < m. Then there are 
representation pairs (Ri,P\) and (R 2 ,P 2 ) such that 



(M; ^ 1 ) I __ ^ (^4; Gf) 

(Ker(o); Of) ( ' Rl,Pl) “ (J(0 2 ); 0 2 ) l(i?2 ’ P2) 



u/Aene (X(C» 2 ); 0 2 ) = UC^D- 

Proof By definition, we know that o|^i : (J^ 1 ; Oj) — > OW) is also an 

onto homomorphism for any integer i, 1 < i < m. Applying Theorem 2.2.2 and 
Corollary 2.2.1, we can find representation pairs ( R \ , P } ) and (Rf Pf) such that 



(Ker(oUi)iO!) 



(Rl.fi 1 ) 



(^)- °o (i) ) 

G„ 2 (j) ;0* (j) ! 



(nY^pi) 



Notice that 



for k — 1,2 and 



We finally get that 



= of 

2=1 2=1 
m 

Ker(o) = [J Ker(o|jqi). 
2=1 



(M; ^ 1 ) I __ ^ (^4; ^ 2 ) 

(Ker(o); Ox) (i?1,Pl) " (J(0 2 ) ; 0 2 ) l(i?2 ’ P2) 
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with 

m m 

Rk = {jR- and P k = {JP- 
1=1 1=1 

for k — l or 2. □ 

2.5.2 Diagram of Multi-System. Let (A; o) be an algebraic system with 
operation “o” . We associate a labeled graph G L [A] with ( A ; o) by 

V(G L [A] ) = A, 

E(G L [A\) = {(a, c) with label o b | if a o b = c for Va, b, c G A}, 

as shown in Fig. 2. 5.1. 

7 °b 

aob = c ► . . 

a c 



Fig. 2. 5.1 



The advantage of this diagram on systems is that we can find ao b = c for any 
edge in G L [A], if its vertices are a,c with a label o b and vice versa immediately. For 
example, the labeled graph G L [Z 4 ] of an Abelian group Z 4 is shown in Fig. 2. 5. 2. 




+0 



+0 



Fig.2.5.2 

Some structure properties on these diagrams G L [A] of systems are shown in the 
following. 

Property 1. The labeled graph G L [A] is connected if and only if there are no 
partition A = A 4 (J A 2 such that for \/a 4 e A\, Va 2 G A 2 , there are no definition for 
ai o a 2 in ( A ; o). 
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If G L [VL] is disconnected, we choose one component C and let A\ = V{C). 
Define A 2 = V{G L [A\) \ V(C). Then we get a partition A = A 1 \JA 2 and for 
Vai G A\ , Va 2 G A 2 , there are no definition for a\ o a 2 in [A] o), a contradiction. 

Property 2. If there is a unit 1 a in (A\ o), then there exists a vertex 1 a in G L [A] 
such that the label on the edge (1 a,x) is ox. 

For a multiple 2-edge (a, b ) in a directed graph, if two orientations on edges are 
both to a or both to b, then we say it a parallel multiple 2- edge. If one orientation 
is to a and another is to b , then we say it an opposite multiple 2 -edge. 



Property 3. For Va G A, if a Q 1 exists, then there is an opposite multiple 2-edge 
( 1 , 4 , 0 ) in G L [y4] with labels o a and oaf 1 , respectively. 

Property 4. For Va, b^Aifaob = boa, then there are edges (a, x) and ( b , x), 
x G A in ( A ; o) with labels w(a,x ) = ob and w(b,x) = o a in G L [A\, respectively. 



Property 5. If the cancelation law holds in ( A ; o), i.e., for\/a, b,c G A, ifaob = aoc 
then b = c, then there are no parallel multiple 2-edges in G L [A\. 



These properties 2 — 5 are gotten by definition. Each of these cases is shown in 
(1), (2), (3) and (4) in Fig. 2. 5. 3. 




Fig.2.5.3 



Now we consider the diagrams of algebraic multi-systems. Let ; G') be an 
algebraic multi-system with 

m m 

st = U and G= \jOi 

i — 1 i — 1 

such that (^; Of) is a multi-operation system for any integer i, 1 < i < m, where 
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the operation set O, = {c>y|l < j < rti}. Define a labeled graph G L [&/] associated 
with G) by 

m rii 

G L [^]= U u 

*= 1 3 = 1 

where G L [fMl] o^-)] is the associated labeled graph of o^) for 1 < i < m, 
1 < j < riij. The importance of G L [s^] is displayed in the next result. 

Theorem 2.5.3 Let (<£4; Gf), Gf) be two algebraic multi- systems. Then 




if and only if 

G l [M J = G L [Of\. 

Proof If (<s4; Gf) = G 2 ), by definition, there is a 1 — 1 mapping oj : stf\ — > 

8^2 with u : G\ — > G 2 such that for Va, b E srf 1 and o 1 E G\, there exists an operation 
o 2 E G 2 with the equality following hold, 

oj{a o 1 b ) = u(a) o 2 oj{b). 

Not loss of generality, assume a o x b = c in {,e /\ ; €4). Then for an edge (a, c) with a 
label oj 6 in G L [.af\\, there is an edge (u>(a),cj(c)) with a label o 2 a ;(b) in G L [^], i.e. , 
oj is an equivalence from G L [s^\\ to G L [ 8 / 2 \- Therefore, G L [s^i\ = G L [<£4]. 

Conversely, if G L [srf i] = let robea such equivalence from G L [s&- 1 ] to 

G l [^/ 2 ], then for an edge (a, c) with a label cqfr in G fi [.a4], by definition we know 
that (ca(a),Lj(c)) with a label a;(o 1 )a;(6) is an edge in G L [^ 2 ]. Whence, 

oj(a o 1 b ) = u;(a)u;(o 1 )u;(&), 

i.e., a; : — > ^2 is an isomorphism from (<s 4 ; to (^ 2 ; € 4 ). □ 

Generally, let (<s4; ^4), (^ 2 ; €4) be two algebraic multi-systems associated with 
labeled graphs G L [<c4], G L [<£4]. A homomorphism 1 : G L [.£4] — ■> G L [^] is a map- 
ping l : D(G L [,£4]) — > D(G L [<£4]) and t : G\ — > €4 such that t(a,c) = (t(a),t(c)) 
with a label t(o )t(fe) for V(a, c) G L7((j L [,e4]) with a label 06 . We get a result on 
homomorphisms of labeled graphs following. 

Theorem 2.5.4 Lei {srf- [] ^4), (^ 2 ; €4) be algebraic multi- systems, where 8/ k = 

m , m , „ , ^ 

U G k = U Of for k = 1,2 and t : (<£4; €4) — > €4) a homomorphism. 

i= 1 z— 1 
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Then there is a homomorphism l : G L [s& i] — > G L [^2] from G L [M] to G L [s& 2] induced 
by t. 

Proof By definition, we know that o : V(G L {srf l]) — > V(G L [M 2 \). Now if 
(a, c) G E(G L [g/i\) with a label o b, then there must be a o b = c in (Mp, &f). 
Hence, i(a)t(o)t(b) = i(c) in (M2, ^2), where t(o) G 62 by dehnition. Whence, 
(i(a),t(c)) G E(G L [M\\) with a label t(o)t(6) in G L [M^, i.e. , 1 is a homomorphism 
between G L [M 1] and G L [M) 2]. Therefore, t induced a homomorphism from G L [^/i] 
toG L [^]. □ 

Notice that an algebraic multi-system (M ; O') is a combinatorial system with 
an underlying graph T, called a T -multi- system, where 

H(T) = {M\l < i < m}, 

E(T) = {(Mi, Mj)\ 3 a G Mi, b G Mj with (a, b) G E(G L [M]) for 1 < i,j < m}. 

We obtain conditions for an algebraic multi-system with a graphical structure 
in the following. 

Theorem 2 . 5.5 Let (M\ G) be an algebraic multi-system. Then it is 

(i) a circuit multi-system if and only if there is arrangement Mi i: 1 < i < m 

for M\, ■ ■ ■ , M m such that 

for any integer i(mod m ), 1 < i < m but 

for integers j ^ i — l,i,i + 1 (mod m); 

(ii) a star multi-system if and only if there is arrangement M^, 1 < i < m for 
M{, M2, • • • , M’m such that 

Mi x P) M{ % 7^ 0 but Mi t n M[ j 0 



for integers 1 < i, j < m, i 7^ j . 

(in) a tree multi-system if and only if any subset of M is not a circuit multi- 
system under operations in G . 
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Proof By definition, these conditions really ensure a circuit, star, or a tree 
multi-system, and conversely, a circuit, star, or a tree multi-system constrains these 
conditions, respectively. □ 

Now if an associative system [stf ; o) has a unit and inverse element a” 1 for any 
element a G srf, i.e., a group, then for any elements x, y G £/, there is an edge 
(x, y) G E(G L \sif\). In fact, by definition, there is an element z G s# such that 
x~ 1 o y = z. Whence, x o z = y. By definition, there is an edge (x, y ) with a label 
o z in G L [£f\, and an edge (y,x) with label zf 1 . Thereafter, the diagram of a group 
is a complete graph attached with a loop at each vertex, denoted by K [&/; o]. As 
a by-product, the diagram G L [G\ of a m-group G is a union of m complete graphs 
with the same vertices, each attached with m loops. 

Summarizing previous discussion, we can sketch the diagram of a multi-group 
as follows. 

, „ ^ , m m 

Theorem 2.5.6 Let G) be a multi-group with £/ = [j jy it G = {J Oi, Oi = 

2=1 2=1 

{°ij, 1 < j < rii} and (^; o^-) a group for integers i,j , 1 < i < m, 1 < i < Hi. 
Then its diagram G L [stf] is 

m rii 

G‘K] = |JU i ''K»d- 

i=lj=l 

□ 

Corollary 2.5.1 The diagram of a field +, o) is a union of two complete graphs 
attached with 2 loops at each vertex. 

Corollary 2.5.2 Let G) be a multi-group. Then G L [g/] is hamiltonian if and 
only if % r is hamiltonian. 

rii 

Proof Notice that is an resultant graph in G L [s^] shrinking each [J o i f 

5=1 

to a vertex for 1 < i < m by definition. Whence, is hamiltonian if G L [srf] is 
hamiltonian. 

Conversely, if is hamiltonian, we can easily find a hamiltonian circuit in 
G L [& /) by applying Theorem 2.6.6. □ 

2.5.3 Cayley Diagram. Besides these diagrams of multi-systems described in 
Theorem 2.5.5, these is another diagram for a multi-system of finitely generated, 
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called Cayley diagrams of multi-systems defined in the following. 

A multi-system ; 6) is finitely generated if there are finite elements ai, a 2 , • • • , a s 
in srf such that for Vir G 



% &X\ °1 &X2 °2 * * * °/l ^Xll 

where a Xi G {ai, a 2 , • • • , a s } and o i g G . Denoted by sA = ^ai, a 2 , • • • , a s ; G^j. 

Let {srf ; G) be a finitely generated multi-system with a generating set S, G — 
{°j 1 1 < i < m}. A Cayley diagram Cay(srf : S) of {srf ; G) is defined by 

V(Cay{ :S)) = ^ 

E(Cay(g/ : S)) = {( g , h) with a label g^ 1 o i h \ 3i, g~ x h G S, 1 < i < m}. 

For the case of multi-groups {s4\ G), some elementary properties are presented 
in [Mao3], particularly, if {srf ; G) is a group, these Cayley diagrams are nothing but 
the Cayley graphs of finite groups introduced in graph theory following. 

Let T be a finite generated group and ACT such that lr fL S and S' -1 = 
{x~ x \x G 5} = S. A Cayley graph Cay(T : S) is a simple graph with vertex set 
V(G) = T and edge set E(G) = {{g,h)\g~ l h G 5}. By the definition of Cayley 
graphs, we know that a Cayley graph Cay(T : S ) is complete if and only if S = 
T \ {l r } and connected if and only ifT — ( S ). 

Theorem 2.5.7 A Cayley graph Cay{T : S) is vertex-transitive. 

Proof For \/g G F, define a permutation ( g on C(Cay(r : S )) = V by ( g (h) = 
gh, h G T. Then ( g is an automorphism of Cay(r : S ) for (h, k ) G A(Cay(r : 5)) =>■ 
h-'k G S => {gh)~\gk) G S => (( g (h), ( g (k)) G A(Cay(r : S)). 

Now we know that ~ 1 {h) — (kh^h = k for Vh, k G T. Whence, Cay(r : S) 
is vertex-transitive. □ 

A Cayley graph of a finite group F can be decomposed into 1-factors or 2-factors 
in a natural way as stated in the following result. 

Theorem 2.5.8 Let G be a vertex-transitive graph and let H be a regular subgroup 
of AntG. Then for any chosen vertex x,x G V{G), there is a factorization 



o= © (*,y) H 0 © 



.yeN G (x) 






<y£N G (x), 



(x,y) 



H 
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for G such that (x,y) H is a 2-factor if \H( X ^\ = 1 and a 1-factor if \H( Xty )\ = 2. 

Proof We prove the following claims. 

Claim 1. Vx G V(G),x H = V(G) and H x = 1#. 

Claim 2. For V(x, y), (u, w) G E(G), (x, y) H p|(w, W ) H = 0 or (x, y) H = (u, w) H . 

Claims 1 and 2 are liolden by definition. 

Claim 3. For\/(x,y) G E(G ), \H^ X ^\ = 1 or 2. 

Assume that \H^ y )\ 1. Since we know that (x,y) h = (x,y), i.e. , (. x h ,y h ) = 

(x, y) for any element h G H( x , y ) ■ Thereby we get that x h = x and y h = y or x h = y 
and y h = x. For the first case we know h = 1# by Claim 1. For the second, we get 
that x h2 = x. Therefore, h 2 = 1# . 

Now if there exists an element g G Ft ( x ^ y )\{l h , h}, then we get x 9 = y = x h and 
y 9 = x = y h . Thereby we get g = h by Claim 1, a contradiction. So we get that 
\H(x,y)\ ~ 2 - 

Claim 4. For any (x,y) G E[G), if \H( x>y )\ = 1, then (x,y) H is a 2-factor. 

Because x H = V(G) C V{({x,y) H )) C V(G), so C(((x, y) H )) = V(G). There- 
fore, (x,y) H is a spanning subgraph of G. 

Since Ft acting on V (G) is transitive, there exists an element h G FI such that 
x h = y. It is obvious that o{h) is finite and o(h) ^ 2. Otherwise, we have \H( x , y )\ > 
2, a contradiction. Now (x,y)^ = xx h x h2 ■ ■ ■ x h ° (h) 1 x is a circuit in the graph 

S 

G. Consider the right coset decomposition of H on (h). Suppose H — (J (h) a^, 

i= 1 

(h) ai p| (h) Oj = 0, if i ^ j, and cp = 1 h- 

Now let X = {ai, d 2 , ••., a s }. We know that for any a, b G X, ((h) a) P| ((h) b) = 0 
if a b. Since (x,y) { - h)a = ((x,y) l ' h '>) a and (x,y) {h)b = ((x,y) ( ' h) ) b are also circuits, 
if V(((x,y) ( ' h ' >a ))f]V(((x,y) ( ' h ^ b )) ^ 0 for some a,b E X, a yt b, then there must 
be two elements f,g G (h) such that x^ a = x gb . According to Claim 1, we get 
that fa = gb , that is ab G (h). So (h) a = (h)b and a = 6, contradicts to the 
assumption that a ^ b. 

Thereafter we know that (x,y) H = [J (x,y) < ' h ' >a is a disjoint union of circuits. 

a£X 

So (x,y) H is a 2-factor of the graph G. 

Claim 5. For any (x,y) G E(G ), (x,y) H is an 1-factor if \H^ X ^\ = 2. 
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Similar to the proof of Claim 4, we know that C(((;c, y ) H )) = V (G) and (x, y) H 
is a spanning subgraph of the graph G. 

Let = {1 H,h}, where x h — y and y h = x. Notice that (x,y) a = (x,y) 

for Va G H( x , y )- Consider the coset decomposition of H on Hr XjV y we know that 

t 

H = U H {x, y )bi , where H^bi f| H^ y) bj = 0 if % ± 3 , 1 < b j < t. Now let 

i=l 

L = {H( Xi y)bi, 1 < i < t}. We get a decomposition 

(x,y) H = |J (x,y) b 

b£L 

for (x, y) H . Notice that if b = H^^bi G L , (x, y) b is an edge of G. Now if there exist 
two elements c, d E L, c = H^ x y ^f and d = H^^g, f g such that V(((x,y) c )) f") 
V(((x, y) d )) 0, there must be x f = x 9 or x f = y 9 . If x f = x 9 , we get f — g 

by Claim 1, contradicts to the assumption that / 7^ g. If x? = y 9 = x hg , where 
h G H( x>y ), we get / = hg and fg _1 G H (x , yh so H {x>y) f = H {X}y) g. According to 
the definition of L, we get / = g, also contradicts to the assumption that / 7^ g. 
Therefore, ( x,y) H is an 1-factor of the graph G. 

Now we can prove the assertion in this theorem. According to Claim 1- Claim 
4, we get that 



g= © (*,»)"© © 



>y&N G (x), 






.y£N a (x), 



i x , y) 



H 



^(*>v)l — ^ 



for any chosen vertex x,x G V(G). By Claims 5 and 6, we know that (x,y) H is 
a 2- factor if \H^ X ^\ = 1 and is a 1-factor if \H^ X ^\ = 2. Whence, the desired 
factorization for G is obtained. □ 

By Theorem 2.5.8, we can always choose the vertex x — Ip and H the right 
regular transformation group on T for a Cayley graph Cay(T : S ). Whence, we find 
a factorization following 



Theorem 2.5.9 Let T be a finite group with a subset S,S 1 — S, lp ^ S and H is 
the right transformation group on T. Then there is a factorization 



G 



© ( 1 r>s) H )©[ © (!rv 



\H 



>s£S,s 2 ^ lp 



se5,s 2 =l r 
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for the Cayley graph Cay(T : S) such that (lr ,s) H is a 2-factor if s 2 ^ lr and 
1- factor if s 2 = lr- 

Proof For any h G if(i rj3 ), if h ^ lr, then we get that lr h = s and sh = lr, 
that is s 2 = lr- According to Theorem 2.5.8, we get the factorization for the Cayley 
graph Cay(T : S). □ 

More properties of Cayley graphs can be found in references [Xuml] and 
[XHL1]. But for multi-groups, few results can be found for Cayley diagrams of 
multi-groups unless the result following appeared in [Mao3]. So to find out such 
behaviors for multi-systems is a good topic for researchers. 

Theorem 2.5.10 Let Cay(T : S) be a Cayley diagram of a multi-group (T; (?) with 

m m 

r = [J Ti, (? = {oj|l < i < m} and S — (J Si, T = (Sp, of) for 1 < i < m. Then 

i= 1 i= 1 

. n 

Cay(T : 5) = U Cay{T % : Sf). 

i = 1 

□ 



§2.6 REMARKS 

2.6.1 These conceptions of multi-group, multi-ring, multi-held and multi-vector 
space are first presented in [Mao5]-[Mao8] by Smarandache multi-spaces. In Section 
2.2, we consider their general case, i.e., multi- operation systems and extend the 
homomorphism theorem to this multi-system. Section 2.3 is a generalization of 
works in [Mao7] to multi-modules. There are many trends or topics in multi-systems 
should be researched, such as extending those of results in groups, rings or linear 
spaces to multi-systems. 

2.6.2 Considering the action of multi-systems on multi-sets is an interesting prob- 
lem, which requires us to generalize permutation groups to permutation multi- 
groups. This kind of action, i.e., multi-groups on finite multi-sets can be found 
in [Mao20]. The construction in Theorems 2.4.1 and 2.4.2 can be also applied to 
abstract multi-groups. But in fact, an action of a multi-group acting on a multi-set 
dependent on their combinatorial structures. This means general research on the 
action of multi-groups must consider their underlying labeled graphs, which is a 
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candidate topic for postgraduate students. 

2.6.3 The topic discussed in Section 2.5 can be seen as an application of com- 
binatorial notion to classical algebra. In fact, there are many research trends in 
combinatorial algebraic systems, in algebra or combinatorics. For example, 

(1) Given an underlying combinatorial structure G, what can we say about its 
algebraic behavior! 

(2) What can we know on its graphical structure, such as in what condition it 
has a hamiltonian circuit, or a 1- factor! 

(3) When it is regular! 

..., etc.. 

2.6.4 For Cayley diagrams Cay( srf : S) of multi-systems {srf-,6'), particularly, 
multi-groups, there are many open problems not be solved yet. For example, 

(1) What can we know on their structure ? 

(2) Determine those properties of Cayley diagrams Cay(g/ : S ) which Cayley 
graphs of finite groups have. 



..., etc.. 



CHAPTER 3. 



Topology with Smarandache Geometry 



There is always one good, that is knowledge; there is only one evil, that 
is ignorance. 

By Socrates, an ancient Greek philosopher. 



A Smarandache geometry is a geometrical Smarandache system, which 
means that there is a Smarandachely denied axiom in this geometri- 
cal system, i.e. , both validated and invalidated, or just invalidated but 
in multiple distinct ways, which is a generalization of classical geome- 
tries. For example, these Euclid, Lobachevshy- Bolyai- Gauss and Rie- 
mannian geometries maybe united altogether in a same space by some 
Smarandache geometries. A Smarandache geometry can be either par- 
tially Euclidean and partially non- Euclidean, or non- Euclidean connected 
with the relativity theory because they include Riemannian geometry in 
a subspace, also with the parallel universes in physics because they com- 
bine separate spaces into one space too. A Smarandache manifold is a 
topological or differential manifold which supports a Smarandache ge- 
ometry. For an introduction on Smarandache manifolds, Sections 3.1 
and 3.2 present the fundamental of algebraic topology and differential 
on Euclidean spaces for the following discussion. In Section 3.3, we de- 
fine Smarandache geometries, also with some well-known models, such as 
Iseri’s s-manifolds on the plane and Mao’s map geometries on surfaces. 
Then a more general way for constructing Smarandache manifolds, i.e., 
pseudo-manifolds is shown in Section. 3. 4. Finally, we also introduce dif- 
ferential structure on pseudo-manifolds in this chapter. 
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§3.1 ALGEBRAIC TOPOLOGY 

3.1.1 Topological Space. A topology on a set S' is a collection ^ of subsets of S 
called open sets such that 

(Tl) 0 e # and S e 

(T2) if U u U 2 e ( tf, then U x 0 U 2 G 

(T3) the union of any collection of open sets is open. 

The pair (S, is called a topological space. 

Example 3.1.1 Let R be the set of real numbers. We have knows these open 
intervals (a, b ) for a < b,a,b E R in elementary mathematics. Define open sets in R 
to be a union of finite open intervals. Then it can be shown conditions T1-T3 are 
hold. Consequently, R is a topological space. 

A set V is closed in a topological space S' if S \ V is opened. If A is a subset of 
a topological space S, the relative topological on A in S is defined by 

= { U f]A | We#}. 

Applied these identities 

( % ) 0 n A = 0, SD A = A; 

(a) (u 1 nu 2 )nA=(u 1 nA)n(u 2 nA)- 

(m) u(tf«n^) = (Utf«)iv 

a a 

in Boolean algebra, we know that % is indeed a topology on A, which is called a 
subspace with topology % of S. 

For a point u in a topological space S, its an open neighborhood in S is an open 
set U such that u E U and a neighborhood in S' is a set containing some of its open 
neighborhoods. Similarly, for a subset A of S', a set U is an open neighborhood or 
neighborhood of A is U is open itself or a set containing some open neighborhoods 
of that set in S'. A basis in S is a collection 98 of subsets of S' such that S = U bg^B 
and Bi, B 2 & 98, x 6 B\ n B 2 implies that 3 B 3 E 98 with x E B 3 C B\ fl B 2 hold. 

A topological space S is called Hausdorff if each two distinct points have disjoint 
neighborhoods and first countable if for each p E S there is a sequence {U n } of 
neighborhoods of p such that for any neighborhood U of p, there is an n such that 
U n C U. A topological space is called second countable if it has a countable basis. 
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For a point sequence {x n } in a topological space S. if there is a point x G S 
such that for every neighborhood U of u, there is an integer N such that n > N 
implies x n G U, then we say that {u n } converges to u or u is a limit point of {u n }. 

Let S and T be topological spaces with p : S — > T a mapping, p is continuous 
at u G S if for every neighborhood V of (p(u), there is a neighborhood U of u such 
that (p(U) C V. Furthermore, if p is continuous at any point u in S, p is called a 
continuous mapping. 

Theorem 3.1.1 Let R, S and T be topological spaces. If f : R — > S and g : S — > T 
are continuous at x G R and f(x) G S, then the composition mapping gf : R T 
is also continuous at x. 

Proof Since / and g are respective continuous at x G R and f(x) G S, for 
any open neighborhood W of point g(f(x)) G T, g~ l {W) is opened neighborhood of 
f{x) in S. Whence, / _1 (g _1 (VF)) is an opened neighborhood of x in R by definition. 
Therefore, g(f) is continuous at x. □ 

The following result, usually called Gluing Lemma , is very useful in constructing 
continuous mappings on a union of spaces. 

Theorem 3.1.2 Assume that a space X is a finite union of closed subsets: X = 

n 

U X, . If for some space Y , there are continuous maps fi'.Xi^Y that agree on 
%— 1 

overlaps, i.e., | x, n x :j = f) \ x, n x :i for alli,j, then there exists a unique continuous 

f '■ X —>Y with f\ Xi = fi for all i. 

Proof Obviously, the mapping / defined by 

fix) = ffx), iGlj 

is the unique well defined mapping from X to Y with restrictions / 1 x, = fi hold for 
all i. So we only need to establish the continuity of / on X. In fact, if U is an open 
set in Y, then 

n 

r\u ) = 

i= 1 

n n n 

= UwrV" 1 ^)) = IWfWtto) = U/rito- 
2—1 2—1 2—1 

By assumption, each fi is continuous. We know that ff 1 ^) is open in X f. 

Whence, /~ 1 (f7) is open in X, i.e., / is continuous on X. □ 
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A collection C C 2 A is called a cover of X if 



U C = X. 



If each set in C is open, C is called an opened cover and if \C\ is finite, it is called a 
finite cover of X. A topological space is compact if there exists a finite cover in its any 
opened cover and locally compact if it is Hausdorff with a compact neighborhood for 
its each point. As a consequence of Theorem 3.1.2, we can apply the gluing lemma 
to ascertain continuous mappings shown in the next. 

Corollary 3.1.1 Let {Ai, A 2 , ■ ■ ■ , A n } be a finite opened cover. If a mapping f : 
X — > Y is continuous constrained on each Ai, 1 < i < n, then f is a continuous 
mapping. 

Let S and T be two topological spaces. We say that S is homeomorphic to 
T if there is a 1 — 1 continuous mapping <p : S — > T such that its inverse p~ x : 
T — > S is also continuous. Such mapping p is called a homeomorphic or topological 
mapping. An invariant of topological spaces is said topological invariant if it is not 
variable under homeomorphic mappings. In topology, a fundamental problem is to 
classify topological spaces , or equivalently, to determine wether two given spaces are 
homeomorphic. Certainly, we have known many homeomorphic spaces, particularly, 
spaces shown in the following example. 

Example 3.1.2 Each of the following topological space pairs are homeomorphic. 

(1) A Euclidean space R ?! and an opened unit n-ball B n = {(xi, x 2 , ■ ■ ■ , x n )\x\ + 
xl + --- + xl < i}; 

(2) A Euclidean plane R 2 and a unit sphere S 2 = {(x, y,z)\x 2 + y 2 + z 2 = 1} 
with one point (x 0 , yo, z 0 ) on it removed; 

(3) A unit circle with an equilateral triangle. 

For example, a homeomorphic mapping / from B n to R n for case (1) is defined 



by 



/ (xi, x 2 , • • • , x n ) 



(xi,x 2 , • • - ,x n ) 



1 - y/x? + x\ H b X; 



.2 



n 



for V(xi, x 2 , • • • , x n ) G B n with an inverse 



/ 1 (xi, x 2 , • • • , x n ) 



(xi,x 2 ,---,x n ) 



1 + y/^i + H 1- x; 



n 



,2 
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for V(xi, x 2 , ■ ■ ■ , x n ) £ R n . 

Let (xo, yo, Zo) be the north pole with coordinate (0, 0, 1) and the Euclidean 
plane R 2 be a plane containing the circle { (x,y) \ x 2 + y 2 = 1}. Then a homeo- 
morphic mapping g from S 2 to R 2 is defined by 



9 (x,y,z) = 



x 



y 



:)■ 



•l-z’ 1-z- 

for case (2). Readers are required to hnd a homeomorphic mapping for case (3). 



3.1.2 Metric Space. A metric space (M; p) is a set M associated with a metric 
function p : M x M — > R + = {x | x € R, x > 0} with conditions following for p hold 
for \/x, y,z £ M. 

(1) (definiteness) p(x,y) = 0 if and only if x — y, 

(ii) (symmetry) p(x,y) — p(y,x)\ 

(in) (triangle inequality ) p(x, y ) + p(y, z) > p(x, z). 

For example, the standard metric function on a Euclidean space R n is defined 
by 

n 

p( x > y) = * -Vi) 

\ i = i 

for Vx = (x 1 ,x 2 ,---i X n ) and y = (yi, y 2 ,---, y n ) e R n - 

Let (M ; p) be a metric space. For a given number e > 0 and Vp £ M, the 
e — disk on p is defined by 



D e (p) = {qeM | p(q,p) < e }. 

A metric topology on (M; p) is a collection of unions of such disks. Indeed, it 
is really a topology on M with conditions (T1)-(T3) hold. 

In fact, the conditions (Tl) and (T2) are clearly hold. For the condition (T3), let 
x £ D ei (x i) fl D e2 (x 2 ) and 0 < e x = min{e 1 — p(x, xi),e 2 — p(x, x 2 )}. T\yeivD fx (x) C 
D ei (x 1 ) fl D €2 (x 2 ) since for Vp £ D €x (x ), 

p(y, X!) < p(y, x) + p(x, xi) <e x + p(x, xi) < e L . 

Similarly, we know that p(y,x) < e 2 . Therefore, D £x (x) C D ei (x 1 ) fl D €2 (x 2 ), 
we find that 

D ei ( Xl ) n D e2 (x 2 ) = 1J D ex (x), 

xGD ei (xi)nDe 2 ( X2 ) 
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i.e., it enables the condition (T3) hold. 

Let (M; p) be a metric space. For a point x G M and A C M, define p(x, A) = 
inf{d(x, a)\a G A} if A ^ 0, otherwise, p(x, 0) = oo. The diameter of a set A C M 
is defined by diarn(A) = sup{p(x, y)\x, y G A}. Now let xi,x 2 , • • • , x n , • • • be a point 
sequence in a metric space (M; p). If there is a point x G M such that for every e > 0 
there is an integer N implies that p(x n , x) < e providing n > N, then we say the 
sequence {x n } converges to x or x is a limit point of {x n }, denoted by lim x n = x. 

n — >oo 

The following result, called Lebesgue lemma , is a useful result in metric spaces. 

Theorem 3.1.3(Lebesgue Lemma) Let (W|o G 11} be an opened cover of a compact 
metric space (M; p). Then there exists a positive number X such that each subset A 
of diameter less than X is contained in one of member of {V a \a G II}. The number 
X is called the Lebesgue number. 

Proof The proof is by contradiction. If there no such Lebesgue number A, 
choosing numbers ei,e 2 ,-- - with lim e n = 0, we con construct a sequence Ai D 

71— KX) 

A 2 D ■ ■ ■ with diameter diam(A n ) = e n , but each A n is not a subset of one member 
in {V a \a G II} for n > 1. Whence, lim diam(A n ) = 0. Choose a point x n in each 

n— >oo 

A n and x G f) A % . Then lim x n = x. 

i> i n ^°° 

Now let x G V ao and D e (x) an e-disk of x in V ao . Since lim diam(A n ) = 0, let 

n->-c>c 

m be a sufficient large number such that diam(A m ) < e/2 and x m G D e / 2 (x). For 
\/y G A m , we find that 



p(y,x) < p(y,x m ) +p(x m ,x) 

< diam(A m ) + ^ < e, 

which means that y G D e (x) C V ao , i.e., A m C V ao: a contradiction. □ 

3.1.3 Fundamental Group. A topological space S is connected if there are 
no open subspaces A and B such that S = A U B with A,B ^ 0. A useful way 
for characterizing connectedness is by arcwise connectedness. Certainly, topological 
spaces are arcwise connected in most cases considered in topology. 

Definition 3.1.1 Let S be a topological space and L = [0, 1] C R. An arc a in S 
is a continuous mapping a : / — > S with initial point a(0) and end point a(l) ? and 
S is called arcwise connected if every two points in S can be joined by an arc in S . 
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An arc a : I — > S is a loop based at p if a(0) = a(l) = p G S . A degenerated loop 
e : / — > x G S, i.e., mapping each element in I to a point x, usually called a point 
loop. 

For example, let G be a planar 2-connected graph on R 2 and S' is a topological 
space consisting of points on each e 6 E(G). Then S is a arcwise connected space 
by definition. For a circuit C in G, we choose any point p on C. Then C is a loop 
e p in S based at p. 

Definition 3.1.2 Let a and b be two arcs in a topological space S with a(l) = 6(0). 
A product mapping a ■ b of a with b is defined by 



and an inverse mapping a = a(l — t) by a. 

Notice that a ■ b : I — > S and a : I — > S are continuous by Corollary 3.1.1. 
Whence, they are indeed arcs by definition, called the product arc of a with b and 
the inverse arc of a. Sometimes it is needed to distinguish the orientation of an arc. 
We say the arc a orientation preserving and its inverse a orientation reversing. 

Now let a, 6 be arcs in a topological space S. Properties following are hold by 
definition. 

(PI) a = a; 

(P2) b ■ a = a ■ b providing ab existing; 

(P3) e x = e x , where x = e(0) = e(l). 

Definition 3.1.3 Let S be a topological space and a,b : I — > S two arcs with 
a(0) = 6(0) and a(l) = 6(1). If there exists a continuous mapping 



such that H(t, 0) = a(t), H(t, 1) = 6(f) for Vf G I, then a and b are said homotopic, 
denoted by a ~ 6 and H a homotopic mapping from a to b. 




a(2t), if 0 < t < |, 
6(2f — 1), if \ < t < 1 



H : I x / -»■ S 



Theorem 3.1.4 The homotopic ~ is an equivalent relation, i.e, all arcs homotopic 
to an arc a is an equivalent arc class, denoted by [a] . 
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Proof Let a, b, c be arcs in a topological space S, a ~ b and b ~ c with homotopic 
mappings II\ and II>- Then 

(i) a ~ a if choose H : I x / — > S' by H(t, s ) = a(£) for Vs G /. 

(if) b ~ a if choose H(t,s) = Hi(t,l — s ) for Vs, i G / which is obviously 
continuous; 

(m) a ~ c if choose H(t,s ) = Hi(x,2t )) for 0 < t < I and H 2 (x,2t — 1) for 
| < t < 1 by applying the gluing lemma for the continuity. □ 

Theorem 3.1.5 Let a, 5, c and d be arcs in a topological space S . Then 
(i) a ~ 6 if a ~ b] 

(■ ii ) a-5~c-d z/a~6, c~d with a ■ c an arc. 

proof Let L/i be a homotopic mapping from a to b. Define a continuous mapping 
H' .1x1 — > S by H'(t,s ) = Hi(l — t,s ) for Vt, s G /. Then we find that 
H'(t, 0) = a(t) and iL'(t, 1) = 6(t). Whence, we get that a ~ b, i.e., the assertion 

( 0 - 

For (ii), let H 2 be a homotopic mapping from c to d. Define a mapping H : 
/ x / -»■ 5 by 

ij( ( , s) = ( ffl(2M)i if 

\ H 2 (2t — 1, s), if i <t< 1. 

Notice that a(l) = c(0) and Hi(l,s) = a(l) = c(0) = ^(0, s). Applying 
Corollary 3.1.1, we know that H is continuous. Therefore, a ■ b ~ c • d. □ 

Definition 3.1.4 For a topological space S and xq G S, let tti(S,x o) be a set con- 
sisting of equivalent classes of loops based at xq. Define an operation o in tti(S,x o) 
by 

[a] o [6] = [a • b] and [a] -1 = [a -1 ]. 

Then we know that 7r 1 (5', Xo) is a group shown in the next. 

Theorem 3.1.6 xq) is a group. 

Proof We check each condition of a group for xo). First, it is closed under 
the operation o since [a] o [b] = [a ■ b] is an equivalent class of loop a ■ b based at x 0 
for V[a], [6] G 7 t 1 (5', x 0 ). 
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Now let a, b, c : I — > S be three loops based at xq. By Definition 3.1.2, we know 



that 



and 



a(4t), 


if 


o <t<\, 


b(At - 1), 


if 




c{2t - 1), 


if 




a(2t), 


if 


o <t<\, 


b(4t-2), 


if 


\<t<l 


c(4t — 3), 


if 


\<t< 1. 



Consider a function H : I x / — > S defined by 



if 0<t<s±l, 

H(t,s) = ! 6(4£ — 1 — s), if ^<£<2^, 

( c(l-l^), if 2±3<i<i. 

Then H is continuous by applying Corollary 3.1.1, H(t, 0) = ((a ■ b ) • c)(t) and 
#(£, 1) = (a • (6 • c))(t). Consequently, we know that ([a] o [ b ]) o [c] = [a] o ([&] o [c] ) . 
Now let e Xo : / — > xq G S be the point loop at xq. Then it is easily to check 

that 

CL • Cl — G^q , Cl • CL — e^Q 



and 

Cl — n, Cl &xo — 

We conclude that 7r 1 (S', x 0 ) is a group with a unit [e xo ] and an inverse element 
[a -1 ] for any [a] G tti(S,xo) by definition. □ 

Let 5 be a topological space, xo,x\ G S and £ an arc from x$ to x\. For 
V[a] G x 0 ), we know that £ o [a] o T _1 G 7r 1 (5', X\) (see Fig. 3. 1.1 below). 

Whence, the mapping £# = £ o [a] o T _1 : 7r 1 (S', x 0 ) — > 7r 1 (S', aq). 




Fig. 3. 1.1 
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Theorem 3.1.7 Let S be a topological space. If xq,xi G S and £ is an arc from xq 
to x\ inS, then tti(S,x o) = ^(S^xi). 

Proof We have known that £# : ni(S,x o) — > ► Xi). Now for [a], [6] G 

xo), [a] 7^ [ b ], we find that 

£#([a}) = £ o [a] o £~ l ^ £o [b] o £~ l = £#([b]), 

i.e. , <£# is a 1 — 1 mapping. Let [c] G x 0 ). Then 

T#([a]) o £#([c\) = £ o [a] o £~ x o £ o [b] o £~ l = £ o [a] o e Xl o [a] o £~ x 
= £ o [a] o [6] o £~ l = £#([a] o [b]). 



Therefore, £# is a homomorphism. 

Similarly, = T _1 o [a] o£ is also a homomorphism from 7^ (S', xi) to ^(S, x 0 ) 
and o = [e xi ], £# o £ff = [e xo ] are the identity mappings between x 0 ) 
and 7Ti ( S, x i ) . Whence, £# is an isomorphism. □ 

Theorem 3.1.7 implies that all fundamental groups in an arcwise connected 
space S are isomorphic, i.e., independent on the choice of base point xq. Whence, 
we can denote its fundamental group by (S). Particularly, if (S) = {[e xo ]}, S is 
called a simply connected space. The Euclidean space R" and n-ball B n for n > 2 
are well-known examples of simply connected spaces. 

For a non-simply connected space S, to determine its fundamental group is com- 
plicated. For example, the fundamental group of n-sphere S n = { (xi, X2, • • • , x n ) \ x\+ 

A + • • • + = 1 } is 



VTl(S n ) 



W 0 , if n > 2, 
Z, if n = 2, 



seeing [Amrl] or [Masl] for details. 



Theorem 3.1.8 Let G be an embedded graph on a topological space S and T a 
spanning tree in G. Then t\\ (G) = ( T + e j e G E(G \ T) ). 

Proof We prove this assertion by induction on the number of n — \E(T)\. If 
n = 0, G is a bouquet, then each edge e is a loop itself. A closed walk on G is a 
combination of edges e in E(G), i.e., — ( e | e G E{G) ) in this case. 
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Assume the assertion is true for n = k, i.e., ni (G) = (T + e \ e E E(G) \ {e} ). 
Consider the case of n = k + 1. For any edge e G E(T), we consider the embedded 
graph G/e, which means continuously to contract is to a point v in S. A closed walk 
on G passes or not through e in G is homotopic to a walk passes or not through v in 
G/e for k(T) = 1. Therefore, we conclude that Hi (G) = ( T + e | e e E(G) \ {e} ) 
by the induction assumption. □ 

3.1.4 Seifert and Van-Kampen Theorem. Calculating fundamental groups of 
topological spaces is a hard work. Until today, the useful tool for finding fundamental 
groups of spaces is still the well-known Seifert and Van-Kampen theorem following. 

Theorem 3.1.9 (Seifert and Van-Kampen) Let X = UUV with U, V open subsets 
and let X , U, V , U f)V be non-empty arcwise- connected with x 0 € U D V and H a 
group. If there are homomorphisms 



0i : tti(U,Xq) — > H and 0 2 : 7Ti (V, x 0 ) — > H 



and 



1 1 <p i 

►7r 1 (Cf,x 0 ) 



Ji 



7 Ti(f/ nV,X 0 ) *- 7 Ti (X, x 0 )- 



$ 



-H 



12 



J2 

-7Ti(V,X 0 )- 



02 



with 0 i • i\ — 02 ■ where i± : tti(U ft V, xo) — > ^(U, xo), *2 : vri(U n U,xo) — » ► 
7ri(V, x 0 ), ji ■ ni(U,x 0 ) 7Ti(X,xo) and j 2 '■ 7Ti(V,x 0 ) tti(X,xq) are homomor- 
phisms induced by inclusion mappings, then there exists a unique homomorphism 
<h : 7Ti(X, xo) — > H such that ( I> ■ j\ — 0i and T • j 2 — 0 2 . 

Applying Theorem 3.1.9, it is easily to determine the fundamental group of 
such spaces X — U U V with U D V an arcwise connected following. 

Theorem 3.1.10 (Seifert and Van-Kampen, classical version) Let spaces X,U,V 
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and xo be in Theorem 1.1. If 

j : 7Ti (U, X 0 ) * 7Ti(V, X 0 ) 7Ti(X, X 0 ) 

is an extension homomorphism of j i and j 2 , then j is an epimorphism with kernel 
Ker j generated by idg^ig), g £ ^i(U fl V,x 0 ), i.e., 

(x V ^ 7Ti([/,X 0 ) *7Ti(y,X 0 ) 

71-1 ,X ° [h 1 ^) -* 2 ( 0)1 g e 7ri(c/ny,xo)] ’ 

where [A], i C ^ denotes the minimal normal subgroup of a group included A. 

The complete proofs of Theorems 3.1.9 and 3.1.10 can be found in the reference 
[Masl]. Corollaries following is appropriate in practical applications. 

Corollary 3.1.2 Let X\, X 2 be two open sets of a topological space X with X = 
Ad U X 2 , X 2 simply connected and A", Ad and X 0 = Ad n X 2 non-empty arcwise 
connected, then for Vx 0 G X 0 , 



tti(A:,xo) = 



Kl(Xi,X 0 ) 

[ (ii).([a])|[a] e ni(X 0 , Xq) ]' 



Corollary 3.1.3 Let Ad, Ad be two open sets of a topological space X with X = 
Ad U Ad- If there X,X 1 ,X 2 are non-empty arcwise connected and X 0 = Ad fl Ad 
simply connected, then for Vx 0 G X 0 , 



TTi(X,X 0 ) = TT 1 (X 1 ,x 0 )n l (X 2 ,xo). 



Corollary 3.1.3 can be applied to find the fundamental group of an embedded 

n 

graph, particularly, a bouquet B n = (^J L; consisting of n loops Lj, 1 < i < n again 

2—1 

following, which is the same as in Theorem 3.1.8. 

Let x 0 be the common point in B n . For n — 2, let U = B 2 —{x i }, V = B 2 — {x 2 }, 
where X\ G L\ and x 2 G L 2 . Then U fl V is simply connected. Applying Corollary 
3.1.2, we get that 

71-1(52, x 0 ) = 7 Ti(t/,Xo) 7 ri(C,Xo) = (Lf) (L 2 ) = (L 1; L 2 ) . 

Generally, let X; G Li, Wi = L, — {x*} for 1 < i < n and 

U = L 1 \JW 2 \J---[jW n and C = W, (J L 2 (J • • • (J L n . 
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Then U f]V — Si. n , an arcwise connected star. Whence, 

VT! (B n , O ) = 7T! (U, O) * TT^V, O) ^ (Lf) * 7 O). 

By induction induction, we finally find the fundamental group 

7Ti (B n , O ) = (Lj, 1 < i < n) . 

3.1.5 Space Attached with Graphs. A topological graph G is a pair (S', S' 0 ) of 
a Hausdorff space S with its a subset S' 0 such that 

(1) S° is discrete, closed subspaces of S'; 

(2) S' — S' 0 is a disjoint union of open subsets ei, e 2 , • • • , e m , each of which is 
homeomorphic to an open interval (0, 1); 

(3) The boundary e* — e* of e* consists of one or two points. If iy — e* consists of 
two points, then (e;, e*) is homeomorphic to the pair ([0, 1], (0, 1)); if e* — e* consists 
of one point, then (e tl d) is homeomorphic to the pair (S' 1 , S' 1 — {1}); 

(4) A subset A C G is open if and only if A fl e,: is open for 1 < i < m. 

A topological space X attached with a graph G is such a space X © G such that 

Xf| G^0, G(/iX 

and there are semi-edges e + G (TfjG)\G, e + 6 G \ A". An example for X 0 G can 
be found in Fig.3.1.2. 




Fig. 3. 1.2 

Theorem 3.1.11 Let X be arcwise- connected space, G a graph and H the subgraph 
X fl G in X 0 G. Then for x 0 G X fl G, 
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7Tipf © G, X 0 ) = TTTw v 7 C (m \ rp yn 

|_^l (^e / \)^2v^e / \) I ^ \-^span ) J 

where i\ : tti(H,xo) — > X, i 2 : xo) —> G are homomorphisms induced by 

inclusion mappings, T span is a spanning tree in H , «a = A\e\B\ is a loop associated 
with an edge e\ = a\h\ E H \ T span , i 0 £G and A\, B\ are unique paths from x 0 to 
a x or from b x to x 0 in T span . 



Proof This result is an immediately conclusion of the Seifert- Van Karnpen 
theorem. Let U = X and V = G. Then X Q G = X U G and X D G — H. 
By definition, there are both semi-edges in G and H . Whence, they are opened. 
Applying the Seifert- Van Kampen theorem, we get that 



7Ti(X Q G,X o) — 



7li(X, So) * TTi(G,Xq) 
[if\g)i 2 (g)\ g g vri(X nG,x 0 )] ’ 



Notice that the fundamental group of a graph H is completely determined by 
those of its cycles. Applying Theorem 3.1.8, 



ni(H,x 0 ) = (o>\\e\ e E(H) \ Tspan) i 



where T span is a spanning tree in H , at\ = A\e\B\ is a loop associated with an edge 
Ca = a\bx £ H \ T span , x 0 G G and A\, B\ are unique paths from x 0 to a\ or from 
b\ to x 0 in T span . We finally get the following conclusion, 



7Ti(XQG,X 0 ) = 



7Ti(X, Xp) * 7Ti(G, Xo) 

[if l {a ex )i 2 {a ex )\ e A G E(H) \ 

Tspan ) ] 



□ 



Corollary 3.1.4 Let X be arcwise- connected space, G a graph. If X n G in X 0 G 
is a tree, then 

7Ti(X © G,X 0 ) = TX\ (X, Xg) * 7Ti (G,X 0 ). 

Particularly, if G is graphs shown in Fig. 3.1.3 following 





Fig. 3. 1.3 
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and X fl G — K\_ m , Then 



tti(X 0 B^,x 0 ) = ■k 1 (X,xq) * {Li\l <i<m ) , 



where Li is the loop of parallel edges (xo, xf) in Bf n for 1 < i < m — 1 and 

7Ti(X © S^,X o) = TTi(X, X 0 ). 



Theorem 3.1.12 Let ST m QG be a topological space consisting ofm arcwise connected 
spaces Xi, X 2 , ■ ■ ■ , X m , X t n X 3 = 0 for 1 < i,j < m attached with a graph G, 



V (G) = {x 0 , Xi, ■ ■ ■ , xi_i}, m < l such that X t fl G — {x^} for 0 < i < l — 1. Then 
TTi(^ m Q G,X 0 ) 



where X* = X t (J(xo, xf) with X f fl ( x 0 , Xi ) = {x^} for (x 0 , Xi) G E(G), integers 
1 < i < m. 

Proof The proof is by induction on m. If m = 1, the result is hold by Corollary 
3.1.4. Now assume the result on © G is hold for m < k < l 1. Consider 
m = k+ 1 < l. Let U = fX k QG and V = X k+1 . Then we know that fXk+iQG = UUV 
and U fl V — {x^+i}. 

Applying the Seifert- Van Kanipen theorem, we find that 




7Ti( 3G k+ i © G,x k +i) 



TTi(U,x k+1 ) * n 1 (V,x k+ 1) 



[if l (g)i2(g)\ g e v © (U nv,x k+1 )] 

7Ti(^ffc © G, Xp) * TT^Vfc+i, X k+l ) 

[h\g)i2(g)\ g e {e^J] 




by the induction assumption. 



□ 
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Particularly, for the graph Bf n or star S ^ in Fig.3.1.3, we get the following 
conclusion. 



Corollary 3.1.5 Let G be the graph B ^ or star S f l . Then 

Kli&mO B^xo) = (f[n 1 (X*,x 0 )\*7T 1 (Bf l ,x 0 ) 



K i=l 

m 



W-Ki^X^Xi-i) J * (Li\l <i <m) , 

<i= i / 

where Li is the loop of parallel edges (x 0 , Xi) in Bff for integers 1 < i < m — 1 and 

m m 

7Tl (%m 0 S^Xo) = Y\_Kl{X* , X 0 ) = Jj7ri(Xj,Zj_i). 



2—1 



2 — 1 



Corollary 3.1.6 Let X = © G be a topological space with simply-connected 

spaces Xj for integers 1 < i < m and Xq e X fl G. Then we know that 

Kl{X,X o) = 7 Ti(G,X 0 ). 



3.1.6 Generalized Seifert- Van Kampen Theorem. These results shown in 
Subsection 3.1.5 enables one to generalize the Seifert- Van Kampen theorem to the 
case of U fl V maybe not arcwise-connected following. 



Theorem 3.1.13 Let X = U U V , U,V C X be open subsets, X, U, V arcwise 
connected and let C 2 , ■ ■ ■ , C m be arcwise connected components in U C\V for an 
integer m > 1, Xj_i G b(x 0 , ay_i) C V an arc : I — > X with 5(0) = x 0 , 5(1) = x t _\ 
and b(xo, x;_i) DU = {xo, x;_i}, Cf = Ci (J 5(xo, x;_i) for any integer i , 1 < i < m, 
H a group and there are homomorphisms 



such that 



<t>\ : vri(C (J 5(x 0 , X;_ i), x 0 ) -> H, : vti(V, x 0 ) 



H 



^21 


— - 7Ti(C/ U 5(x 0 , Xi- 1, Xo)) 


ri 




Oil 





Ki{Cf , x 0 ) M x ,x 0 ) - H 



*i2 



Ji2 

fllOO.Xo) 



2 
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with (p\ ■ in = 02 • i% 2 , where in : TTi(Cf,x 0 ) — >■ 7Ti(D U 6(x 0 , Xj_i), x Q ), it 2 : 
ni(Cf, xo) -> 7Ti(V,x 0 ) andjii : 7ri(DU&(x 0 , X;_i, x 0 )) ->• 7Ti(X, x 0 ), j& : 7Ti(V,x 0 )) — > 
tti(X,xq) are homomorphisms induced by inclusion mappings, then there exists a 
unique homomorphism $ : / K\{X,xq) — > H such that $ • jn = <f>\ and $ • ji 2 = <f> l 2 
for integers 1 < i < m. 

Proof Define U E = C/(J{ b(xo,Xi) | 1 < i < m — 1}. Then we get that 
X = U E U V, U E ,V C A" are still opened with an arcwise-connected intersection 
U E flh= 0 Sf) , where S is a graph formed by arcs 6(x 0 , Xj_i), 1 < i < m. 

m 

Notice that © Sm T = (J Cf and Cf f) Cf = {xo} for 1 < i, j < m, j. 

2—1 

Therefore, we get that 

m 

Kli&m O S E , X 0 ) =(^)tt 1 (C E ,X 0 ). 

2—1 

This fact enables us knowing that there is a unique m-tuple (hi, h 2 , ■ • • , h m ), h, G 
7r 1 (Cf, Xj-i), 1 < z < m such that 

m 

y = Y[hi 

i— 1 

for G 7ri(JT m © Sf), x 0 ). 

By definition, 



iii : TTilC'f , x 0 ) 7Ti(C/ fl 6(x 0 , Xj_i), x 0 ), 



h2 : 7ri(Cf,x 0 ) — > 7Ti(V,x 0 ) 

are homomorphisms induced by inclusion mappings. We know that there are homo- 
morphisms 

if : tti( © S f , x 0 ) -> vti (D e , x 0 ), 

if : © 5f,x 0 ) -»■ 7Ti(V,X 0 ) 

with if | Wl (cf ,*o) = ®ii> L(cf ,* 0 ) = for integers 1 < i < m. 

Similarly, because of 

m 

7Ti (U E ,X 0 ) = 7Ti (U U 6(x 0 , Xj_i, X 0 )) 

2 — 1 
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and 

jn : iii(U U b(x 0 , Xi-i, x 0 )) — > iri(X,x 0 ), 
ji2 : TTl (V -»■ 7Ti(X,X 0 ) 

being homomorphisms induced by inclusion mappings, there are homomorphisms 
if : ®o) -»• ®o), if : x 0 ) Ki{X, x 0 ) 



induced by inclusion mappings with if | Wl (i7U6(so,a*-i,*o)) = i*i» if L(v,z 0 ) = i *2 for 
integers 1 < i < m also. 

Define 0f and 0 f by 



m m 

2—1 2—1 

Then they are naturally homomorphic extensions of homomorphisms 0*j , 0 2 for 
integers 1 < i < m. Notice that 0^ • in = 0 2 ■ i i2 for integers 1 < i < m, we get that 



0f • if («^) = 0f • if ( JJ K 

\i=l 

m 

= n (01 • info )) = n (02 ■ (k)) 

2—1 2 — 1 

= -^f (n^i ) = 



v 2=1 



i.e., the following diagram 



-7Ti([/ 






if 



$ 



7Ti(£/ E n v,£ 0 ) — ^(XjXo) H 



if 



7Tl(V,Xo) 



$ 



is commutative with 0f • if = 0 f • if. Applying Theorem 3.1.9, we know that there 
exists a unique homomorphism <3> : 7Ti( X,Xo) — > H such that <f> • jf = 0f and 
<3> • if = 0 f . Whence, $ • A j = (j)\ and <3> • j,; 2 = 0 2 for integers 1 < i < m. □ 
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The following result is a generalization of the classical Seifert-Van Kampen 
theorem to the case of maybe non-arcwise connected. 



Theorem 3.1.14 Let X , U, V, Cf, b(x 0 ,Xi_i) be arcwise connected spaces for any 
integer i, 1 < i < m as in Theorem 3.1.13, U E = f/ (J{ b(xo,Xi) | 1 < i < m— 1} and 
B f n a graph formed by arcs a(xo, £;_i) , b(xo,Xi-i), 1 < i < m, where a(xo, Xj_i) C U 
is an arc : / — > X with a(0) = x 0 , a(l) = x % _\ and a(xQ,Xi_f) fl V = {x 0 , 

Then 



TTi(X,X 0 ) = 



ni(U, Xp) * 7Ti(V, Xp) * TT^Bf, Xp) 

rn 

(if)- l (g) ■ i 2 (g)\ gefl vr i(Cf,x 0 ) 

i— 1 



? 



where if : tti(U e fl V, x 0 ) —> n l (U E ,x 0 ) and if : 'K\{U e fl V,Xp) — > 7r 1 (l/, xp) are 
homomorphisms induced by inclusion mappings. 



Proof Similarly, X = U E UV, U E , V C X are opened with U E DV = 

By the proof of Theorem 3.1.13 we have known that there are homomorphisms (j)f 
and ff such that ff ■ if = <ff ■ if. Applying Theorem 3.1.10, we get that 



/ y vri([/ E ,x 0 ) *7ri(V,x 0 ) 

11 ’ 01 [(i?)-'(X)-ii(J’)\J’£Mu E nv,x„)Y 



Notice that U E fl V E = © Sf. We have known that 



TT 1 (U E ,X 0 ) = 7Ti(f7,X 0 ) * vti (Bf,x 0 ) 



by Corollary 3.1.4. As we have shown in the proof of Theorem 3.1.13, an element 
J? in 7Ti ( SXm © Sf,x o) can be uniquely represented by 



s = Y[hi, 

i= 1 



where hi e (Cf, x 0 ), 1 < i < m. We finally get that 



K\{X,X o) = 



7ii(U,x 0 ) * 7Ti(V,x 0 ) * iifB^xp) 

m 

{if)~ l {g)-if(g)\ g e Yl^i{Cf,x 0 ) 

2—1 



□ 



The form of elements in 7r 1 (^ ri 0S'^, x 0 ) appeared in Corollary 3.1.5 enables one 
to obtain another generalization of classical Seifert-Van Kampen theorem following. 
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Theorem 3.1.15 Let X, U , V , C\, C 2 , ■ • ■ , C m be arcwise- connected spaces, b{x 0 , X{- \ 
arcs for any integer i, 1 < i < m as in Theorem 3.1.13, U E = U |J{ b(x 0 , Xj_i) | 1 < 
i < m} and Bf n a graph formed by arcs a(x 0 , ay_i), b(x 0 ,Xi_ 1 ), 1 <i <m. Then 



7ll(X,X 0 ) = 



TTl{U,X 0 ) * 7Ti(V,Xq) * 7Ti(E^,Xo) 

m 

(*f) _ 1 0 ) -^2(9)1 9 e riTn^x^i) 

i=l 



J 



where if : tt\{U e D V,xq) — * ni(U E ,xo ) and if : ni(U E fl V,xq) — > 7Ti(V,xo) are 
homomorphisms induced by inclusion mappings. 

Proof Notice that U E fl V = 0 5'^. Applying Corollary 3.1.5, replacing 



VTl(^ m O S E ,x 0) 



(if) l (9)-if(9)\ 9 ^\\^i(C E ,x 0 ) 

1=1 



by 

m 

^1)^(9) - if (g)\ 9 e 

2=1 

in the proof of Theorem 3.1.14. We get this conclusion. □ 

Particularly, we get corollaries following by Theorems 3.1.13, 3.1.14 and 3.1.15. 



ni(&m © S E ,x 0 ) = 



Corollary 3.1.7 Let X = U U V , U,V C X be open subsets and X, U, V and 
U fl V arcwise connected. Then 

(x ni(U,xo)*7ri(V,x Q ) 

1X1 ’ X ° [h 1 (9) • *2 (0)|0 e tt^U nV,x 0 )] ’ 

where i\ : ^(t/ fl V,x 0 ) — * ni(U,x 0 ) and i 2 : 7Ti(C/ fl V, x 0 ) — > 7Ti(V, x 0 ) are homo- 
morphisms induced by inclusion mappings. 

Corollary 3.1.8 Let X, U, V, Ci, a(x 0 ,Xi), b(x 0 ,Xi) for integers i, 1 < i < m be 
as in Theorem 3.1.13. If each Ci is simply- connected, then 



7li(X,X 0 ) = 7Ti(f/,X 0 ) * 7Ti(V,Xo) * ^(B^, X Q ) . 



Proof Notice that Cf, Cf , • • • , Cf are all simply-connected by assumption. 
Applying Theorem 3.1.15, we easily get this conclusion. □ 
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Corollary 3.1.9 Let X, U, V, Ci, a{xQ,xf), b(xo,Xi ) for integers i, 1 < i < m be 
as in Theorem 3.1.13. IfV is simply-connected, then 

*,(*,*„) = j 

(i?)- 1 ^) ■ i$(g)\ g E flM c F,xo) 

1=1 

where if : tti(U e D V,xf) — > n l (U E ,x 0 ) and if : ni(U E D V,x 0 ) — > nifV, x 0 ) are 
homomorphisms induced by inclusion mappings. 



3.1.7 Covering Space. A covering space S' of S' consisting of a space S with 
a continuous mapping p : S — > S such that each point x E S has an arcwise 
connected neighborhood C/ x and each arcwise connected component of p~ l (U x ) is 
mapped topologically onto U x by p. An opened neighborhoods U x that satisfies the 
condition just stated is called an elementary neighborhood and p is often called a 
projection from S to S. 

For example, let p : R — > S 1 be defined by 



pit) = (sin(i), cos(t)) 

for any real number t E R. Then the pair (R, p) is a covering space of the unit 
circle S 1 . In this example, each opened subinterval on S 1 serves as an elementary 
neighborhood. 



Definition 3.1.5 Let S,T be topological spaces, xq E S, yo E T and f : ( T,y 0 ) — > 
(S,Xo) a continuous mapping. If (S,p) is a covering space of S, x 0 E S, x 0 = p(x 0 ) 
and there exists a mapping f l : (T, y 0 ) — > (S, Xq) such that 

f = f l °P , 

then f l is a lifting of f , particularly, if f is an arc, f l is called a lifting arc. 

Theorem 3.1.16 Let (S,p) be a covering space of S, xq E X and p(x 0 ) = x$. 
Then there exists a unique lifting arc f l : I — > S with initial point x$ for each arc 
f : I — > S with initial point x 0 . 

Proof If the arc / were contained in an arcwise connected neighborhood U , 
let V be an arcwise connected component of p -1 (£l) which contains Xq, then there 
would exist a unique f 1 in V since p topologically maps V onto U by definition. 
Now let {Ui} be a covering of S by elementary neighborhoods. Then {f~ l {Uf)} 
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is an opened cover of the unit interval I, a compact metric space. Choose an integer 
n so large that 1/n is less than the Lebesgue number of this cover. We divide the 
interval / into these closed subintervals [0, 1/n], [1/n, 2/n], • • • , [(n — l)/n, 1]. 

According to Theorem 3.1.3, / maps each subinterval into an elementary neigh- 
borhood in {Ui}. Define f l a successive lifting over these subintervals. Its connect- 
edness is confirmed by Corollary 3.1.1. 

For the uniqueness, assume f[ and f 2 be two liftings of an arc f : I —> S with 
f[(x o) = f 2 (x o) at the initial point xq. Denote A = {x G I\f[(x) = f 2 {x)}. We 
prove that A = I . In fact, we only need to prove it is both closed and opened. 

If A is closed, let x\ G A and x = pf[(x i) = pf 2 (x i). Then f[(x i) ^ f 2 (x i). 
We show this will lead to a contradiction. For this object, let U be an elementary 
neighborhood of x and Vj , V 2 the different components of p~ l {U) containing f[{x 1) 
and f 2 (xi ) , respectively, i.e., Vj fl Vj = 0. For the connectedness of f[, f 2 , we can 
find a neighborhood W of x x such that f[(W) C Vj and f 2 (W) C Vj. Applying 
the fact that any neighborhood W of X\ must meet A, i.e., f(W fl A) C V 0 fl Vj, a 
contradiction. Whence, A is closed. 

Similarly, if A is closed, a contradiction can be also find. Therefore, A is both 
closed and opened. Since A 7^ 0, we find that A = /, i.e., f[ = f 2 . □ 

Theorem 3.1.17 Let ( S,p ) be a covering space of S, xq E S and p(xo) = xq. Then 

( i ) the induced homomorphism p* : tt(S, xq) — > ir(S, Xo) is a monomorphism; 

(ii) for x G p” 1 (xo), the subgroups p*7r(S', xo) are exactly a conjugacy class of 
subgroups of tt(S,x 0 ). 

Proof Applying Theorem 3.1.16, for x 0 G S and p(x 0 ) = x 0 , there is a unique 
mapping on loops from S with base point x 0 to S with base point x 0 . Now let 
Li : I —> S, i — 1, 2 be two arcs with the same initial point xo in S. We prove that 
if pLi ~ pL 2 , then L\ ~ L 2 . 

Notice that pLi ~ pL 2 implies the existence of a continuous mapping H : 
/ x I — > S such that H(s, 0) = ph(s) and H(s, 1) = pL 2 (s). Similar to the proof 
of Theorem 3.1.16, we can find numbers 0 = So < Si < • • • < s m = 1 and 0 = to < 
ti <■■■< t n — 1 such that each rectangle [sj_i,Sj] x [tj-i,tj\ is mapped into an 
elementary neighborhood in S by H . 

Now we construct a mapping G : / x / — > S with pG = H, G(0, 0) = x 0 hold 
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by the following procedure. 

First, we can choose G to be a lifting of H over [0, si] x [0, t\\ since H maps this 
rectangle into an elementary neighborhood of p(x o). Then we extend the definition 
of G successively over the rectangles [sj_i, s*] x [0, tj for i = 2, 3, • • • , m by taking 
care that it is agree on the common edge of two successive rectangles, which enables 
us to get G over the strip / x [0, £i]. Similarly, we can extend it over these rectangles 
/ x [£i,i 2 ], [^ 2 ,^ 3 ], • • ■) etc.. Consequently, we get a lifting H l of H, i.e. , Li ~ L 2 by 
this construction. 

Particularly, If Li and L 2 were two loops, we get the induced monomorphism 
homomorphism p* : tt(S,x 0 ) — »■ tt(S,x 0 ). This is the assertion of ( 2 ). 

For (n), suppose x\ and x 2 are two points of S such that p(x 1 ) = p(x 2 ) = xq. 
Choose a class L of arcs in S from x\ to x 2 . Similar to the proof of Theorem 3.1.7, 
we know that J 2 ? = LfajL” 1 , [a] G tt(S, xf) defines an isomorphism 2z? : ti(S, xf) — > 
ti(S,x 2 ). Whence, Ti)) = p*(L)n(S, T 2 )p*(T^ 1 ). Notice that p*(L) is a loop 

with a base point xq. We know that p*(L) G tt(S,x 0 ), i.e., p*7r(S', xq) are exactly a 
conjugacy class of subgroups of tt(S,xo). □ 

Theorem 3.1.18 If (S,p) is a covering space of S, then the sets p~ l (x) have the 
same cardinal number for all x G S. 

Proof For any points X\ and x 2 G S, choosing an arc / in S with initial point X\ 
and terminal point x 2 . Applying /, we can define a mapping T : p~ l {x 1 ) — > p^ 1 (x 2 ) 
by the following procedure. 

For V 2/1 G p~ 1 (xi), we lift / to an arc f l in S with initial point y\ such that 
pf 1 = f. Denoted by y 2 the terminal point of f l . Define \l l(yi) = 2 / 2 - 

By applying the inverse arc / -1 , we can dehne T~ 1 ( 2 / 2 ) = y\ in an analogous 
way. Therefore, i/j is a 1 — 1 mapping form p~ l [x 1 ) to p~ 1 (x 2 ). □ 

The common cardinal number of the sets p~ 1 (x) for x G S is called the number 
of sheets of the covering space (S,p) on S. If |p _1 (^)| = n for x G S, we also say it 
is an n-sheeted covering. 

We present an example for constructing covering spaces of graphs by voltage 
assignment. 

Example 3.1.3 Let G be a connected graph and (Tjo) a group. For each edge 
e G E(G), e = uv, an orientation on e is an orientation on e from u to v, denoted by 
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e = (u, v ) , called plus orientation and its minus orientation , from v to u, denoted 
by e~ 1 = (v,u). For a given graph G with plus and minus orientation on its edges, 
a voltage assignment on G is a mapping a from the plus-edges of G into a group 
T satisfying a:(e -1 ) = a _1 (e),e G E(G). These elements a(e),e G E(G) are called 
voltages, and (G, a) a voltage graph over the group (T; o). 

For a voltage graph (G,a), its lifting G a = (V(G a ), E(G a );I(G a )) is defined 
by 

V ( G a ) = V (G) x T, (u, a) G V (G) x T abbreviated to u a ; 

E(G a ) = {(u a ,v aob )\e + = (u,v) G E(G),a(e + ) = b} 



and 

I(G a ) = {(u a ,v aob )\I(e) = (u a ,v a o6 ) if e= (u a ,v aob ) G E(G a )}. 

This is a Irl-sheet covering of the graph G. For example, let G = and 



T = Z 2 . Then the voltage graph (K 3 , 
in Fig. 3. 1.4. 



u 




) with a : K 3 — > Z 2 and its lifting are shown 



u 0 




G° 



Fig. 3. 1.4 

We can find easily that there is a unique lifting path in F l with an initial point 
x for each path with an initial point x in T, and for Vx G T, |p _1 (x)| = 2. 

Let (S'ljPi) and (S , 2 ,P 2 ) be two covering spaces of S. We say them equivalent 
if there is a continuous mapping (p : (Si, pi) —■ ► (S 2 ,P 2 ) such that p\ = p 2 <p, par- 
ticularly, if ip : (S,p) — > ( S,p ), we say an automorphism of covering space (S,p) 
onto itself. If so, according to Theorem 3.1.17, Pi*7r(*S'i, xf) and P 2 *^(S\, x 2 ) both 
are conjugacy classes in tt(S,xq). Furthermore, we know the following result. 

Theorem 3.1.19 Two covering spaces (Si,pi) and (S 2 ,P 2 ) of S are equivalent if 
and only if for any two points X\ G Si, x 2 G S' 2 with p\{xf) = ^2(^2) = Xo, these 
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subgroups pi*n (Si, x\) and p 2 *n(Si, x 2 ) belong to a same conjugacy class in tt(S, x o). 

3.1.8 Simplicial Homology Group. A n- simplex s = [ai, a 2 , ■ ■ ■ , a n ] in a 

Euclidean space is a set 

n+1 n+1 

S = { XiPilXi > 0 and X] \ = 1}, 

2=1 2=1 

abbreviated to s sometimes, where each a*, 1 < i < n is called a vertex of s and n 
the dimensional of s. For two simplexes = \b\, b 2 , ■ ■ • , b m ] and s 2 = [ai, 0 , 2 , • ■ • , a n ], 
if {61, b 2 , • • • , b m } C {ai, a 2 , ■ ■ ■ , a n }, i.e., each vertex in Sj is a vertex of s 2 , then Sj 
is called a face of s 2 , denoted by s, -< s 2 . 

Let K be a collection of simplices. It is called a simplicial complex if 

(i) if s, t £ K , then s fl t is either empty or a common face of s and of t\ 

(ii) if t -< s and s e K, then t e K . 

Usually, its underlying space is defined by \K\ = (J s, i.e., the union of all the 

seK 

simplexes of K. See Fig. 3. 1.5 for examples. In other words, an underlying space is 
a multi- simplex. The maximum dimensional number of simplex in K is called the 
dimensional of K , denoted by dim/i . 




simplicial complex non-simplieial complex 



Fig. 3. 1.5 

A topological space P is a polyhedron if there exists a simplicial complex K 
and a homomorphism h : \K\ — ► P. An orientation on a simplicial complex K is 
a partial order on its vertices whose restriction on the vertices of any simplex in K 
is a linear order. Notice that two orientations on a simplex are the same if their 
vertex permutations are different on an even permutation. Whence, there are only 
two orientations on a simplex determined by its all odd or even vertex permutations. 
Usually, we denote one orientation of s by s denoted by s = a 0 ai • • • a n if its vertices 
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are do, ai, • • • , a n formally, and another by — s = — a 0 ai • • • a n in the context. 

Definition 3.1.6 Let K be a simplicial complex with an orientation and T q (k) all 
q-dimensional simplexes in K , where q > 0, an integer. A q-dimensional chain on 
K is a mapping c : T q (K) — > Z such that f(—s ) = — /(s). The commutative group 
generated by all q-chains of K under the addition operation is called a q-dimensional 
chain group, denoted by C q (K). 

If there are a q oriented q- dimensional simplexes S] , s 2 , • • ■ ,s aq in K, define a 
standard chain c 0 : T q (K) — > {1, —1} by c 0 (sf) = 1 and c 0 (— sf) = — 1 for 1 < i < a q . 
These standard g-dimensional chains c 0 (sj ) , c 0 (s 2 ), • • • , c 0 (s Q ) are also denoted by 

a q 

Si, s 2 , ■ ■ ■ ,s olq if there are no ambiguous in the context. Then a chain c= Yh c {tLi)tLi 
for Vc G C q (K ) by definition. 

Definition 3.1.7 A boundary homomorphism d q : C q (K) — ► C q -i(K) on a simplex 
s = aoai, • • • a q is defined by 

q 

d q s = ^(-1 )*a 0 a 1 ■ -a q , 

i = 0 

where at means delete the vertex ai and extending it to Vc G C q (K ) by linearity, i.e., 
for c=Y e C q (K), 

i= 1 

9 q (c) = J2 c ^d q (s.i) 

2—1 

and d q (c) = 0 if q < 0 or q > dimA'. 

For example, we know that dia 0 ai = ai~a 0 and <9 2 ao a i a 2 = aia 2 — a 0 a 2 + a 0 ai = 
a 0 a\ + a\a 2 + a 2 a 0 for simplexes in Fig.3.1.6. 



ao 




Fig. 3.1.6 
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These boundary homomorphisms d q have an important property shown in the 
next result, which brings about the conception of chain complex. 



Theorem 3.1.20 d q -\d q = 0 for Vg G Z . 



Proof We only need to prove that d q -\d q = 0 for Vs G T q (K ) and 1 < q < dim/i . 
Assume s = ao«i • • • a q . Then by definition, we know that 



d q -id q s 



9 

0 q —\ ( ^ ^ ( 1 ) (Xo^l * ■ ' Q>i * * * Ug) 

i= 0 
9 

^ ] ( 1) 9q— l(®0®l ' Qji ' )) 

i= 1 

q i — 1 

E(- 1 ) i E(- 1 ) Ja ° ai ■ ■ '“j " ■ "s) 

»=i j=i 

9 

T ^ ^ ( — 1 V (lo®l ■ • • Qj ■ • • CLj • ■ • flg 
j=*+l 

E (-l)* +J aoai • ■ -a,- ■ • -a* ■ • -a, 

0<j<i<q 

- ^ (-iy +J a 0 ai ■■ -a* ■ a q 

0<i<j<q 

0. 



This completes the proof. □ 

A chain complex [fio] d ) is a sequence of Abelian groups and homomorphisms 



0 



/ V A — 1 y^ "A 

^q+ 1 ^ ^ ^ 1 



0 



such that d q d q+ i = 0 for Vg G Z. Whence, Im<9 f/+1 c Ker9 q in a chain complex 

By Theorem 3.1.20, we know that chain groups C q (K) with homomorphisms 
d q on a simplicial complex K is a chain complex 

o - • ■ • - C q+1 {K) "H 1 C q (K) % Cq.^K) - > 0. 



The simplicial homology group is defined in the next. 



Definition 3.1.8 Let K be an oriented simplicial complex with a chain complex 
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Then Z q (K) = Ker<9 g; B q (K) = Irnc^+i and H q = Z q (K) / B q (K) are called the group 
of simplicial q-cycles, the group of simplicial q-boundaries and the q th simplicial 
homology group, respectively. An element in Z q (K ) or B q (K) is called q-cycles or 
q-boundary. 

Generally, we define the q th homology group H q = Ker<9 f/ /Im<9 ?+1 in a chain 
complex {fS'\d). 

By definition 3.1.8, two g-dimensional chains c and c! in C q (K) are called ho- 
mologic if they are in the same coset of B q (K ), i.e. , c — c' £ B q (K). Denoted by 
c ~ d . Notice that a planar triangulation is a simplicial complex K with dim K = 2. 
See Fig. 3. 1.7 for an example. 



a 




In this planar graph, abc , abd, acd and bed are 2-simplexes, called surfaces. Now 
define their orientations to be a— > fe — > c — > a, a ^ b ^ d — > a, a ^ c ^ d — > a and 
b c d b. Then c = abc — abd + acd — bed is a 2-cycle since 

d 2 c = d 2 (abc ) — d 2 (abd ) + d 2 (acd ) — d 2 (bcd) 

= be — ac + ab — bd + ad — ab + cd — ad + ac — cd + bd — be = 0. 

Definition 3.1.9 Let K be an oriented simplicial complex with a chain complex 
with a q q-dimensional simplexes, where q = 0, 1, • • • , dimiF. The Euler-Poincare 
characteristic x(iF) of K is defined by 

dim K 

X(K)= 

9=0 

For example, the Euler -Poincare characteristic of 2-complex in Fig.3.1.7 is 
x(A') = a 2 - + o 0 = 4 - 6 + 4 = 2. 
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Theorem 3.1.21 Let K be an oriented simplicial complex. Then 

dim K 

x(K) = Y. ( — 1 ) q rankH q (K), 

9=0 

where rankG denotes the cardinal number of a free Abelian group G. 

Proof Consider the chain complex 

o - • • • - C q+1 {K) ^ C q {K) h C q — 1 (AT) - • • • - 0. 

Notice that each C q (K) is a free Abelian group of rank a q . By definition, 
H q = Z q (K)/B q (K) = Kerdq/Imd q+1 . Then 

rank H q (K) = rank Z q (K) — rank B q (K). 

In fact, each basis {Bi, B 2 , ■ ■ ■ , B rank B q (K)} of B q (K) can be extended to a basis 
{Z i, Z 2 , ■ ■ ■ , Z VAnkZq{K) } by adding a basis {H u H 2 , ■ ■ • , H rankHq{K) } of H q (K). 
Applying Corollary 2.2.3, we get that B q _i(K) = C q (K) / Z q (K). Whence, 

rankBq_i(K) = a q — rankZ g (A") 

Notice that ranki?_ 1 (/i) = rankE^im# = 0 by definition, we find that 

dim K 

xo<) = 

g=0 

dimiC 

= (— l) 9 (rankZ g (A") + rankA g _i(A")) 

9=0 

dimiC 

= (— l) g (rankZ g (A") — rankF? g (A")) 

9=0 

dimiC 

= ( — 1 ) 9 r ankihg ( AT) . □ 

9=0 

3.1.9 Surface. For an integer n > 1, an n-dimensional manifold is a second count- 
able Hausdorff space such that each point has an open neighborhood homomorphic 
to a Euclidean space R ra of dimension n, abbreviated to n-manifold. 

For example, a Euclidean space R n is itself an n-manifold by definition, and 
the n-sphere 

S n = {{xi,x 2 , ■ --,x n+1 ) G R n+1 |xij ! + xl H f x 2 n+x = 1} 
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is also an n-rnanifold. 

Classifying n-manifolds for a given integer n is an important but more complex 
object in topology. However, for n — 2, this classification is complete(see [Masl] for 
details), particularly for surfaces, i.e., 2-connected manifolds without boundary. 

T.Rado presented a representation for surfaces by proved that there exists a 
triangulation {Ti,i > 1} on any surface S in 1925, usually called T.Rado theorem, 
which enables one to define a surface combinatorially, i.e., a surface is topological 
equivalent to a polygon with even number of edges by identifying each pairs of edges 
along a given direction on it. If label each pair of edges by a letter e, e G £, a surface 
S is also identifying with a cyclic permutation such that each edge e, e E £ just 
appears two times in S , one is e and another is e -1 . Let a, h, c, • • • denote the letters 
in £ and A, B ,C, ■ ■ ■ the sections of successive letters in a linear order on a surface 
S (or a string of letters on S ). Then, a surface can be represented as follows: 

S= a, B, a~\ <?,•■■), 

where, a E £,A, B , C denote a string of letters. Define three elementary transfor- 
mations as follows: 



(Oi) 


(A 


a, a 1 , B) <S=> (A, P); 


( 02 ) 


(0 


{A, a, b, B, 6 _1 , a" 1 ) yy (A, c, B, c _1 ); 




(**) 


(A, a, b, B, a, b) yy {A, c, B, c); 


(Os) 


(0 


{A, a, B , C, a -1 , D) yy (P, a, A, D, a -1 , C) 




(ii) 


{A, a, P, C, a, D ) yy (P, a, H, C -1 , a, D” 1 



If a surface S can be obtained from So by these elementary transformations 
O1-O3, we say that S is elementary equivalent with So, denoted by S ~ei So- Then 
we can get the classification theorem surfaces. 

Theorem 3.1.22 A surface is homeomorphic to one of the following standard sur- 
faces: 

(Po) the sphere: aa~ l ; 

(P n ) the connected sum ofn,n> 1 tori: 

a 1 b 1 af 1 bf 1 a 2 b 2 af 1 bf 1 ■ ■ ■ 

(Q n ) the connected sum of n,n> 1 projective planes: 
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Q,\CL\Qj c 2 i Qj‘2 * * * CLfiCLn • 



Proof By operations 0\ — O 3 , we can prove that 



AaBbC a~ l Db -1 E ~ El ADCBEaba~ l b ~ l , 
AcBcC ~ ei AB l cc, 

Accaba~ l b~ l ~ E i Accaabb. 



Applying the inductive method on the cardinality of S, we get the conclusion. □ 
Now let S' be a topological space with a collection ^ of open sets and is an 
equivalence on points in S. For convenience, denote C[u] = (u G S\v u } and 
S/ = {C['u]|'U G S'}. There is a natural mapping p form S' to S'/ ~s determined 
by p(u) = [u] , similar to these covering spaces. 

We define a set U in S'/ to be open if p - 1 (t/) G S is opened in S'. With 
these open sets in S'/ 

S 7 S/ rsJ S become a topological space, called the quotient 

space of S under g m 

For example, the combinatorial definition of surface is just an application of the 
quotient space, i.e., a polygon S' with even number of edges under an equivalence 
on pairs of edges along a given direction. Some well-known surfaces, such as the 
sphere, the torus and Klein Bottle, are shown in Fig. 3. 1.8. 



Theorem 3.1.23([Masl-2],[Youl]) These fundamental and homology groups of sur- 
faces are respective 



sphere 



torus 



projective plane Klein bottle 



Fig. 3. 1.8 



r 



7Ti(Po) = ( 1 ) , the trivial group; 




and 
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H q (Pn) = 



2 n 



q = 0, 2; 



Z © Z © • • • © Z, q — 1; 

k 0) Q 7^ 0, 1, 2, 



tf.(Qn) = 



n— 1 



“ z©z 



l o, 



q = 0; 



Z ©Z 2 , q — 1; 



for any integer n > 0. 



□ 



§3.2 EUCLIDEAN GEOMETRY 

3.2.1 Euclidean Space. A Euclidean space on a real vector space E over a field 
& is a mapping 

(•,•): E x E — > R with (©, e 2 ) — * ► (e© e 2 ) for Vei, e 2 G E 
such that for e,ei,e 2 e E, q £ ^ 

(El) (e,ei + e 2 ) = (e,ei) + (e,e 2 ); 

(E2) (e,aei) = a (e,ei); 

(E3) (ei,e 2 ) = (e 2 ,ei); 

(E4) (e, e) > 0 and (e, e) = 0 if and only if e = 0. 

I 11 a Euclidean space E. the number ^ (e, e) is called its norm, denoted by ||e|| 
for abbreviation. 

It can be shown that 

(i) (0, e) = (e, 0) = 0 for Ve G E; 

In m \ n m 

(m) ( E Ae* , E 2/»e? ) = E E^d/j (ej,ej), for ef G E, where 1 < i < 

\i = 1 j=l / i=li=l 

max{m, n} and s = 1 or 2. 

In fact, let © = e 2 = 0 in (El), we find that (e, 0) = 0. Then applying (E3), 
we get that (0,e) = 0. This is the formula in (i). 
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For (ii), applying (E1)-(E2), we know that 



m n 



Xie i> ) = X] ( Xie t’ yil 

:i = 1 1=1 / 3 = 1 \i= 1 



m / n 



^2vi\^2 x i e h 

3 = 1 \ *=1 






j=l \ i= 1 , 

n m 

- ZZ^^i’^ 1 ) 

i= 1 1=1 

n m 

- ZZ^(^ 2 }. 

i= 1 1=1 

Theorem 3.2.1 Let E 6 e a Euclidean space. Then for Vey, 62 £ E, 

(0 I (er,e 2 ) | < ||e a || ||e 2 1| ; 

(*) Hei + e 2 ||< ^11 + ||e 2 ||. 

Proof Notice that the inequality (i) is hold if ei or e 2 = 0. Assume ei 7 ^ 0. Let 



_ (ei,e2) 

(ei,ei) ' 



a; = . Since 



(e 2 - xe-i, e 2 - xef) = (e 2 , e 2 ) — 2 (ei, e 2 ) x + (ei, ei) x 2 > 0 . 
Replacing x by in it, we find that 



(ei,ei) (e 2 ,e 2 ) - (ei,e 2 ) 2 > 0 . 



Therefore, we get that 



|(e 1 ,e 2 )|<||e 1 ||||e 2 ||. 



For the inequality (ii), applying the inequality (i), we know that 



||(ei,e 2 )|| 2 — (ei + e 2 , e± + e 2 ) 

— ( e h e i) + 2 (ei, e 2 ) + (e 2 , e 2 ) 

= (ei,ei) + 2 | (ei,e 2 ) | + (e 2 ,e 2 ) 

< (ei, ei) + 2 || (ei, ei) || || (e 2 , ei) || + (e 2 , e 2 ) 
= (l|ei|| + ||e 2 ||) 2 . 
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Whence, 



lei + e 2 || < ||ei|| + ||e 2 | 



□ 



Definition 3.2.1 Let E be a Euclidean space, a, b E E, a ^ 0, b ^ 0. The angle 
between a and b are determined by 



cos 6 





Notice that by Theorem 3.2.1 (i) , we always have that 



-1 < 




< - 1 . 



Whence, the angle between a and b is well-defined. 



Definition 3.2.2 Let E be a Euclidean space, x, y G E. x and y are orthogonal 
if (x,y) = 0. If there is a basis ei,e 2 , ■ ■ ■ ,e m of E such that ei,e 2 , ■ ■ ■ ,e m are 
orthogonal two by two, then this basis is called an orthogonal basis. Furthermore, if 
1 1 e* 1 1 = 1 for 1 < i < m, an orthogonal basis ei, e 2 , • • •, e m is called a normal basis. 



Theorem 3.2.2 Any n-dimensional Euclidean space E has an orthogonal basis. 



Proof Let a 1; a 2 , • • • , a n be a basis of E. We construct an orthogonal basis 
bi, b 2 , ■ ■ ■ , b n of this space. Notice that (bi,bi) ^ 0, choose bi = a\ and let 

T - (a2,bi) r 

b 2 = a 2 - , T = . h. 

0l,0l) 



Then b 2 is a linear combination of a\ and a 2 and 



&2, bi) — (a 2 , bf) — j= - | (bi, bf) — 0, 
\b i, oi/ 



i.e. , b 2 is orthogonal with b\. 

Assume we have constructed bi,b 2 , ■ ■ ■ , b k for an integer 1 < k < n — 1, and 
each of which is a linear combination of a\, a 2 , • ■ ■ , a*, 1 < % < k. Notice that 
(bi,b i) , (b 2 , b 2 ) , • • • , (b k -i,b k -i) ^ 0. Let 
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Then b k is a linear combination of a\, a 2 , • • • , a k ~i and 



(h,bi) = (a k ,bi) - (b u bi) *>, (h-ubt) 

{bi,bi) {bk-i,bk-i) 



= (a k , bi) - (K k ) = 0 

uij 

for i = 1 , 2, • • • , k — 1 . Apply the induction principle, this proof is completes. □ 

Corollary 3.2.1 Any n-dimensional Euclidean space E has a normal basis. 

Proof According to Theorem 3.2.2, any n-dimensional Euclidean space E has 
an orthogonal basis ai, a 2 , • • • ,a m . Now let e± = p-A, e 2 = ■ ■ -, e m — fffjf 

Then we find that 

(e,.e J ) = fffE=0 



a,- a,- 



and 



e, : = 



d{ 






= 1 



\\cbi\\ \\ a i\\ 

for 1 < i, j < m by definition. Whence, ei, e 2 , • • • , e m is a normal basis. 



□ 



Definition 3.2.3 Two Euclidean spaces E 1; E 2 respectively over fields J^i, J£" 2 are 
isomorphic if there is a 1 — 1 mapping h : E x — > E 2 such that for Vei, e 2 G Ei and 
OL G TP 1 , 

(i) h(e 1 + e 2 ) = h(e 1 ) + h(e 2 ); 

(if) /i(ae) = ah(e ); 

(iii) (ei,e 2 ) = (h(ei), h(e 2 )). 

Theorem 3.2.3 Two finite dimensional Euclidean spaces E 1; E 2 are isomorphic if 
and only i/dimEi = dimE 2 . 

Proof By Definition 3.2.3, we get dimEi = dimE 2 if Ei, E 2 are isomorphic. 
Now if dimEi = dimE 2 , we prove that they are isomorphic. Assume dimEi = 
dimE 2 = n. Applying Corollary 3.2.1, choose normal bases ai, a 2 , • • • , a n of Ei and 
bi,b 2 , ■ ■ ■ , b n °f E 2 , respectively. Define a 1 — 1 mapping h : E x — > E 2 by hifaf) = b t 
for 1 < i < n and extend it linearity on Ei, we know that 

n n 

h(^2xidi) = ’Y^Xjhifdi). 
i = 1 i=l 
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Let x i a i and Y Vi a i be two elements in Ei. Then we find that 



i = 1 



i = 1 



and 



^ ^ ^ ^ j ^ ^ Xit/i 

, i= 1 i=l / j=l 



n n \ n 

h{£,x i a i ),h(Ey* ls *) ) = X x dh 

i=l j=l / j=l 



Therefore, we get that 

^ n n 

X X yiUi ) = ( MX MX Vil 



□ 



2=1 2=1 



2=1 



2=1 



Notice that the Euclidean space R n is an n-dimensional space with a normal 
basis 1 \ = (1, 0, • • • , 0), 62 = (0, 1, • • • , 0), • • •, e n = (0, 0, • • • , 1) if define 

n 

((x 1 ,x 2 - ■ ■ ,x n ),(yi,y2,- ■ ■ ,y n )) = X Xi2/i - 

2=1 

for (xi, x 2 ■ ■ ■ , x n ), (yi, y 2 , ■ ■ ■ , y n ) G R n . Consequently, we know the next result. 
Corollary 3.2.2 Any n-dimensional Euclidean space E is isomorphic to R n . 



3.2.2 Linear Mapping. For two vector space Ei, E2 over fields J^i, #2, respec- 
tively, a mapping T : E x — >■ E 2 is linear if 



T(aa + b) = aT(a ) + T{b ) 

for Va, be Ei and Va G 

If — R, all such linear mappings T from Ex to E 2 forms a linear space 

over R, denoted by L(E 1; E 2 ). It is obvious that L(Ei, E 2 ) C Ef 1 . 

Theorem 3.2.4 If dimEi = n, dimE 2 = m, then dimL(Ei,E2) = nm. 

Proof Let e\, e 2 , • • • , ef and e\ , e|, ■ ■ ■ , ef m be basis of Ei and E 2 , respectively. 
For each pair (i,j), 1 < i < n, 1 < j < m, define an element Z ij? - G Z^Ex, E 2 ) with 

hj(e}) =e 2 j and hj(el) — 0 if k i. 

71 

Then for x = Y £ Ei, we have hj(x) = xie*. We prove that 1 < i < n, 
2=1 

1 < j < m consists of a basis of L(E 1; E 2 ). 
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In fact, if there are numbers Xij G R, 1 < i < n, 1 < j < m such that 



J %3 
n m 



then 



x ijhj 0 , 

i=i j = i 



^( e i) = °( e i) = ° 

i=l 3 = 1 



for e*, 1 < i < n. Whence, we find that 

m 

22 x ij^ = o- 

i=i 

Since ef, e|, • • • , are linearly independent, we get x l3 = 0 for 1 < j < m. 
Therefore, i l3 , 1 < i < n, 1 < j < m are linearly independent. 

Now let / G L(E!,E 2 ). If 

m 

/(e-) = J] 

3 = 1 

then 

m n m 

f( e k) — ^ ] fJ'kj&j — ^ ^ ^ ijhj( e k )' 

j=l *=1 j=l 

By the linearity of /, we get that 

m n m 

f = 'y ' f i kj e j = y ' ^ ' t 1 ijhji 

3=1 i= 1 3=1 



i.e. , / is linearly spanned by l tJ , l<i<n,l<j<m. 

Consequently, dimL(E 1 .E 2 ) = nm. □ 

In L{ E, Ei), if Ei = R, the linear space L( E. R) consists of linear functionals 
/ : E - R, is called the dual space of E. denoted by E*. According to Theorem 
3.2.4, we get the next consequence. 



Corollary 3.2.3 dimE* = dimE. 

Now let Ei, E 2 , • ■ • . Efc and F be linear spaces over fields J^i, # 2 , • • • , & k and 
respectively, a mapping 



T : Ei x E 2 x • • • x E fc 



F 
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is called k -multilinear if T is linear in each argument separately, i.e., 

Tie i, ■■■,ae i + pj^ ■ ■ • , e k ) = aT(e u ■ ■ ■ ,e h ■ ■ ■ ,e k ) + pf(e • • • , ■ ■ • , e k ) 

for a, P E 1 < i < k. All such multilinear mappings also form a vector space, 
denoted by L( Ei, E 2 , • • • , E*,; F). Particularly, if E, = E for 1 < i < k, this space is 
denoted by L k ( E. F). 

Let E and F be vector spaces over R. For any integers p, q > 0, the space of 
multilinear mappings 

T : E* x • • • x E* x E x • • • x E — »• F 

P <2 

is called a F -valued tensor. All such tensors are denoted by T p,q ( E. F). For the case 
F = R, we denote the T p ’ q ( E, R) by T p ’ q (E). 

If U\,U 2 , ■ ■ ■ ,u p E E and vl,v%, ■ ■ ■ ,fJ* E E*, then ® • ®w p ® u* ® • ■ ■ ®u* E 

T p ’ q (E) is defined by 

Fi® ■ ■ -(8>u p (g)v*(g)- ■ -®v*(xf ■ ■ ■ ■ -,y q ) = xl(ui) ■ • ■z*(u P )F*(?7 1 ) • ■ -v*{y q ). 

Let e 1; • • • , e n be a basis of E and e* , • • • , e* of its dual E*. Then similar to 
Theorem 3.2.4, we know that any T E T p,q ( E) can be uniquely written as 

for components E R. 

3.2.3 Differential Calculus on R n . Let R n , R m be Euclidean spaces. For an 
opened set U C R n , let f : U —>■ R m be a mapping from U into R m , i.e., 

f(x !, x 2 , ■ ■ ■ , x n ) = (f 1 (x 1 ,x 2 , ■ ■ ■ , x n ), f 2 (x !, X 2 , • • • , X n ), • ■ • , / m Oi, x 2 , • • • , !„)), 

also written it by / = (/\ / 2 , • • • , f m ) for abbreviation. Then / is said to be 
differentiable at a point x E U if there exists a linear mapping A E L(R n , R m ) such 
that 

f(x + h ) = f(x) + Ah + r(h) 

with r : [/ — > R m , 

Hm hh 

||h|| 



0 
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for all h G R" with x + h G U hold. This linear mapping A is called the differential 
of / at x G U, denoted by 

A = f'(x) = df(x). 

Furthermore, if / is differentiable at each x G U, the mapping df — f : U — > 
L{ R n , R m ) determined by x — > df(x) is called the derivative of / in U. 

For integers n,rn > 1, it is easily to know that a linear mapping T : R n — » R' m 
is differentiable at any point x G R n and if /, g : U — > R' m are differentiable at 
xeUc R n , then 

d(f + g)(x) = df(x) + dg(x ); 
d(fg)(x ) = f(x)dg(x) +g(x)df(x)] 
d(Xx) = Xdf(x), 

where A G R. 

A map f : U C R n — > R m is said to have n partial derivatives 



D- e J{x) = lim 



f(x + tei)-f(x) df(x + tei) 



t=0) 



1 < i < n, 



*->• o t dt 

at x G U, if all these n mappings gi(t) = f(x + tef) are differentiable at t — 0. We 

usually denote the D 7i f(x) by 



Theorem 3.2.5 Let f : U C R Ti — > R m be a differentiable mapping. The the matrix 
of the differential df(x) with respect to the normal bases of R n and R m is given by 

1 1 £(*) 



= 



\&) 






dr 

dx n 



(X 



d P 

= (^r( x ))> 1 < 1 < n , i <i<m, 






which is referred to as the Jacobian matrix and its determinant det(|^-(x)) the 
Jacobian of f at the point x G U, usually denoted by 



d(f\---,n 

d(x ir --,x n ) 



det( 



dP 

dxi 



(x)). 



Proof Let x = (xi, • • • , x n ) G U C R", x + h = (xi + /ii, • ■ • , x n + /i n ) G U. 
Then for such h, 

n 

f 3 (x 1 + /ii, ■ ■ + h n ) - P(x 1 , ■■■,x n ) = y. A] h t + r J (hi, ■■■, h n ). 

2—1 
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Particularly, the choice h — (0, • • • , 0, hi, 0, • • • , 0) enables us to obtain 

f 3 {x i, • ■■,Xj- 1 ,x i + hj,x i+ 1, • • • ,x n ) - p(xi, • • • ,x n ) 

fli 

= A: l + r J (0, 

which yields that 

df j 

-^-{x l ,---,x n ) = A\ 

for hi — > 0. □ 

Corollary 3.2.4 Let f : U C R n — ■> V C R m and g : P — »■ R p 6e differentiable 
mappings. Then the composite mapping h = gf : U — > R p is also differentiable with 
its differential, the chain rule. 



dg(x) = dg{f(x))df(x). 



Proof Not loss of generality, let / = (/V--,/ m ) and g = (g 1 , • • • , g p ) be 
differentiable at x G U, y = f(x) and h = (h 1 , • • • , h p ), respectively. Applying the 
chain rule on h k = g k (f 1 , • • • , f m ), 1 < k < p in one variable, we find that 



dh k 

dxi 



dg k df 3 

“ % ‘ 
j=i j 



Choose the normal bases of R n , R m and R p . Then by Theorem 3.2.5, we know 

that 



dh(x) 



' W,® ■ 


■ ■ £(*) N 


\&) ■ 


• ■ §£(*) j 


■ 


■ ■ N 


\ a &) ■ 


■ • J 




dg(f(x))df{x) 






9fZ 

dx n 



(X 



□ 

For an integer k > 1, a mapping f : U C R" — > R m is said to be differentiable 
of order k if 
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d k f = d(d k ~ lf ) : U c R n -> L k { R n , R m ) = L(R n , L(R", • • • , L{ R n , R m ))); 



exists. If d k f is continuous, / is said to be of class C k and class C°° if it is of class 
C k for any integer k. 

A bijective mapping f : U — > V, where U, V C R n , is a C k - diffeomorphism if 
/ G C k (U, R n ) and / _1 G C k (V, R n ). Certainly, a C' fc -diffeo morphism mapping is 
also a homeomorphism. 

For determining a C k - diffeomorphism mapping, the following implicit function 
theorem is usually applicable. Its proof can be found in, for example [AbMl] . 



Theorem 3.2.6 Let U be an open subset o/R" x R ,n and f : U — > R m a mapping 
of class C k , 1 < k < oo. If f(xo,y 0 ) = 0 at the point (xo,y 0 ) G U and the m x m 
matrix dfi /dy l (x 0 ,y 0 ) is non-singular, i.e., 



det( 



d_p_ 

dy i 



(®o,2/ 0 )) ^ °> 



where 1 < i, j < m. 



Then there exist opened neighborhoods V of xq in R” and W of y 0 in R m and a C k 
mapping g : V W such that V x W C U and for each (x, y) G V x W , 



f(x,y) = 0 => y = g(x). 



3.2.4 Differential Form. Let R n be an Euclidean space with a normal basis 
Ci, e 2 , ■ • ■ , e n . Then Vx G R n , there is a unique n-tuple (xi, x 2 , ■ ■ ■ , x n ), Xi G R, such 
that 

x = xiei + x 2 e 2 H h x n e n . 

For needing in research tangent spaces of differential manifolds in the following 
chapters, we consider a vector space 

G(A) = A 0 © A 1 © A 2 © ■ ■ • © A n 

generated by differentials dxi, dx 2 , • • • , dx n under an operation A. Each element in 
A 0 is a real number, and elements in A 1 have a form 

n 

ai(xi,x 2 , • • • , x n )dxj, 

i= 1 
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where a,i(x i, X 2 , ■ ■ ■ , x n ) is a function on R” . I 11 the space A 2 , elements have a form 

a hi2 (xi,x 2 , ■ ■ ■ , xfjdx^ A dx l2 . 

*l<*2 

Notice that dx n A dx i2 = —dx^Adx^ by the definition of A. Generally, elements 
in A k , 1 < k < n, have a form 

a hi2-ik (xi, x 2 , ■ ■ ■ , Xjfjdx^ A dx i2 A • • • A dx ik . 

h<i2<---<ik 

A differential k-form is an element in A k for 1 < k < n. It is said in class of 
C°° if each function a ili2 ... ik (x 1 , x 2 , ■ ■ ■ , x n ) is of class C°°. By definition, an element 
in G(A) can be represented as 

n 

a(x 1 , x 2 , ■ ■ ■ , x n ) + ^2 a i( x i> x 2 , • • • , x n )dxi 
2—1 
n 

+ ^2 0*1*2 (xi ,x 2 , - ■ ■ ,x n )dx h A dx i2 H 

n <*2 

n 

+ ^2 a w* 2 -ife (^1) ^ 2 , • • • , x n )dx h A cte; 2 A • • • A H 

h<i2<---<ik 

+ai, 2 ,-,n(xi,x 2 , ■ ■ ■ , £ n )Gfei A dx 2 A • • • A dx n . 

An exterior differential operator d : A fc — > A fc+1 is defined by 

ru, . . 

dw = dxi ) A dxi t A • • • A dx;,. 

H<*2<— <*fc i=l 

for a differential fc-form 

CO = ^ a i li2 ...i k (xi, x 2 , • • • , Xrfdx^ A dx i2 A • • • A dx^ e A fc . 

*l<*2<"'<*fc 

A differential form to is called to be closed if dto = 0 and exact if there exists a 
differential form to such that dto = to. We know that each exact differential form is 
closed in the next result. 



Theorem 3.2.7 ddu = 0. 



Proof Since d is a linear mapping, we only need to prove this claim on a 
monomial. Let to = a(x 1 , x 2 , ■ ■ ■ , x n )dx n A • • • A dx ik . Then 



da 



dto = — — dxi A dx^ A • • • A dx;,. 

^ dx- 



2—1 
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Therefore, we get that 



da 



ddu = — )dxi A dx ix A • • • A dx ik 



i=l 



'dx, 

d 2 c 



E — — - — dx, A dxi A dx;. A • • • A dx 
dxidx , J k 

i,3= 1 J 



d 2 



— — - — ( dxi A hxj + dxj A dxi ) A dx ^ A • • • A dx ik 

LJ iL/ ^ C/ 



i<j 

0 



□ 



3.2.5 Stokes’ Theorem on Simplicial Complex. A standard p-simplex s p in 
R p is defined by 

v 

s p = {(xi, • • • , x p ) G R p | Xi < 1, 0 < Xj < 1 for 0 < i < p}. 

i= 1 

Now let ui G A p be a differential p-form with 



u = 




0*1*2" 



*!<*2<"'<*p 



A dxi 2 A ■■■ Adx ip . 



Its integral on s n is defined by 



co = 



E 



0*1 *2 ■■■ip (*^1 j *^2 ; ' ' ' j X n )dXj 1 dxi 2 ■ • ■ dxi p , 



*1 <*2<”'<*p 



where the summands of the right hand expression are ordinary multiple integrals, 
and for a chain c p = E £ C P (R P ), the integral of a; on c p is determined by 

*>i 




a;. 



Theorem 3.2.8 For any p-chain c p G C P (R P ), p > 1 and a differentiable (p — 1)- 



form u, 




dc p 



/ 



dco. 



C 



'P 
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Proof By definition, it is suffices to check that 



u = du 



9s p 



in the case of uj being a monomial, i.e. , 



u = a(x)dx i A • • ■ A dxj A • • ■ A dx p 

with a fixed j, 1 < j < p on a /^-simplex s p = a 0 ai • • • a p . Then we find that 

/ /* P 

du = j -Q—dxi) A dx i A • • • A dxj A • • • A dx p 



= (- 1 ) 



3 - 1 



da 

dxi 



dx i A • • • A 



= (— 1) J 1 / [a(-B) — a(y4)]dxi • • • dxj ■ ■ ■ dx p , 



a 0 ' 5 

-p-i 



where a p l l is a {p — l)-simplex determined by ■ • ■ , Xj, ■ ■ ■ , x p ), a(A) = 

a(x i, • • • , Xj- 1 , 0, • • • , x p ) and a(B) = a(x i, • • • , Xj- 1 , 1 — (xi + ••• + % + ••• + 
x p ), • • • ,x p ), see Fig. 3. 2.1 for details. 



Thus 

I dlJ 
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Let r be a mapping r : ao — > ► % and Oj — > a,; if i ^ j, which defines a mapping 
on coordinates (xi, X2, • ■ • , x p ) — > (xj,x±, • • • ,Xj, • • • , x p ). Whence, 



u = 



o(B) 



d(xi,x 2 ,- ■ ■ ,x p ) . r . 

-dx i ■ • • dxj • • ■ dXp 



a (0) 

-P -1 



a 0 ) 

-P -1 






= (—l )- 7 1 I a(B)dx i • ■ ■ • ■ ■ dx p . 

a U) 

-p - 1 



Notice that if * 7 ^ 0 or j, then 



u; = 0 



to 

4-i 



Whence, we hnd that 

P 

(-1)1 J a,+ (-l)l- 1 (-l)l- 1 J « = £(-!)' f 



(X 



-P -1 



(o) 1—0 a i 

“p-i -p-i 



and 



/-= [ «=E(-i)'/«. 

ih „ J i = 0 / 



p E 

i=0 



where Op_ 1 = aoai ■ ■ - di ■ ■ ■ a p . Therefore, we get that 

J duj = (— l )- 7 J to + (— l )- 7-1 J a{B)dx\ ■ ■ ■ dxj ■ ■ ■ dx p 

«p „W) „(i) 

p -p-i -p-i 

= (-iy f ^+(-ir 1 (-ir 1 



u — u. 



0 W 

-p-l 



4-i 



This completes the proof. 



□ 



§3.3 SMARANDACHE N-MANIFOLDS 

3.3.1 Smarandache Geometry. Let (M; p) be a metric space, i.e., a geometrical 
system. An axiom is said to be Smarandachely denied in (M; p) if this axiom behaves 
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in at least two different ways within M, i.e. , validated and invalided, or only invalided 
but in multiple distinct ways. A Smarandache geometry is a geometry which has at 
least one Smarandachely denied axiom, which was first introduced by Smarandache 
in [Sma2] and then a formal definition in [KuAl]. 

As we known, an axiom system of an Euclid geometry is consisted of five axioms 
following: 

(El) there is a straight line between any two points. 

(E2) a finite straight line can produce a infinite straight line continuously. 

(E3) any point and a distance can describe a circle. 

(E4) all right angles are equal to one another. 

(E5) if a straight line falling on two straight lines make the interior angles 
on the same side less than two right angles, then the two straight lines, if produced 
indefinitely, meet on that side on which are the angles less than the two right angles. 

The last axiom (E5) is usually replaced by: 

(E5’) given a line and a point exterior this line, there is one line parallel to 
this line. 

Notice that in a Lobachevshy- Bolyai- Gauss geometry, also called the hyperbolic 
geometry, the axiom (E5) is replaced by 

(L5) there are infinitely many lines parallel to a given line passing through an 
exterior point, 

and in a Riemannian geometry, also called the elliptic geometry, the axiom (E5) is 
replaced by (i?5): 

there is no parallel to a given line passing through an exterior point. 

There are many ways for constructing Smarandache geometries, particularly, by 
denying some axioms in Euclidean geometry done as in Lobachevshy-Bolyai-Gauss 
geometry and Riemannian geometry. 

For example, let R 2 be a Euclidean plane, points A, B e R 2 and l a straight 
line, where each straight line passes through A will turn 30° degree to the upper 
and passes through B will turn 30° degree to the down such as those shown in Fig. 
3.3.1. Then each line passing through A in iR will intersect with /, lines passing 
through B in F 2 will not intersect with / and there is only one line passing through 
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other points does not intersect with l. 



A 




F 1 




Fig. 3. 3.1 

A nice model on Smarandache geometries, namely s-manifolds on the plane was 
found by Iseri in [Isel], which is defined as follows: 

An s-manifold is any collection C(T,n) of these equilateral triangular disks 
Ti,l < i < n satisfying the following conditions: 

(i) each edge e is the identification of at most two edges e*, e 3 in two distinct 
triangular disks T t , Tj , 1 <i,j < n and i j - j ; 

(ii) each vertex v is the identification of one vertex in each of five, six or seven 
distinct triangular disks. 

The vertices are classified by the number of the disks around them. A vertex 
around five, six or seven triangular disks is called an elliptic vertex , an Euclidean 
vertex or a hyperbolic vertex , respectively. 



In a plane, an elliptic vertex O, a Euclidean vertex P and a hyperbolic ver- 
tex Q and an s-linc L i, L 2 or L 3 passes through points 0,P or Q are shown in 
Fig.3.3.2(a), ( 6 ), (c), respectively. 



dache geometry, such as those of denial one or more axioms of a Euclidean geometry 
by new axiom or its anti-axiom,..., etc. 




Fig.3.3.2 



As shown in [Isel] and [Mao3], there are many ways for constructing a Smaran- 
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3.3.2 Map Geometry. A map geometry is gotten by endowing an angular 
function /i : V (M) — > [0, 47t) on a map M, which was first introduced in [Mao2] as 
a generalization of Iseri’s model on surfaces. In fact, the essence in Iseri’s model 
is not these numbers 5, 6 or 7, but in these angles 300°, 360° and 420° on vertices, 
which determines a vertex is elliptic, Euclidean or hyperbolic on the plane. 



Definition 3.3.1 Let M be a combinatorial map on a surface S with each vertex 
valency> 3 and p : V(M) — > [0,47 r), i.e., endow each vertex u,u G V(M) with 
a real number p(u), 0 < p{u) < ■ The pair (M, p) is called a map geometry 

without boundary, p(u ) an angle factor on u and orientable or non-orientable if M 
is orientable or not. 



Certainly, a vertex u G V(M) with p M (u)p(u) < 27 r, = 27r or > 27 t can be 
realized in a Euclidean space R 3 , such as those shown in Fig. 3. 3. 3. 
u 





p M (u)p(u) < 277 Pm(u)p(u) = 2t r 




Fig.3.3.3 

A point u in a map geometry (M, p) is said to be elliptic , Euclidean or hyperbolic 
if pm(u)p(u) < 27 r, pm(u)p(u) = 2n or pm(u)p{u) > 27 r. If p{u) = 60°, we find 
these elliptic, Euclidean or hyperbolic vertices are just the same in Iseri’s model, 
which means that these s-manifolds are a special map geometry. If a line passes 
through a point u, it must has an angle w pp ^} ie entering ray and equal 

to 180° only when u is Euclidean. For convenience, we always assume that a line 
passing through an elliptic point turn to the left and a hyperbolic point to the right 
on the plane. 



Theorem 3.3.1 Let M be a map on a locally orientable surface with \M\ > 3 and 
Pm(u) > 3 for \/u G V(M). Then there exists an angle factor p : V(M) —> [0, 47t) 
such that (M,p) is a Smarandache geometry by denial the axiom (E5) with axioms 
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(E5),(L5) and (R5). 

Proof By the assumption Pm{u) > 3, we can always choose an angle factor p 
such that p(u)pm(u) < 2vr, p(v)pm{u) = 2tt or p(w)pm(u) > 2vr for three vertices 
u,v,w E V (M), i.e., there elliptic, or Euclidean, or hyperbolic points exist in (M, p) 
simultaneously. The proof is divided into three cases. 

Case 1. M is a planar map 

Choose L being a line under the map M, not intersection with it, u G (M,p). 
Then if u is Euclidean, there is one and only one line passing through u not inter- 
secting with L, and if u is elliptic, there are infinite many lines passing through u 
not intersecting with L, but if u is hyperbolic, then each line passing through u will 
intersect with L. See for example, Fig. 3. 3. 4 in where the planar graph is a complete 
graph K± on a sphere and points 1, 2 are elliptic, 3 is Euclidean but the point 4 
is hyperbolic. Then all lines in the field A do not intersect with L , but each line 
passing through the point 4 will intersect with the line L. Therefore, (M, p) is a 
Smarandache geometry by denial the axiom (E5) with these axioms (E5), (L5) and 
(R5). 




Fig.3.3.4 

Case 2. M is an orientable map 

According to Theorem 3.1.15 of classifying surfaces, We only need to prove this 
assertion on a torus. In this case, lines on a torus has the following property (see 
[NiSl] for details): 

if the slope s of a line L is a rational number, then L is a closed line on the 
torus. Otherwise, L is infinite, and moreover L passes arbitrarily close to every 
point on the torus. 
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Whence, if L\ is a line on a torus with an irrational slope not passing through an 
elliptic or a hyperbolic point, then for any point u exterior to L\, if u is a Euclidean 
point, then there is only one line passing through u not intersecting with L ] , and if 
u is elliptic or hyperbolic, any m-line passing through u will intersect with L\. 

Now let L 2 be a line on the torus with a rational slope not passing through an 
elliptic or a hyperbolic point, such as the the line L 2 shown in Fig. 3. 3. 5, in where 
v is a Euclidean point. If it is a Euclidean point, then each line L passing through 
it with rational slope in the area A will not intersect with L 2l but each line passing 
through u with irrational slope in the area A will intersect with L 2 . 



1 




Fig.3.3.5 

Therefore, (M, /i) is a Smarandache geometry by denial the axiom (E5) with 
axioms (E5), (L5) and (R5) in the orientable case. 

Case 3. M is a non-orientable map 

Similar to the Case 2, we only need to prove this result for the projective plane. 
A line in a projective plane is shown in Fig. 3. 3. 6(a), (b) or (c), in where case (a) is 
a line passing through a Euclidean point, (b) passing through an elliptic point and 
(c) passing through a hyperbolic point. 




Fig. 3. 3. 6 
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Let L be a line passing through the center of the circle. Then if u is a Euclidean 
point, there is only one line passing through u such as the case (a) in Fig.3.3.7. If v 
is an elliptic point then there is an m-linc passing through it and intersecting with 
L such as the case ( b ) in Fig.3.3.7. We assume the point 1 is a point such that 
there exists a line passing through 1 and 0, then any line in the shade of Fig.3.3.7 (b) 
passing through v will intersect with L. 






(a) (b) (c) 



Fig.3.3.7 



If w is a Euclidean point and there is a line passing through it not intersecting 
with L such as the case (c) in Fig.3.3.7, then any line in the shade of Fig.3.3.7(c) 
passing through w will not intersect with L. Since the position of the vertices of 
a map M on a projective plane can be choose as our wish, we know (M, /i) is a 
Smarandache geometry by denial the axiom (E5) with axioms (E5),(L5) and (R5). 
Combining discussions of Cases 1, 2 and 3, the proof is complete. □ 

These map geometries determined in Theorem 3.3.1 are all without boundary, 
which are a generalization of polyhedral geometry, i.e. , Riemannian geometry. Gen- 
erally, we can also introduce map geometries with deleting some faces, i.e., map 
geometries with boundary. 



Definition 3.3.2 Let (M, /i) be a map geometry without boundary, faces f±, / 2 , ■ ■ ■ , 
fi E F(M ), 1 < l < <f)(M) — 1. If S(M)\{fi, / 2 , • • • , fi} is connected, then (M, p)~ l = 
(S'(M) \ {fi, / 2 , • • • , //}, p) is called a map geometry with boundary /j, / 2 , • • • , fi, and 
orientable or not if (M,p) is orientable or not, where S(M ) denotes the underlying 
surface of M. 

Similarly, map geometries with boundary can also provide Smarandache ge- 
ometries, which is convinced in the following for l — 1. 



Theorem 3.3.2 Let M be a map on a locally orientable surface with order> 3, vertex 
valency> 3 and a face f G F(M). Then there is an angle factor p : V(M ) —> [0,47t) 
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such that (M, /i) 1 is a Smarandache geometry by denial the axiom (E5) with these 
axioms (E5),(L5) and (R5). 

Proof Divide the discussion into planar map, orientable map on a torus and 
non-orientable map on a projective plane dependent on M, respectively. Similar 
to the proof of Theorem 3.3.1, We can prove (M, /i) _1 is a Smarandache geometry 
by denial the axiom (E5) with these axioms (E5),(L5) and (R5) in each case. In 
fact, the proof applies here, only need to note that a line in a map geometry with 
boundary is terminated at its boundary. □ 

A Poincare’s model for hyperbolic geometry is an upper half-plane in which lines 
are upper half-circles with center on the x-axis or upper straight lines perpendicular 
to the x-axis such as those shown in Fig. 3. 3. 8. 




Now let all infinite points be a same point. Then the Poincare’s model for 
hyperbolic geometry turns to a Klein model for hyperbolic geometry which uses a 
boundary circle and lines are straight line segment in this circle, such as those shown 
in Fig. 3. 3. 9. 




Fig.3.3.9 

Whence, a Klein’s model is nothing but a map geometry with boundary of 1 
face determined by Theorem 3.3.2. This fact convinces us that map geometries with 
boundary are a generalization of hyperbolic geometry. 
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3.3.3 Pseudo-Euclidean Space. Let R n be an n - dimensional Euclidean space 
with a normal basis ej = (1, 0, • • • , 0), e 2 = (0, 1, • • • , 0), • • e n = (0, 0, • • • , 1). An 
orientation X is a vector OX with ||OA^|| = 1 in R n , where O = (0,0, •••,0). 
Usually, an orientation X is denoted by its projections of OX on each e t for 1 < 
i < n, i.e. , 

A* = (cos(OJ?,ei) , cos , cos (pXjn)), 

where ( UX,Zi ) denotes the angle between vectors ()X and e*, 1 < i < n. All possible 
orientations X in R n consist of a set & . 

A pseudo-Euclidean space is a pair (R n ,o;|'^), where u;J— ' : R n — * ► 6 is a 
continuous function, i.e., a straight line with an orientation O will has an orientation 
O +uj \-^(u) after it passing through a point u G E. It is obvious that (E. = E, 

namely the Euclidean space itself if and only if = 0 for Vu £ E. 

We have known that a straight line L passing through a point (x°, x 2 , • • • , x°) 
with an orientation 0 = (Xi, X 2 , • • • , X n ) is defined to be a point set (xi, x 2 , • • • , x n ) 
determined by an equation system 



x\ = x° L + tX 1 
x 2 = x 2 + tX 2 






x r 



x° + tX, 



for Vi £ R in analytic geometry on R n , or equivalently, by the equation system 

/y» /y»0 /y> 0 /y» /y* 0 

%aj « Xj "|^ w ^ th 2 , y\ J th ^ 

X x = x 2 = ' = x n • 

Therefore, we can also determine its equation system for a straight line L in a 
pseudo-Euclidean space (R",u;). By definition, a straight line L passing through a 
Euclidean point x° = (x?, x°, ■ ■ • , x°) £ R" with an orientation 0 = (Xi, X 2 , • • • , X n ) 
in (R n , u) is a point set (xi, x 2 , • • • , x n ) determined by an equation system 



xi = x? + t(X i + uq(x 0 )) 
x 2 — x 2 T f(X 2 + u; 2 (x 0 )) 



k x n = x° + t(X n + u; n (x 0 )) 
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for Vt G R, or equivalently, 

/y* /y»0 y* /y»0 <y» <y»0 

*1/ ^ w w 2 w 2 ^ ^ 

Al+Co’i(x°) -A 2 + (U2(x°) X n + O’,! ) 

where u;| ^(af°) = (u;i(x°), u; 2 (x°), • • • , u; n (x°)). Notice that this equation system 
dependent on cn|-^, it maybe not a linear equation system. 

Similarly, let O be an orientation. A point u G R n is said to be Euclidean on 
orientation O if uj\-^(u) = 0. Otherwise, let uj\-^>(u) = (cui(u), (u 2 (m), • • • , uj n (u)). 
The point u is elliptic or hyperbolic determined by the following inductive program- 
ming. 

STEP 1. If uji (u) < 0, then u is elliptic; otherwise, hyperbolic if uq (u) > 0; 

STEP 2. If uq (u) = u> 2 (u) = ■ ■ ■ = u)i(u = 0, but uy + i(w < 0 then u is elliptic; 
otherwise, hyperbolic if u>i + \(u) > 0 for an integer i,0 < i < n — 1. 

Denote these elliptic, Euclidean and hyperbolic point sets by 

V * eu = {u G R n | u an Euclidean point }, 

V e i = {ve R n j v an elliptic point }. 

V hy = { v G R n | w a hyperbolic point }. 

Then we get a partition 

R n = V^uU^e/U v\» 

on points in R ra with \^ eu fl V^ez = 0, V * eu 0^ = 1 and X? e i fl = 0. Points in 
e i fl 1 ^ hy are called non- Euclidean points. 

Now we introduce a linear order -< on & by the dictionary arrangement in the 
following. 



For (xi,X 2 , • • • , x n ) and (x \ , x' 2 , ■ ■ ■ , x' n ) G 6 , if aq = x[,X 2 = x ' 2 , ■ • ■ , aq = x[ 

and xi + 1 < x' l+1 for any integer 1,0 < l < n — 1, then define (aq, x 2 , • ■ • , x n ) -< 
\ 

7 *^2? 5 *^n/ * 

By this definition, we know that 



^0) Acu|^(u) 

for Vw G eh v G v eu , IG^jj and a given orientation O . This fact enables us to 
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find an interesting result following. 

Theorem 3.3.3 For any orientation O G G in a pseudo-Euclidean space (TV 1 , co\-^), 
If V 3 \i 7^ 0 and V hy ^$, then V eu ^ 0. 

Proof By assumption, \f e i ^ 0 and V hy ^ 0, we can choose points u G V e i and 
w G n Notice that u;|^ : R n — > G is a continuous and (G, -<) a linear ordered 
set. Applying the generalized intermediate value theorem on continuous mappings 
in topology, i.e. , 

Let f : X — > Y be a continuous mapping with X a connected space and Y a 
linear ordered set in the order topology. If a,b E X and y eY lies between f(a ) and 
f(b), then there exists x G X such that f(x) = y. 

we know that there is a point v G R ?! such that 

u\-g(v) =0, 

i.e., v is a Euclidean point by definition. □ 

Corollary 3.3.1 For any orientation O G G in a pseudo- Euclidean space (H n , , 

if eu = 0, then either points in (R n , u;|^) is elliptic or hyperbolic. 

Certainly, a pseudo-Euclidean space (R”,o;|^) is a Smarandache geometry 
sometimes explained in the following. 

Theorem 3.3.4 A pseudo-Euclidean space (R n ,u;[— j) is a Smarandache geometry 
If V eu ,V e i ^ 0, or V eu ,\f h y ± 0, or V d , V hy ± 0 for an orientation O in 

Proof Notice that uj\-^(u) = 0 is an axiom in R n , but a Smarandache denied 
axiom if \^ e u-,Tei ^ 0, or \^ e u,^h y ^ 0, or \f e i,\f h y ^ 0 for an orientation O 
in (R n , oj\-^) for u\-^>(u) = 0 or ^ 0 in the former two cases and u\-^(u) -< 0 or 
>- 0 both hold in the last one. Whence, we know that (R n , to| is a Smarandache 
geometry by definition. □ 

Notice that there infinite points on a segment of a straight line in R n . Whence, 
a necessary for the existence of a straight line is there exist infinite Euclidean points 
in (R n , We find a necessary and sufficient result for the existence of a curve 

C in (R n ,o;| ( ^) following. 
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Theorem 3.3.5 A curve C = • • • , / n (t)) exists in a pseudo -Euclidean 

space (R n ,o;|^) for an orientation O if and only if 




for Vu G C , where u;[— ■ = (u;i, U 2 , ■ • • , u n ). 




Then we know that 



Fig. 3. 3. 10 



cos 9i — (Vi, 1 < i < n. 

According to the geometrical implication of differential at a point u G R n , 
seeing also Fig.3.3.10, we know that 
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for 1 < i < n. Therefore, if a curve C = / 2 (f), ••• , f n (f)) exists in a pseudo- 

Euclidean space (R n ,u;|^-) for an orientation 0 , then 



dfi(t) 




1 < i < n 



for Vu G C. On the other hand, if 



dfiit) 




1 < i < n 



hold for points v for Vi G R, then all points v, t G R consist of a curve C = 

in (R n ,w| -^) for the orientation O . □ 

Corollary 3.3.2 A straight line L exists in (R n ,a;| ^) if and only if u\-^(u) = 0 
for Vu G L and Vf? G & . 



3.3.4 Smarandache Manifold. For an integer n,n > 2, a Smarandache man- 
ifold is a n-manifold that supports a Smarandache geometry. Certainly, there are 
many ways for construction of Smarandache manifolds. For example, these pseudo- 
Euclidean spaces (R n ,u;|^) for different homomorphisms a and orientations O . 
We consider a general family of Smarandache manifolds, i.e. , pseudo-manifolds 
(M n , A“) in this section, which is a generalization of n-irianifolds. 

An n-dimensional pseudo-manifold (M n ,A u ) is a Hausdorff space such that 
each points p has an open neighborhood U p homomorphic to a pseudo-Euclidean 
space (R n ,u;|^), where A = {(U p , (pf)\p G M n } is its atlas with a homomorphism 
(Pp : Up — >■ (R n ,o;|^) and a chart (U p , <pf). 

Theorem 3.3.6 For a point p G (M n , A^) with a local chart (U p ,ipf), ipf = <p p if 
and only if uj\—j(p) = 0. 

Proof For Vp G (M”,4 W ), if tpf(p) = <p p (p), then u(<p p {p)) = (p P {p). By 
the definition of pseudo-Euclidean space (R n ,o;|^), this can only happens while 

uj(jp) =0. □ 

A point p G (M n ,VC) is elliptic, Euclidean or hyperbolic if u)(<p p (p)) G (R n ,o;|'^) 
is elliptic, Euclidean or hyperbolic, respectively. These elliptic and hyperbolic points 
also called non-Euclidean points. We get a consequence by Theorem 3.3.6. 
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Corollary 3.3.3 Let ( M n ,A UJ ) be a pseudo-manifold. Then Lpf = Lp p if and only if 
every point in M n is Euclidean. 

Theorem 3.3.7 Let (M n ,A UJ ) be an n-dimensional pseudo -manifold, p e M n . 
If there are Euclidean and non-Euclidean points simultaneously or two elliptic or 
hyperbolic points on an orientation O in (U p , <p p ), then (M n ,A u ) is a Smarandache 
n-manifold. 



Proof Notice that two lines L\, L 2 are said locally parallel in a neighborhood 
(U p , iff) of a point p € (M n ,A UJ ) if <p p (Li) and ipf(L 2 ) are parallel in (R n , oj\-^). If 
these conditions hold for (M n ,A UJ ), the axiom that there is exactly one line passing 
through a point locally parallel a given line is Smarandachely denied since it behaves 
in at least two different ways, i.e., one parallel, none parallel, or one parallel, infinite 
parallels, or none parallel, infinite parallels, which are verified in the following. 



If there are Euclidean and non-Euclidean points in (U p , ipf) simultaneously, not 
loss of generality, we assume that u is Euclidean but v non-Euclidean, ^pf(v) = 
(u> 1, cn 2 , • • • , u ; n ) with oj\ < 0. 




Fig. 3. 3. 11 



Let L be a line parallel the axis Z\ in (R n ,u;|-^-). There is only one line L u 
locally parallel to (<^p) _1 (L) passing through the point u since there is only one line 
ipf(L u ) parallel to L in (R' ra , However, if uj\ > 0, then there are infinite many 
lines passing through u locally parallel to <p p l ( L ) in (U p , ip p ) since there are infinite 
many lines parallel L in (R n ,u;|-^), such as those shown in Fig.3.3.11(a) in where 
each line passing through the point u = y>f(u) from the shade held is parallel to L. 
But if U\ > 0, then there are no lines locally parallel to ((^p) _1 (L) in (U p , ipf) since 
there are no lines passing through the point v = <p p (v) parallel to L in (R n ,(n|-^), 
such as those shown in Fig. 3. 3. 11(b). 

If there are two elliptic points u, v along a direction O , consider the plane V 
determined by <p p (u), (pf (v) with O in (R n , Let L be a line intersecting with 
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the line ipf(u)ipf(v) in V. Then there are infinite lines passing through u locally 
parallel to (tpf)~ l ( L ) but none line passing through v locally parallel to ipf l (L) in 
(Up, ipp) since there are infinite many lines or none lines passing through u = <pf(u ) 
or v = <fip(v) parallel to L in (R n ,u;|^), such as those shown in Fig.3.3.12. 







Fig.3.3.12 

Similarly, we can also get the conclusion on the case of hyperbolic points. Since 
there exists a Smarandachely denied axiom in (M n ,A u> ) under these assumptions, 
it is indeed a Smarandache manifold. □ 

Particularly, we have consequences following by Theorem 3.3.7 for pseudo- 
Euclidean spaces (R n ,u;|^). 

Corollary 3.3.4 For any integer n > 2, if there are Euclidean and non-Euclidean 
points simultaneously or two elliptic or hyperbolic points in an orientation O in 
(R n , cul^), then (R n ,o;|^) is an n-dimensional Smarandache geometry. 

Corollary 3.3.4 partially answers an open problem in [Mao3] for establishing 
Smarandache geometries in R 3 . 

Corollary 3.3.5 If there are points p,q G (R 3 ,u;|-^) such that u>\-^(p) ^ (0,0,0) but 
a; | -£f(q) — (0,0,0) orp,q are simultaneously elliptic or hyperbolic in an orientation 
O in (R 3 ,o;|-^), then (R 3 ,u;|^) is a Smarandache geometry. 

Notice that if there only finite non-Euclidean points in (M n ,A ul ), a loop L p 
based at a point p e M n is still a loop of ( M n ,A u ) based at a point p G (M n ,A Ui ) 
and vice versa. Whence, we get the fundamental groups of pseudo- manifolds with 
finite non-Euclidean points. 

Theorem 3.3.8 Let (M n , A “) be a pseudo-manifold with finite non-Euclidean points. 
Then 

TTi(M n ,p) — r K\((M n ,AF),p) 



for \/p G (M n , A u ). 



□ 
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§3.4 DIFFERENTIAL SMARANDACHE MANIFOLDS 

3.4.1 Differential Manifold. A differential n-manifold (M n , A) is an n-manifold 

M n , where M n = [J Ui endowed with a C r -differential structure A = {(U a , (p a )\ot G 
iei 

/} on M n for an integer r with following conditions hold. 

(1) [U a ] a G 1} is an open covering of M n \ 

(2) For Va, [3 G /, atlases (U a , ip a ) and ( Up , <pp) are equivalent , i.e. , U a p| Up = 0 
or U a P| Up 0 but the overlap maps 

TaTp 1 ■ <Pp{U anU/3 ) -> ipp{Uf}) and W" 1 : u p ) <Pa(U Q ) 

are C r \ 

(3) A is maximal, i.e., if ( U,<p ) is an atlas of M n equivalent with one atlas in 
A, then (C, <p) G A. 

An n-manifold is smooth if it is endowed with a C ,00 -differential structure. It 
has been known that the base of a tangent space T p M n of differential n-manifold 
(M n , A) consisting of 1 < i < n for Vp G (M n , A). More results on differential 
manifolds can be found in [AbMl], [MARI], [Pet 1] , [West] or [ChLl] for details. 

3.4.2 Differential Smarandache Manifold. For an integer r > 1, a C r - 

differential Smarandache manifold (M n ,A u ) is a Smarandache manifold ( M n ,A LO ) 
endowed with a C r -differentiable structure A and f° r an orientation O. A 
C' 00 -Smarandache n-manifold (M n ,A w ) is also said to be a smooth Smarandache 
manifold. For pseudo-manifolds, we know their differentiable conditions following. 

Theorem 3.4.1 A pseudo -Manifold (M n ,A UJ ) is a C r -differential Smarandache 
manifold with an orientation O for an integer r > 1 if conditions following hold. 

(1) There is a C r -differential structure A = {{U a , tp a )\a G 1} on M n ; 

(2) u\-$ is C r ; 

(3) There are Euclidean and non-Euclidean points simultaneously or two elliptic 
or hyperbolic points on the orientation O in (U p , (p p ) for a point p G M n . 

Proof The condition (1) implies that ( M n ,A ) is a CT-differential n-manifold 
and conditions (2), (3) ensure (M n , is a differential Smarandache manifold by 
definitions and Theorem 3.3.7. □ 
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3.4.3 Tangent Space on Smarandache Manifold. For a smooth differential 
Smarandache manifold (M n ,A UJ ), a function / : M n — > R is said smooth if for 
\/p G M n with a chart (U p , p p ), 

f ° K)-' • <%(u r ) -> R" 

is smooth. Denote all such C'°°-functions at a point p G M n by A p . A tangent vector 
1? at p is a mapping 1? : A p — > R with conditions following hold. 

(1) Vg,/i G 9 P ,VA G R, lf(h + \h) — lf(g) + 

(2) Vg, h G 3f p , 1?{gh) = 1 ?(g)h(p) + g(p)l?(h). 

Denote all tangent vectors at a point p G {M n ^A u) ) still by T p M n without am- 
biguous and define addition “+”and scalar multiplication “-’’for \/u,v G T p M n , A G 
R and / G by 



(n + v)(/) = u(/) + n(/), (An)(/) = A ■ u(f). 



Then it can be shown immediately that T p M n is a vector space under these two 
operations “+”and 

Let p G (M n , A“) and 7 : (— e, e) — > R T) be a smooth curve in R n with 7 ( 0 ) = p. 
I 11 (M n ,A JJ ), there are four possible cases for tangent vectors on 7 at the point p, 
such as those shown in Fig. 3. 4.1, in where these L-L represent tangent lines. 





By these positions of tangent lines at a point p on 7 , we conclude that there 
is one tangent line at a point p on a smooth curve if and only if p is Euclidean in 
(M n , AD). This result enables us to get the dimensional number of a tangent vector 
space T p M n at a point p G (M n ,A v ). 



Theorem 3.4.2 For a point p G {M n 1 A ul ) with a local chart (U p ,<p p ), if there are 
exactly s Euclidean directions along I n , e i2 , • • • , e is forp, then the dimension ofT p M n 
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IS 



dim T p M n = 2 n — s 



with a basis 




1 < l < n and l ^ 1 < j < s}. 



Proof We only need to prove that 




is a basis of T p M n . For V/ € 3? p , since / is smooth, we know that 





for Vx = (xi, x 2 , ■ ■ ■ , x n ) £ ip p {U v ) by the Taylor formula in R n , where each term in 
Ri,j,—,k contains (ay — x®)(xj — x°) ■ ■ ■ (xk — x°), ei £ {+, — } for 1 < l < n but l ^ ij 
for 1 < j < s and ei should be deleted for l — ij,l < j < s. 

Now let v £ T p M n . By the condition (1) of definition of tangent vector at a 
point p £ (M n ,A u> ), we get that 



v iJ — A 

Similarly, application of the condition (2) in definition of tangent vector at a 
point p £ {M n ,A ul ) shows that 




n 



n 








n 




n 



and 



•**>&) 



Sec. 3. 4 Differential Smarandache manifolds 



153 



Whence, we get that 

v (f( x )) = = J2 v ( x ^faT. U-f)- ( 3 - 4 - 2 ) 

i= 1 * i=l * 

The formula (3.4.2) shows that any tangent vector v in T p M n can be spanned 
by elements in the set (3.4.1). 

All elements in the set (3.4.1) are linearly independent. Otherwise, if there are 
numbers a 1 , a 2 , • • • , a s , af, aj~, af, af, ■ ■ ■ , a+_ s , a~_ s such that 



E' 



d 

' dxi 



d ( ' 



^ °*dxM °’ 



j — 1 3 i^ii,i 2 ,--,i s ,l<i<n 

where e* G {+,—}, then we get that 



= (Es^r+ I] a ? J^) K- ) 



= 0 



for 1 < j < s and 



5 



_ 

j=l ~ y i^ii,*2,-",*s,l<*<n 



+ 



E «?£)(*.) 



:I Ox, . ... . ^ ’ c'Ar 



= 0 



for i ^ ii, ? 2 , • • • ,i s ., 1 < i < n. Therefore, vectors in the set (3.4.1) is a basis of the 
tangent vector space T p M n at the point p G (M n 1 A u ). □ 

Notice that dimT p M n = n in Theorem 3.4.2 if and only if all these directions 
are Euclidean along ei, e 2 , • ■ • , e n . We get a consequence by Theorem 3.4.2. 



Corollary 3.4.1 Let ( M n ,A ) be a smooth manifold and p G M n . Then 



with a basis 



dim T p M n = n 




1 < i < n). 



For Vp G (M n ,^), the dual space T*AL n is called a co-tangent vector space 
at p. Now let / G A p , d G TfM n and v G T p M n . The action of d on /, called a 
differential operator d : A p — > R, is defined by 



df = v(f). 
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Then, we can immediately get the result on its basis of co-tangent vector space 
at a point p G (M n ,AF) similar to Theorem 3.4.2. 

Theorem 3.4.3 For any point p G (M n ,A u ) with a local chart (U p ,<p p ), if there 
are exactly s Euclidean directions along e , n , e l2 , • • • , e* 4 for p, then the dimension of 
T;M n is 



with a basis 

{dx lj | p j 1 < j < s} \J{d~xi\ p , d + xi\ p | 1 < l < n and l ^ ij, 1 < j < s}, 

where 



for 6i G {+, 1 < i < n. 

§3.5 PSEUDO-MANIFOLD GEOMETRY 

3.5.1 Pseudo-Manifold Geometry. We introduce Minkowskian norms on these 
pseudo-manifolds (M n , likewise that in Finsler geometry following. 

Definition 3.5.1 A Minkowskian norm on a vector space V is a function F : V — > R 
such that 

(1) F is smooth on U\{0} and F(v) > 0 for Vn G V ; 

(2) F is 1-homogenous, i.e., F( Xv) = A F(v) forWX > 0; 

(3) for all y G U\{0} ; the symmetric bilinear form g y : V x V — > R with 



dim T*M n = 2 n — s 



dxi\ p (-£-\ p ) = 5) and d ei Xi\ p (^-\p) = 5) 




is positive definite for u, v G V. 



Denote by TM n = (J T p M n . 






Definition 3.5.2 A pseudo-manifold geometry is a pseudo-manifold ( y M n ,A u} ) en 
dowed with a Minkowskian norm F on TM n . 



Then we get the following result. 
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Theorem 3.5.1 There are pseudo-manifold geometries. 

Proof Consider a Euclidean 2n- dimensional space R 2n . Then there exists a 
Minkowskian norm F(x) = |x| at least. According to Theorem 3.4.2, the dimension 
of T p M n is Ry+ 2 ( n ~ s ) if to\-^(p) exactly has s Euclidean directions along e 1; e 2 , • • • , e n . 
Whence there are Minkowskian norms on each chart of points in (M n ,M w ). 

Since ( M n , A) has a finite cover {{JJ a ,ip a )\a G /}, where / is a finite index set, 
by the decomposition theorem for unit, we know that there are smooth functions 
h a ,a E I such that 

h a — 1 with 0 < h a < 1. 

Ot£l 

Choose a Minkowskian norm F a on each chart (U a ,(p a ). Define 



F a 



h a F a , if p G U a , 
0, if pfL U a 



for Vp G (M n , (p w ). Now let 

oG I 

Then F is a Minkowskian norm on TM n since it satisfies all of these conditions 
(1) — (3) in Definition 3.5.1. □ 

Although the dimension of each tangent vector space maybe different, we can 
also introduce principal fiber bundles and connections on pseudo-manifolds. 

Definition 3.5.3 A principal fiber bundle (PFB) consists of a pseudo-manifold 
(P,Af), a projection n : ( P,Af ) ► (M, Af^), a base pseudo-manifold (M, 

and a Lie group G, which is a manifold with group operation G x G — > given by 
(g,h) being C°° mapping, denoted by (P, M, uA , G) such that (1), (2) and 

(3) following hold. 

(1) There is a right freely action of G on (P,Af), i.e., forWg € G, there is a 
diffeomorphism R g : (P,Af) — > (P, Af) with R g (p u ) = p^g for Vp G (P,Af) such 
that p a; (pip 2 ) = {p ul 9 i )92 for Vp G (P,Ai), Vpi,p 2 G G and p“e = p u for some 
p G (P, Af), e G G if and only if e is the identity element of G. 

(2) The map n : (P,Af) — > (M, Af^) is onto with 7r“ 1 (7r(p)) = {pg\g G G}, 
ttuji = cu 0 tt , and regular on spatial directions of p, i.e., if the spatial directions of p 
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are (tvi,u> 2 , • • - ,oj n ), then u>i and TT^uJi) are both elliptic, or Euclidean, or hyperbolic 
and 1 7T“ 1 (7r(o^i) ) | is a constant number independent of p for any integer i, 1 < i < n. 

(3) ForMx G (M, ^4q^' ) ) there is an open set U with x G U and a diffeomor- 
phism Tu ^ : (7r)~ 1 ([/ 7r ^) — ■> x G of the form T u (p) = (n (p" 0 ), s u (jP)) , where 

s u : 7r~ 1 ([/ 7r ( aJ )) — ■> G has the property s u (p u g) = s u (p UJ )g forMg G G,p G n~ l {U). 

We know the following result for principal fiber bundles of pseudo-manifolds. 
Theorem 3.5.2 Let (P, M,LO n ,G) be a PFB. Then 

(P,M,uP,G 0 = (P, M, 7T, G) 

if and only if all points in pseudo-manifolds (P,Af) are Euclidean. 

Proof For Vp G (P, Af), let (U p , <p p ) be a chart at p. Notice that uP = 7r if and 
only if ipf = ip p for Vp G (P,Af). According to Theorem 3.3.6, this is equivalent to 
that all points in (P,Af) are Euclidean. □ 

Definition 3.5.4 Let (P, M, uP, G) be a PFB with dimG = r. A subspace fam- 
ily H = {H p \p G (P, Af), dimifp = dimP^M} of TP is called a connection if 
conditions (1 ) and (2 ) following hold. 

(1) ForVp G (P,Af), there is a decomposition 

T p P = Pp ® Vp 

and the restriction tt*\h p ■ H p — > T^^M is a linear isomorphism. 

(2) H is invariant under the right action of G, i.e., for p G (P, Af), Vp G G, 

(Pg)*p(Pp) H pg . 

Similar to Theorem 3.5.2, the conception of connection introduced in Definition 
3.5.4 is more general than the popular connection on principal fiber bundles. 

Theorem 3.5.3 Let (P, M, uP, G) be a PFB with a connection PI. For Vp G 
(P,Af), if the number of Euclidean directions of p is A p(p), then 

(dimP — dimM)(2dimP — A p(p)) 
dimly = — — . 



Proof Assume these Euclidean directions of the point p being e 1; e 2 , • • • , £\ P (p)- 
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By definition 7r is regular, we know that 7r(ei), nfa), • • • , 7r(eA P ( P )) are also Euclidean 
in (M, Af^). Now since 



7T 1 (7r(ei)) = 7 r 1 (7r(e 2 )) = • • • = 7r 1 ( 7r ( e A F ( P ))) = p = constant, 



we get that \p(p) = /uXm, where A m denotes the correspondent Euclidean directions 
in Similarly, consider all directions of the point p, we also get that 

dimP = /idim M. Thereafter 



x dim M 
Xm ~ dtoF • Xp{p) - 



Now by Dehnition 3.5.4, T p P = P p 0 V p , i.e., 



(3.5.1) 



diiriTpP = dimPp + diml^,. (3.5.2) 



Since 7r*| h p '■ H p T w ( p )M is a linear isomorphism, we know that dimP p = 
dim T n r p \M. According to Theorem 3.4.2, we get formulae 



dimTpP = 2dimP — A P (p) 



and 



diniT 7r ( p )M = 2dimM — A m = 2dim M 



dim M 
dimP 



Ap(p). 



Now replacing these two formulae into (3.5.2), we get that 



2dimP — Xp(p) = 2dim M — -r—prXp(p) + dimVA. 

dimP 



That is, 



dim V p = 



(dimP — dimM)(2dimP — A p(p)) 
dim P 



□ 



We immediately get the following consequence by Theorem 3.5.3. 

Corollary 3.5.1 Let (P, M, o; 7r ,G) be a PFB with a connection PI. Then for 
Vp e (P, All), 



dim Vp = dimP — dim M 
if and only if the point p is Euclidean. 



3.5.2 Inclusion in Pseudo-Manifold Geometry. Now we consider conclusions 
included in Smarandache geometries, particularly in pseudo-manifold geometries. 
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Theorem 3.5.4 A pseudo-manifold, geometry (M n , ip UJ ) with a Minkowskian norm 
on TM n is a Finsler geometry if and only if all points of (M n , ip u ) are Euclidean. 

Proof According to Theorem 3.3.6, <p p = ip p for Vp G (M n , <p w ) if and only if 
p is Euclidean. Whence, by definition (M n , ip w ) is a Finsler geometry if and only if 
all points of (M n , ip u ) are Euclidean. □ 

Corollary 3.5.2 There are inclusions among Smarandache geometries, Finsler ge- 
ometry, Riemann geometry and Weyl geometry: 

{Smarandache geometries } D { pseudo-manifold geometries } 

D {Finsler geometry } D {Riemann geometry } D {Weyl geometry }. 

Proof The first and second inclusions are implied in Theorems 3.3.6 and 3.5.3. 
Other inclusions are known in a textbook, such as [ChCl] and [ChLl], □ 

Now let us to consider complex manifolds. Let z l = x l + \f—ly l . In fact, any 
complex manifold Mf is equal to a smooth real manifold M 2n with a natural base 
{ 77T- 777 I f° r T p M™ at each point p G Mf. Define a Hermite manifold M” to be 
a manifold Mf endowed with a Hermite inner product h(p) on the tangent space 
( T p Mf , J) for Vp G M", where J is a mapping defined by 

d d d d 

^ dx 1 ^ dy l p ’ ^ dy 1 ^ dx l p 

at each point p G Mf for any integer i, 1 < i < n. Now let 

Kp) = g{p) + V^ln(p), p G M™ . 

Then a K abler manifold is defined to be a Hermite manifold (M™, h) with a closed 
k satisfying 

k{X, Y) = g{X , JY), VX, y G T p M c n , Vp G M c n . 

Similar to Theorem 3.5.3 for real manifolds, we know the next result. 

Theorem 3.5.5 A pseudo-manifold geometry (M™, <pP) with a Minkowskian norm 
on T M n is a Kahler geometry if and only if F is a Hermite inner product on M™ 
with all points of ( M n , <p w ) being Euclidean. 

Proof Notice that a complex manifold Mf is equal to a real manifold M 2n . 
Similar to the proof of Theorem 3.5.3, we get the claim. □ 
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As a immediately consequence, we get the following inclusions in Smarandache 
geometries. 

Corollary 3.5.3 There are inclusions among Smarandache geometries, pseudo-manifold 
geometry and Kahler geometry: 

{Smarandache geometries } D {pseudo-manifold geometries} 

D {Kcihler geometry}. 



§3.6 REMARKS 

3.6.1 These Smarandache geometries were proposed by Smarandache in 1969 by 
contradicts axioms (El) — (E 5) in a Euclid geometry, such as those of paradoxist 
geometry, non-geometry, counter-projective geometry and anti-geometry, see his pa- 
per [Sma2] for details. For example, he asked whether there exists a geometry with 
axioms (El) — (E4) and one of the axioms following: 

(i) there are at least a straight line and a point exterior to it in this space for 
which any line that passes through the point intersect the initial line. 

(ii) there are at least a straight line and a point exterior to it in this space for 
which only one line passes through the point and does not intersect the initial line. 

(in) there are at least a straight line and a point exterior to it in this space for 
which only a finite number of lines l\, I 2 , ■ ■ ■ , Ik, k > 2 pass through the point and do 
not intersect the initial line. 

(iv) there are at least a straight line and a point exterior to it in this space for 
which an infinite number of lines pass through the point (but not all of them) and 
do not intersect the initial line. 

(v) there are at least a straight line and a point exterior to it in this space for 
which any line that passes through the point and does not intersect the initial line. 

A formal definition of Smarandache geometry is presented by Kuciuk and An- 
tholy in [KuAl]. Iseri proved s- manifolds constructed by equilateral triangular 
disks Tj, 1 < i < n on the plane can indeed produce the paradoxist geometry, 
non-geometry, counter-projective geometry and anti-geometry in [Isel]. For gener- 
alizing his idea to surfaces, Mao introduced map geometry on combinatorial maps in 
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his postdoctoral report [Mao2], shown that these map geometries also produce these 
paradoxist geometry, non-geometry, counter-projective geometry and anti-geometry, 
and then introduced the conception of pseudo-plane for general construction of 
Smarandache geometries on a Euclidean plane in [Mao3]. 

3.6.2 There are many good monographs and textbooks on topology and differential 
geometry, such as those of [AbMl], [AMR1], [Arml], [ChLl], [Masl], [Mas2], [Petl], 
[Rotl], [Stil], [Wesl] [ChCl] and [ChLl], ..., etc. These materials presented in 
Sections 1 and 2 are self-contained for this book. Many conceptions in here will be 
used or generalized to combinatorial manifolds in following chapters. 

3.6.3 For constructing Smarandache manifolds of dimensional n > 2, Mao first 
constructs Smarandache 2-manifolds by applying combinatorial maps on surfaces, 
i.e. , map geometries in his post-doctoral research in [Maol-2] and a paper in [Mao4], 
Then, he presented a general way for constructing Smarandache manifolds by apply- 
ing topological or differential n-manifolds in [Maoll-12], The material in Sections 

3.3 — 3.5 is mainly extracted from his paper [Maol2], but with a different handling 
way. Certainly, there are many open problems in Smarandache geometries arising 
from an analogizing results in Sections 1 and 2. For example, Theorem 3.3.8 is a 
such result. The readers are encouraged to find more such results and construct new 
Smarandache manifolds different from pseudo-manifolds. 

Problem 3.6.1 Define more Smarandache manifolds other than pseudo-manifolds 
and find their topological and differential behaviors. 

Problem 3.6.2 Define integrations and then generalize Stokes, Gauss,... theorems 
on pseudo-manifolds. 

Corollaries 3.5.2 and 3.5.3 are interesting results established in [Maol2], which 
convince us that Smarandache geometries are indeed a generalization of geometries 
already existence. [SCF1] and other papers also mentioned these two results for 
reviewing Mao’s work. 

Now we consider some well-known results in Ricmannian geometry. Let S be 
an orientable compact surface. Then 



where K and y(S') are the Gauss curvature and Euler characteristic of S. This 




Sec. 3. 6 Remarks 



161 



formula is the well-known Gauss-Bonnet formula in differential geometry on surfaces. 
Then what is its counterpart in pseudo-manifold, geometries? This need us to solve 
problems following. 

(1) Find a suitable definition for curvatures in pseudo-manifold geometries. 

(2) Find generalizations of the Gauss-Bonnet formula for pseudo-manifold ge- 
ometries, particularly, for pseudo-surfaces. 

For an oriently compact Riemannian manifold ( M 2p ,g ), let 

o _ _lzlZ_ V S h ’"' ,i2p Q- ■ a • • ■ A O- 

2 2 P7TPp\ ^ “*1»2 A A “*2p— U2 P ; 

*l,*2,"'!*2p 

where 0,j is the curvature form under the natural chart {e*} of M 2p and 

{ 1, if permutation i\ • • • i 2p is even, 

— 1, if permutation i\ ■ ■ - i^ is odd, 

0, otherwise. 

Chern proved that (see [ChCl] for details) 

f n = x (M 2 >). 

J M 2 p 

Certainly, these new kind of global formulae for pseudo- manifold geometries are 
valuable to find. 

3.6.4 These principal fiber bundles and connections considered in Section 3.5 are 
very important in theoretical physics. Physicists have established a gauge theory 
on principal fiber bundles of Riemannian manifolds, which can be used to unite 
gauge fields with gravitation. In section 3.5, we have introduced those on pseudo- 
manifolds. For applying pseudo-manifolds to physics, similar consideration should 
induces a new gauge theory, which needs us to solving problems following: 

to establish a gauge theory on those of pseudo-manifold geometries with some 
additional conditions. 

In fact, this object requires us to solve problems following: 

(1) find these conditions such that we can establish a gauge theory on pseudo- 
manifolds; 

(2) find the Yang-Mills equation in a gauge theory on pseudo-manifold; 

(3) unify these gauge fields and gravitation. 



CHAPTER 4. 



Combinatorial Manifolds 

Something attempted, something done. 

By Menander, an ancient Greek dramatist. 



A combinatorial manifold is a topological space consisting of manifolds un- 
derlying a combinatorial structure, i.e. , a combinatorial system of manifolds. 
Certainly, it is a Smarandache system and a geometrical multi-space model of 
our WORLD. For introducing this kind of geometrical spaces, we discuss its 
topological behavior in this chapter, and then its differential behavior in the 
following chapters. As a concrete introduction, Section 4.1 presents a calcula- 
tion on the dimension of combinatorial Euclidean spaces and the decomposi- 
tion of a Euclidean space with dimension> 4 to combinatorial Euclidean space 
with lower dimensions. This model can be also used to describe spacetime of 
dimension> 4 in physics. The combinatorial manifold is introduced in Section 
4.2. In this section, these topological properties of combinatorial manifold, 
such as those of combinatorial submanifold, vertex-edge labeled graphs, com- 
binatorial equivalence, homotopy class and Euler- Poincare characteristic,- • -, 
etc. are discussed. Fundamental groups and singular homology groups of 
combinatorial manifolds are discussed in Sections 4.3 and 4.4, in where these 
groups are obtained for a few cases by applying some well-known theorems in 
classical topology. In Section 4.5, the ordinary voltage graph is generalized 
to voltage labeled graph. Applying voltage labeled graph with its lifting, this 
section presents a combinatorial construction for regular covering of finitely 
combinatorial manifolds, which essentially provides for the principal fibre bun- 
dles in combinatorial differential geometry in chapters following. 
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§4.1 COMBINATORIAL SPACES 

A combinatorial space LXq is a combinatorial system of geometrical spaces 
(Sx ; T^-i) , (£ 2 ;7?. 2 ), • ■ ■, for an integer m with an underlying graph G in 

Definition 2.1.3. We concentrated our attention on each (Dp 7 If) being a Euclidean 
space for integers i, 1 < i < m in this section. 

4.1.1 Combinatorial Euclidean Space. A combinatorial Euclidean space is a 
combinatorial system % of Euclidean spaces R ni , R™ 2 , • • •, R" m with an underlying 
structure G, denoted by • ■ • , n m ) and abbreviated to S’ci'f’) if n\ — ■ ■ ■ — n m = 

r. It is itself a Euclidean space R Hc . Whence, it is natural to give rise to a packing 
problem on Euclidean spaces following. 

Parking Problem Let R rai , R" 2 , • • •, R" m be Euclidean spaces. In what conditions 
do they consist of a combinatorial Euclidean space Sq ( n i , • • • , n m ) 9 

By our intuition, this parking problem is related with the dimensions of R ni , 
R n2 , • • -, R nm , also with their combinatorial structure G. Notice that a Euclidean 
space R n is an n - dimensional vector space with a normal basis = (1,0, •••,0), 
e 2 = (0, 1, 0 ■ • • , 0), ■ ■ •, e n = (0, • • • , 0, 1), namely, it has n orthogonal orientations. 
So if we think any Euclidean space R” is a subspace of a Euclidean space R"“ with 
a finite but sufficiently large dimension n 0 c , then two Euclidean spaces R n “ and 
R n,) have a non-empty intersection if and only if they have common orientations. 
Whence, we only need to determine the number of different orthogonal orientations 
in 

Denoted by X V1 , X V2 , • • • , X Vm consist of these orthogonal orientations in R n ' ui , 
R n ^, ■ • R n ""‘ , respectively. An intersection graph G [X V1 , X V2 , • • ■ , X Vrn ] of X V1 , X V2 , 

• • • , X Vm is defined by 

V [G [X V1 , X V2 , • • • , X Vm \) {'Ui, n 2 , • ■ ■ , r m } , 

E[X V1 ,X V2 , • • • , X V J = {(ui, Vj)\X v .f]X v . ^ 0, 1 < i ^ j < m}. 

By definition, we can easily find that 

G = G[X V1 ,X V2 ,---,X V J. 

So we can apply properties of the intersection graph G to the parking problem 
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• • • , n m ) of R m , R" 2 , • • •, R nm , which transfers the parking problem of Eu- 
clidean spaces to a combinatorial problem following. 

Intersection Problem For given integers k, m > 2 and n\, n 2 , • • • , n m , find finite 
sets Yi, Y 2 , ■ ■ ■ ,Y m with their intersection graph being G such that \Yi\ — ni, 1 < i < 
m, and |Yi U Y 2 U • • • U Y m \ = k. 

This enables us to find solutions of the parking problem sometimes. 

Theorem 4.1.1 Let <f G (ni, • • • , n m ) be a combinatorial Euclidean space of R ni , R 712 , 
• • •, R" m with an underlying structure G. Then 

dimc? G (ni, • • • , n m ) = Y (— l) s+ 1 dim(R n,J i f] R n,;2 fl ' ' ' fl R n '" s ) , 

(t);£V(G)|l<i<s)eGL s (G) 

where n Vi denotes the dimensional number of the Euclidean space in Vi EV (G) and 
CL S (G ) consists of all complete graphs of order s in G. 

Proof By definition, R n “ fl R n,J 0 only if there is an edge (R n “,R n ’') in G. 
This condition can be generalized to a more general situation, i.e. , R nv i fl R 71 ” 2 n 
■ • ■ n R n ”‘ ^ 0 only if ( Vl ,v 2 , • • • , Vt) G = K x . 

In fact, if R ”’” 1 fl R ' 1 ” 2 fl ■ ■ • fl R"^ 7 ^ 0, then R n ' u > fl R"^' 7 ^ 0, which implies that 
(R^yR^N) e E(G) for any integers i,j, 1 < J < h Therefore, (vi,v 2 , ■ ■ ■ , v{) G is 
a complete graph of order / in the intersection graph G. 

Now we are needed to count these orthogonal orientations in (f G (ni, • • • ,n m ). 
In fact, the number of different orthogonal orientations is 

dim<f G (ni, ■ ■ • , n m ) = dim( \J R n ”) 

ve v(G) 

by previous discussion. Applying Theorem 1.5.1 the inclusion-exclusion principle, 
we find that 



dim<f G (ni, • • • , n m ) = dim( |J R n ") 

v£V (G) 

Yl (-l) s+1 dim(R n ^ p| R- 2 p.-.p R n ^) 

{t>i,-.Mcv(G) 

Y (-l) s+1 dim(R n ^ p R"” 2 p.-.p R n ”- ). 

(vi£V (G)|1<i<s)gCL s (G) 

□ 
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Notice that dim(R n ’ , inR n ' t ' 2 lT • -nR n,Js ) = n Vl if s = 1 and dim(R n "i flR' 1 ” 2 ) ^ 0 
only if (R n, 'i , R" ” 2 ) G E(G). We get a more applicable formula for calculating 
dim<^j(ni, • • • , n m ) on iL 3 -free graphs G by Theorem 4.1.1. 

Corollary 4.1.1 If G is K 3 -free, then 

d\mS’ G (n 1 ,- ■ ■ ,n m ) = n v ~ 2 dim(R n “ f] R n ”). 

ve V{G) ( u,v)£E(G ) 

Particularly, if G = v 3 V 2 ■ ■ ■ v m a circuit for an integer m > 4, then 

m m 

dim<r G (ni, ■ ■ ■ , n m ) = £ n Vi - £ dim(R n ”< f| R n ^+i), 

2—1 2— 1 

where each index is modulo m. 

Now we determine the maximum and minimum dimension of combinatorial 
Euclidean spaces of R" 1 , R rt2 , • • •, R" m with an underlying structure G. 

Theorem 4.1.2 Let Sf;(n vi , • • • ,n Vm ) be a combinatorial Euclidean space of R n ”i ? 
R n '“ 2 , • ■ •, R n, ' m with an underlying graph G, V(G) = {ui, V 2 , ■ ■ ■ ,v m }. Then the 
maximum dimension dim max <^ G (n Ul , • • • , n Vm ) of • • • , n Vm ) is 

dim max <^G(n Vl , ■ ■ ■ , n Vm ) = 1 - m + n v 

veV(G) 

with conditions dim(R ?t “ nR"”) = 1 forW(u,v ) G E(G). 

Proof Let X V1 ,X V2 , ■ ■ ■ , X Vm consist of these orthogonal orientations in R n '“i , 
R n ” 2 , • • •, R n,Jm , respectively. Notice that 

iv, U VI = iv. 1 + iv, 1 - iv, n a ',, 1 

for 1 < % ^ j < m by Theorem 1.5.1 in the case of n = 2. We immediately know 
that \X V . U X v attains its maximum value only if \X V . fl X v . is minimum. Since 
X Vi and X Vj are nonempty sets, we find that the minimum value of X Vi fl X Vj \ = 1 
if (vi,Vj) G E{G). 

We hnish our proof by the inductive principle. Not loss of generality, assume 
(^ 1 ,^ 2 ) ^ E{G). Then we have known that \X Vl |J X V2 attains its maximum 

[.\„i| + \X V2 \ — 1 

only if \X VI fl X V2 — 1. Since G is connected, not loss of generality, let v 3 be adjacent 
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with {vi,v 2 } in G. Then by 

\x vl (jx V2 \Jx V3 \ = \x vl {Jx V2 \ + - \(X Vl \JX V2 )f]X V3 \, 

we know that X V1 U X V2 UX„ 3 | attains its maximum value only if \X VI UX V2 \ attains 
its maximum and |(A "^ 1 U X V2 ) fi X V3 = 1 for (X V1 U X V2 ) fl X V3 7 ^ 0. Whence, 
\X Vl fl X V3 1 = 1 or \X V2 n X V3 \ = 1, or both. In the later case, there must be 
\X Vl fl X V2 fl X V3 1 = 1. Therefore, the maximum value of \X Vl U X V2 U X V3 \ is 

\x n \ + \X V2 \ + |AJ — 2. 

Generally, we assume the maximum value of \X V1 U X V2 U ■ • • U X Vk \ to be 
| X Vl | + | Xy 2 | + ---+ \Xy k | — k + 1 

for an integer k < m with conditions X Vi fl X v . = 1 hold if ( Vi,Vj ) G E{G) for 
1 < i 7 ^ j < k. By the connectedness of G, without loss of generality, we choose a 
vertex v^+i adjacent with {ui, V 2 , ■ ■ ■ , Vk} in G and find out the maximum value of 
\X Vl U X V2 U ■ • • U X Vk U X Vk+1 \ . In fact , since 

| x vi U X V2 U • • • U X Vk U X Vk+1 1 = I U X V2 U • • • U X Vk I + \X Vk+1 1 

| (X Vl U Xy 2 U ■ ■ ' U Xy k ) | < "'| X Vk+1 | , 

we know that \X Vl U X V2 U • • • U X Vk U X Vk | attains its maximum value only if 
| X V1 U X V2 U • • • U X Vk | attains its maximum and | (X V1 U X V2 U • • • U X Vk ) p| X v \ = 1 
for (X V1 UX V2 \J- ■ -\JX Vk )nX Vk+1 ^ 0. Whence, \X v .nX Vk+1 \ = 1 if {v h v k+1 ) G E(G). 
Consequently, we find that the maximum value of X Vl U X V2 U • • ■ U X Vk U X Vk \ is 

\X V1 | + | Xy 2 !+•••+ \Xy k | + | Xy k + 1 \ ~ fc. 

Notice that our process searching for the maximum value of \X V1 U X V2 U • • • U 
X Vk \ does not alter the intersection graph G of X V1 , X V2 , • • • , X Vm . Whence, by the 
inductive principle we finally get the maximum dimension dirn max ^c- of S’g, that is, 

dim mox&Ginvi, ■, n Vm ) = 1 - rn + n x + n 2 H V n m 

with conditions dim(R n “ fl R n,J ) = 1 for V(«, u) G E{G). □ 

Determining the minimum value dim mm <#c(ni , • • • , n m ) of ^(n 1 , • • • , n m ) is a 
difficult problem in general case. But we can still get it for some graph families. 
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Theorem 4.1.3 Let <s>G(n Vl -, n V2 , ■ ■ ■ , n Vm ) be a combinatorial Euclidean space of 
R"*!, R n ” 2 , • • R n, " m with an underlying graph G, V(G) = {vi,v 2 , ■ ■ ■ ,v m } and 
{ui, v 2 , • • • , Vi} an independent vertex set in G. Then 

i 

c \hii nnn S(; (n vi . ■ , ^ ^ ^ n Vi 

i— 1 

and with the equality hold if G is a complete bipartite graph K(V i, V 2 ) with partite 
sets V, = { Vl ,v 2 ,---, vi}, V 2 = {vi + 1 , vi+ 2 , ■■■, v m j and 

l m 

Y n ^~ n vv 

2 = 1 i = l - |-1 

Proof Similarly, we use X V1 , X V2 , • • • , to denote these orthogonal orienta- 

tions in R n, 'i , R"“ 2 , . . R n «m 5 respectively. By definition, we know that 

X Vi fl X Vj = 0, 1 

for ( Vi,Vj ) fL E{G). Whence, we get that 

m l l 

\[jx n \>\[jx vl \ = J2 n «- 

i = 1 i= 1 2=1 

By the assumption, 

l m 

Y Uv > - 

i = 1 i=l + 1 

we can partition X V1 , X V2 , • • • , X Vm to 

m 

x vi = ( (J *J(ui))U^i), 

2=Z+1 

m 

X V2 = ( U ^(u 2 ))U^M, 

2=£+l 



v, = ( u kmjium 

2=£ + l 
l 

such that \Yi( v k)\ = \X Vi \ for any integer i, l + 1 < i < m, where Z(-Uj) maybe 
k = 1 

an empty set for integers i, 1 <i <1. Whence, we can choose 

K = U ViK) 

fe=i 



168 



Chap. 4 Combinatorial Manifolds 



to replace each X Vi for any integer i, 1 < i < m. Notice that the intersection graph 
of X Vl ,X V2 , • • • , X V] , X' , • • • , X' Vm is still the complete bipartite graph K(V i, V 2 ), 
but 

m l l 

|U^I = IU^I = E rii. 

%— 1 i — 1 i = 1 

Therefore, we get that 



1 

dim turn G; ( ^7; 1 j ' ' ' j ^ ^ 

i — 1 



in the case of complete bipartite graph K(V\, V 2 ) with partite sets Vi = {ui, V 2 , ■ ■ ■ , Vi}, 
V 2 = {v i+ 1 , vi+ 2 , ■ • • , t’m} and 



l m 

n 

i= 1 i=i+l 



□ 



Although the lower bound of dim Sq(ti v1 ,- ■ ■ , n Vm ) in Theorem 4.1.3 is sharp, 
but sometimes this bound is not better if G is given, for example, the complete 
graph K rn shown in the next results. Consider a complete system of r-subsets of a 
set with less than 2 r elements. We know the next conclusion. 



Theorem 4.1.4 For any integer r > 2, let S’K^ir) be a combinatorial Euclidean 
space of R r , • • • , R r , and there exists an integer s, 0 < s < r — 1 such that 

m 



Then 



r + s — 1 
r 



< m < 




di m min g , Krn {r) = r + s. 



Proof We denote by X 1; X 2 , ■ ■ ■ , X m these sets consist of orthogonal orientations 
in m Euclidean spaces R r . Then each X , , 1 < % < m, is an r-set. By assumption, 



r + s — 1 
r 



< m < 



r + s 
r 



and 0<s<r — 1, we know that two r-subsets of an (r+s)-set must have a nonempty 
intersection. So we can determine these m r-subsets X l , X 2 , ■ ■ ■ , X m by using the 
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complete system of r-subsets in an (r + s)-set, and these m r-subsets Ad, X 2 , • • • , X m 
can not be chosen in an (r + s — l)-set. Therefore, we find that 

m 

\ U Ail = r + s, 

1=1 

i.e., ifO<s<r — 1, then 



duii min S J Km {r) = r + s. 



□ 



Because of our living world is the space R 3 , so the combinatorial space of R 3 is 
particularly interesting in physics. We completely determine its minimum dimension 
in the case of K m following. 



Theorem 4.1.5 Let <^k- m (3) be a combinatorial Euclidean space of R 3 , • • • , R 3 . Then 



dim min&Km, (3) 



3, if m = 1, 

4, if 2 < m < 4, 

5, if 5<m< 10, 

2+\y/m\ , if m > 11. 



Proof Let X±, X 2 , ■ ■ ■ , X m be these sets consist of orthogonal orientations in 
m Euclidean spaces R 3 , respectively and \X l U X 2 U ■ ■ • U X m \ = l. Then each 
Xi, 1 < i < m. is a 3-set. 



In the case of m < 10 
it is easily to check that 



^ , any s-sets have a nonempty intersection. So 



{ 3, if m = 1, 

4, if 2 < m < 4, 

5, if 5 <m< 10. 

We only consider the case of m > 11. Let X = {u,v,w} be a chosen 3-set. 
Notice that any 3-set will intersect X with 1 or 2 elements. Our discussion is divided 
into three cases. 



Case 1 There exist 3-sets X[, X' 2 , X% such that X[ D X = {u, v}, X' 2 fl X — {u, w} 
and X' 3 fl X = {v,w} such as those shown in Fig A. 1.1, where each triangle denotes 
a 3-set. 
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Fig. 4. 1.1 

Notice that there are no 3-sets X' such that |A'nA| = 1 in this case. Otherwise, 
we can easily find two 3-sets with an empty intersection, a contradiction. Counting 
such 3-sets, we know that there are at most 3{y — 3) + l 3-sets with their intersection 
graph being K m . Thereafter, we know that 

7TI — 1 

m < 3(1 — 3) + 1, he., I > [ — - — ] + 3. 

o 



Case 2 There are 3-sets X[,X 2 but no 3-set X' 3 such that X[ fi X — {u,v}, 
X' 2 nX = {u,w} and A^flA" = {v,w} such as those shown in Fig, 4.1.2, where each 
triangle denotes a 3-set. 




Fig. 4. 1.2 

In this case, there are no 3-sets X' such that X' 0 X — {w} or {u>}. Oth- 
erwise, we can easily find two 3-sets with an empty intersection, a contradiction. 
Enumerating such 3-sets, we know that there are at most 

2(i — 1)+ (V )+l 



3-sets with their intersection graph still being K m . Whence, we get that 



,i • / ^ r 3 + V8m+ 17 

+ 1, i.e., l> | |. 



m < 2(1 — 1 ) + 



1-3 

2 



2 
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Case 3 There are a 3-set X[ but no 3-sets X' 2l such that X[ n X = {u,v}, 
X! 2 nX = {u,w} and X^nX = {v,w} such as those shown in FigA.1.3, where each 
triangle denotes a 3-set. 




Fig. 4. 1.3 

Enumerating 3-sets in this case, we know that there are at most 

( 1-2 

l - 2 + 2 

V 2 

such 3-sets with their intersection graph still being K m . Therefore, we hnd that 

1-2 



m < l — 2 + 2 



, i.e., I > 2 + \y/m\. 



Combining these Cases 1 — 3, we know that 

, r r m— 1, r 3 + W8m + 17, r , — ,, r , — , 

l > mm{ [ - ] +3, [ ],2+ \Vm]} = 2+ \y/m\. 

Conversely, there 3-sets constructed in Case 3 show that there indeed exist 
3-sets Xi, X 2l • • • , X m whose intersection graph is Ii m , where 

. 1-2 

m = l — 2 + 2 



Therefore, we get that 

dirn mm +k'. m (3) = 2 + \y/m\ 

if m > 11. This completes the proof. □ 

For general combinatorial spaces (n vi , • • • ,n Vm ) of R++ R nu 2 ; • • •, R n «*», 
we get their minimum dimension if n Vrn is large enough. 

Theorem 4 . 1.6 Let $K rn (n m , • • • ,n Vm ) be a combinatorial Euclidean space of R™” 1 , 
R”" 2 ; R num , n Vl > n V2 > ••• > n Vm > \log 2 ( 2Tlv ™tl 2 + 1 and V(K m ) = 

{vi,v 2 , ■ ■ -,v m }. Then 

7TI 1 

dim min^Km( n vi, ■ ■ ■ ,n v J = n vi + flog 2 (^^— i)l • 
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Proof Let X Vll X V2 , • • • , X Vm be sets consist of these orthogonal orientations in 
R n ”i, n nvm , respectively and 



2 s " 1 < 



m 



2 k+1 - 1 



+ 1 < 2 s 



for an integer s, where k = n Vl — n V2 . Then we find that 

nog 2 (^^)i = 

We construct a family {Y v 1 , Y V2 , ■ ■ ■ , Y Vrn } with none being a subset of another, 
| Y Vi \ = \X Vi \ for 1 < i < m and its intersection graph is still K m , but with 



Y y 1 ^ Y v 2 Y Vm | — n Vl + s. 



In fact, let X V1 = {x 1 ,x 2 ,---, x Uv2 , x Uv2+1 , • • • , x n , n } and U 
such as those shown in Fig. 4. 1.4 for s = 1 and n Vl = 9. 




{ui,u 2 , ■ ■•,«*}, 



Fig. 4. 1.4 

Choose g elements x n , x %2 , • ■ ■ , x ig G X V1 and h > 1 elements Uj^ , u J2 , • • • , Uj h G 
U. We construct a finite set 



^■g.h {Tu i X\ 2 ) ’ ’ ’ > j ^ji i ^ja j ’ " ’ > 1 

with a cardinal g + h. Let g + h = X V1 1 , W 2 1 , ■ ■ • , W m | , respectively. We con- 
sequently find such sets Wi, W 2 > • ■ • , W m - Notice that there are no one set being 
a subset of another in the family {Y Vl , Y V2: ■ • ■ , Y Vm }. So there must have two el- 
ements in each Y Vi , 1 < i < m at least such that one is in U and another in 
{xn V2 ,x nv2 + 1 , • • • , x nvi }. Now since n Vm > riog 2 ( 2 „„ 1 T !i+^_ 1 )l + 1, there are 

ssC'K;)-*-' -**-■’*" 

different sets Y V1 ,Y V2 , • • • , altogether with |WJ = \Y V1 \, ■ • •, \X Vm \ = \Y Vm |. None 
of them is a subset of another and their intersection graph is still K m . For example, 
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Xvi 1 {^1 5 


‘ i x n V2 — 1/ ) 


{iti, Xn V2 —n V3 +2i 


? 1 J 


{ttl, 


1 

‘ ‘ ‘ ) } 



are such sets with only one element u\ in U . See also in Fig.4.1.1 for details. It is 
easily to know that 



1^1 U^U-U^I="-+- = ^+ \^2( 2 n™-n v ^_ X )1 

in our construction. 

Conversely, if there exists a family {Y Vl , Y V2 , • • • , Y Vrn } such that = |17J, 
\ X vJ = \ Y v m \ and 

1^1 Y V2 P ' ' ' P Y Vm | < n V! A S 1 



then there at most 
k + 1 s 



EE 

i=i j = i 



k + 1 
i 



s — 1 
3 



= (2 k+1 - l)(2 s_i - 1) < m 



different sets in {Y V1 , Y V2 , • • • , Y Vm } with none being a subset of another. This implies 
that there must exists integers with Y Vi C Y Vj , a contradiction. 

Therefore, we get the minimum dimension dini mm <#k m of <§K rn to be 



dim • • , n Vm ) = + [log 2 ( 



m + 1 
^' -y 2 



-)!• 



□ 



4.1.2 Combinatorial Fan-Space. A combinatorial fan- space R(ni, ••• ,n m ) is 
the combinatorial Euclidean space S’ Krn (ni, • • • , n m ) of R ni , R" 2 , • • R" m such that 
for any integers i,j, 1 < i ^ j < m, 

m 

R n f] R,"' = p| R nfc , 

k=\ 

which is applied for generalizing n - manifolds to combinatorial manifolds in next 
section. The dimensional number of R(ni,---,n m ) is determined immediately by 
definition following. 
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Theorem 4.1.7 Let R(ni, • • • , n m ) be a fan-space. Then 

m 

dimR(ni, • • • , n m ) = m + — fh), 

i = 1 

where 

m 

m = dim ( R" fc ). □ 

k = 1 

For \/p G R(ni, • • • , n m ) we can present it by an m x n m coordinate matrix [x] 
following with Xu = — for 1 < i < m, 1 < l < m. 





Xn • 


%lfh 


Xl(fn)+1) 


%lni 


0 


A = 


X21 ■ 


%2fh 


*^2(m+l) 


%2n 2 


0 




%ml 


%mfh 


Xm(m+ 1) 




%mrim — 1 ^mn m 



Now let (A) = ( aij) mxn and (B) = ( bij) mxn be two matrixes. Similar to 
Euclidean space, we introduce the inner product ((A), (£>)) of (A) and (B) by 

((-^)) (B)) — yP djjbjj. 

i,j 

Then we know 

Theorem 4.1.8 Let (A), (B), (C) be m x n matrixes and a a constant. Then 

(1) (A,B) = (B,A); 

(2) (A + B,C) = (AC) + (B,C)- 

(3) (aA, B) = a (B, A); 

(4) ( A , A) > 0 with equality hold if and only if (A) = O mxn . 

Proof (l)-(3) can be gotten immediately by definition. Now calculation shows 

that 

(A,A) = J2 a ii>0 

and with equality hold if and only if a t j = 0 for any integers i,j,l<i<m,l<j< 
n, namely, (A) = O mxn . □ 
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By Theorem 4.1.8, all matrixes of real entries under the inner product form a 
Euclidean space. We also generalize some well-known results in Section 3.2 to this 
space. The first, Theorem 3.2.1(f) is generalized to the next result. 

Theorem 4.1.9 Let (A), ( B ) be m x n matrixes. Then 

((A),(B)) 2 <((A),(A))((B),(B)) 

and with equality hold only if (A) = A (B), where X is a real constant. 

Proof If (A) = A (£>), then {A, B) 2 = A 2 (B, B ) 2 = ( A , A) (B, B). Now if there 
are no constant A enabling (A) = A (B), then (A) — A (B) ^ O mxn for any real 
number A. According to Theorem 2.1, we know that 

<(A)-A(R),(A)-A(R))>0, 

i.e., 

{(A),(A)) - 2X((A),(B)) + X 2 ((B),(B)) > 0. 

Therefore, we find that 

A = (-2 ((A), (B))) 2 - 4 ((A), (A)) ((B), (B)) < 0, 

namely, 

((A),(B)) 2 <((A),(A))((B),(B)). □ 

Corollary 4.1.2 For given real numbers aij, bij, 1 < i < m, 1 < j < n, 

i,j hi i ,3 

Now let O be the original point of R(rii, • • • , n m ). Then [O] = O mxnm . For 
Vp, q G R(ni, • ■ • , n m ), we also call Op the vector correspondent to the point p simi- 
lar to that of Euclidean spaces, Then p $ = Oq — Op. Theorem 4.1.9 enables us to in- 
troduce an angle between two vectors p$ and uf for points p, q,u,v G R(ni, • • • , n m ). 

Let p, q,u,v G R^, • • • , n m ). Then the angle 9 between vectors pt) and uf is 
determined by 

<[p] - [g], M - [f]> 

Gdpl-M.W-MXN-H.H-H) 



cos 9 
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under the condition that 0 < 6 < n. 

Corollary 4.1.3 The conception of angle between two vectors is well defined. 

Proof Notice that 

<[p] - [?], Ml - M> 2 < ([p] - [?], Ip] - [?]) (M - [v], [u] - M> 

by Theorem 4.1.9. Thereby, we know that 

W ~ bl' M ~ M> , 

“ V%] - M. W - M) (H - [•>]. H - M> “ ' 

Therefore there is a unique angle 9 with 0 < 9 < n enabling Definition 2.3 hold. □ 
For two points p, q in R(ni, ■ • ■ , n m ), the distance d(p, q ) between points p and 
q is defined to be \/ ([p] — [q], [p] — [<?])• We get the following result. 

Theorem 4.1.10 For a given integer sequence n±, n 2, ■ • • , n m , m > 1 with 0 < n± < 
77,2 < • • • < n m , (R(ni, • • • , n m )',d) is a metric space. 

Proof We only need to verify that each condition for a metric space is hold in 
(R(ni, • • • , n m ); d). For two point p, q G R(ni, • • • , n m ), by definition we know that 

dip, q ) = VM ~ [9], [p\ ~ [?]) > 0 

with equality hold if and only if \p\ = [q ] , namely, p = q and 

d{p,q) = \/ ([p\ - EL [p] - [q]) = V([q] - [p}dq] - [p\) = d iq^p)- 

Now let u G R(n 1; • • • , n m ). By Theorem 4.1.9, we then hnd that 
(d(p,u) + d(u,p)) 2 

= <[p] - H [p] - M> + 2 y/(\p\ - M, [p] - N) <M - [q], N - [q]) 

+ ([«]“[?],[«]-[?]) 

> (W - M, [p] - M) + 2 ([p] - N, [u] - [q]) + (M - [?], [U] - [?]) 

= ([P] - [q], [p] - [?]) = d 2 (p,q). 

Whence, d(p, u ) + d(u,p) > d(p , q) and (R(ni, • • • , n m ); d) is a metric space. □ 

4.1.3 Decomposition Space into Combinatorial One. As we have shown in 
Subsection 4.1.2, a combinatorial fan-space i?(ni, n 2 , • • • , n m ) can be turned into a 
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m 

Euclidean space R n with n = m + (n* — m) . Now the inverse question is that for a 

2=1 

Euclidean space R n , weather there is a combinatorial Euclidean space <£g( ni , • • • , n m ) 
of Euclidean spaces R ni 7 R" 2 , • • ■, R" m such that dimR ni U R” 2 U • • • U R” m — n? 
For combinatorial fan-spaces, we immediately get the following decomposition result 
of Euclidean spaces. 

Theorem 4.1.11 Let R n be a Euclidean space, ni,n 2 , ■ ■ ■ ,n m integers with rh < 
Hi < n for 1 < i < m and the equation 

m 

m + — in) = n 

2—1 

hold for an integer rh, 1 < rh < n. Then there is a combinatorial fan-space R(ni, n 2 , 
■ ■ • , n m ) such that 

R n = R(ni,n 2 , • ■ • , n m ). 

Proof Not loss of generality, assume the normal basis of R 11 is ei = (1, 0, — , 0), 
e 2 = (0, 1, 0 ■ • • , 0), • • •, e n = (0, •••,0,1). Then its coordinate system of R" is 
(xi, x 2 , ■ • • ,x n ). Since 

m 

n — rh = — fh)i 

2—1 

choose 



Ri = 


(b,£2, • • 


i ? ^m+1 ■> ? ^tt-1 ) 


5 


R 2 = 


(d, e 2 , • • 


5 ^ni+l? ^ni+2? 


‘ , 6712) 


r 3 = 


\6i, c 2 , • • 


■ , 6jn, 6712+1 , 6712+2 , 


‘ , 6713) 




: (d, 62, • 


5 

' ' , 6m, 6n m _ 1 +l, 6n m _ 


1+2? 



m 

Calculation shows that dimRj = n* and dim( R, : ) = rh. Whence R(ni, n 2 , • • • , n m ) 

2=1 

is a combinatorial fan-space. By Definition 2.1.3 and Theorems 2.1.1, 4.1.8 — 4.1.9, 
we then get that 



R n = R(ni,n 2 ,---,n m ). 



□ 
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For an intersection graph G of sets X v , v G V(G), there is a natural labeling 
6e with 6e{u,v ) = \X U n X v \ for V(u,v) G E(G). This fact enables us to find an 
intersecting result following, which generalizes a result of Erdos et al. in [EGP1]. 

Theorem 4.1.12 Let G E be an edge labeled graph on a connected graph G with label- 
ing 9e : E(G) — > [1, Z] . Ifn v ,v G V[G) are given integers with n v > Qe(v,u), 

uGNg(v) 

then there are sets X v ,v G V(G) such that |X„| = n v and \X V flX u | = 9 E (v,u) for 
v G V(G), u G N g (v). 

Proof For (v,u) G E(G), construct a finite set 

(v, u ) = {(u, u) 1 , (v, u) 2 , ■ ■ ■ , (v, u)e E ( v ,u)}- 



Now we define 

X v =( (J (n,u))lJ{xi,X2,---,a:J, 

u£Nq(v) 

for Vn G V(G), where q = n v — 9e(v,u). Then we find that these sets 

uGNq(v) 

X v ,v G V{G) satisfy \X V \ = n v , \X V C\X U \ = 9 E {v,u) forVn G V(G) andVn G N G (v). 
This completes the proof. □ 

As a special case, choosing the labeling 1 on each edge of G in Theorem 4.1.12, 
we get the result of Erdos et al. again. 

Corollary 4.1.4 For any graph G, there exist sets X v , v G V (G) with the intersection 
graph G, i.e., the minimum number of elements in X v , v G V (G) is less than or equal 
to e(G). 

Calculation shows that 



U 



x„\ = 



E 



n r , 



1 

2 



9 e(v,u) 



«eV(G) v<=V(G) ( v,u)GE(G ) 

in the construction of Theorem 4.1.12, we get a decomposition result for a Euclidean 
space R n following. 



Theorem 4.1.13 Let G be a connected graph and 



n = 




v&V{G) 



2 n (v,u ) 

(■ v,u)eE(G ) 



Sec. 4. 2 Combinatorial Manifolds 



179 



for integers n v , n v > ^ d E (v,u),v G V(G) and np,, u ) > l,(v,u) G E(G) . Then 

u£Nc(v) 

there is a combinatorial Euclidean space S’a(n v ,v G V(G)) ofH nv ,v G V(G ) such 
that R n = & G (n v ,v G V(G)). □ 

§4.2 COMBINATORIAL MANIFOLDS 

4.2.1 Combinatorial Manifold. For a given integer sequence n±, n 2 , ■ ■ ■ , n m , m > 

1 with 0 < ni < n 2 < ■ ■ ■ < n m , a combinatorial manifold M is a Hausdorff space 
such that for any point p G M, there is a local chart ( U p , ip p ) of p } i.e., an open neigh- 
borhood U p ofp in M and a homoeomorphism <p p : U p — > R(ni(p), n 2 (p), ■ ■ ■ , ^ s ( P )(p)), 
a combinatorial fan-space with 

{n 1 (p),n 2 (p), ■ ■ -,n s ( p) (p)} C {m, n 2 , ■ ■ ■ , n m } 



and 



U {ni (p),n 2 (p),---,n s{p) (p)} = {m, n 2 , ■ ■ ■ , n m }, 

p&M 

denoted by M(ni, n 2 , • • • , n m ) or M on the context, and 

A = {(U p , <p p )\p G M (ni,n 2 , ■ ■ ■ ,n m ))} 

an atlas on M(n\,n 2 , ■ ■ ■ ,n m ). The maximum value of s(p) and the dimension 
s(p) 

sfjo) = dim( P) R n 4r)) are called the dimension and the intersectional dimension of 

i= 1 

M(ni, n 2 , • • • , n m ) at the point p, respectively. 

A combinatorial manifold M is finite if it is just combined by finite manifolds 
with an underlying combinatorial structure G without one manifold contained in 
the union of others. Certainly, a finitely combinatorial manifold is indeed a combi- 
natorial manifold. 

Two examples of such combinatorial manifolds with different dimensions in R 3 
are shown in Fig. 4. 2.1, in where, (a) represents a combination of a 3-manifold, a 
torus and 1-manifold, and (b) a torus with 4 bouquets of 1-manifolds. 
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Fig. 4. 2.1 

By definition, combinatorial manifolds are a generalization of manifolds by 
a combinatorial speculation. However, a locally compact n-manifold M n without 
boundary is itself a combinatorial Euclidean space Sq (n, • • • , n) of Euclidean spaces 

m 

R n with an underlying structure G shown in the next result. 



Theorem 4.2.1 A locally compact n-manifold, M n is a combinatorial manifold 
M G (n) homeomorphic to a Euclidean space Sc(n,X G A) with countable graphs 
G = G' inherent in M n , denoted by G[M n ). 

Proof Let M n be a locally compact n-manifold with an atlas 



£/[M n ] = { (U x , ip\) | Ag A}, 



where A is a countable set. Then each U\ , A G A is itself an n-manifold by definition. 
Define an underlying combinatorial structure G by 

V(G) = {f/ A |A G A}, 

E(G) = { (U x , U t )i, 1 < i < k Xl + 1| U x n U L ± 0, A, l g A} 

where k\ l is the number of non-homotopic loops formed between U\ and U L . Then 
we get a combinatorial manifold Mq{ti ) underlying a countable graph G. 

Define a combinatorial Euclidean space Sc (n, A G A) of spaces R n by 

V(G') = {<px(U x ) |AGA}, 

E(G') = { {<px(Ux), 1 < i < + 1| Px(U x ) H pfU L ) ^ 0, A, 6 G A}, 

where k' Xl is the number of non- homotopic loops in formed between and 

ip L (U L ). Notice that ip x (U x ) 0 if and only if U x f| f/ t ^ 0 and k Xi = E Xl 

for A,i G A. We know that G = G' by definition. 
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Now we prove that Mc(n) is homeomorphic to <s>G'(n, A G A). By assumption, 
M n is locally compact. Whence, there exists a partition of unity c A : C/ A — > R n , 
A G A on the atlas srf[M n ]. Let A x = supp(<^ A ). Define functions h\ : M n — »■ R n 
and H : M n — ■» S’cfin) by 



h\(x) 



c x (x)(p x (x) if x G U x , 

0 = (0, • • • , 0) if xeU x -A x . 



and 

H = ^(^ a c a , and J = ^ j cf 1 <pf 1 . 

AeA AeA 

Then h x . H and J all are continuous by the continuity of ip x and c A for VA G A on 
M n . Notice that c^V^V A c A =the unity function on M n . We get that J = HA 1 , 
i.e., H is a homeomorphism from M n to (?G'( n i A G A). □ 

By definition, a finitely combinatorial manifold M(n\, n 2 , • • • , n m ) is provided 
with an underlying structure G. We characterize its structure by applying vertex- 
edge labeled graphs on the conception of d-connectedness introduced for integers 
d > 1 following. 

Definition 4.2.1 For two points p,q in a finitely combinatorial manifold M(n\, n 2 , 

• ■ ■ , Um), if there is a sequence B i, B 2 , ■ ■ ■ , B s of d-dimensional open balls with two 
conditions following hold. 

(1 )Bi C M(ni, n 2 , ■ ■ ■ , n m ) for any integer i, 1 < i < s and p G B i, q G B s ; 

(2) The dimensional number dim(R P| R+i) > d for Vi, 1 < i < s — 1. 

Then points p, q are called d-dimensional connected in M(n\, n 2 , ■ ■ ■ , n m ) and the se- 
quence Bi, B 2 , ■ ■ ■ , B e a d-dimensional path connecting p and q, denoted by P d (p, q). 

If each pairp, q of points in the finitely combinatorial manifold M(ni,n 2 , • • • , n m ) 
is d-dimensional connected, then M(n\, n 2 , ■ ■ ■ , n m ) is called d-pathwise connected 
and say its connectivity> d. 

Not loss of generality, we consider only finitely combinatorial manifolds with 
a connectivity> 1 in this book. Let M(n\, n 2 , ■ ■ ■ , n m ) be a finitely combinato- 
rial manifold and d, d > 1 an integer. We construct a vertex-edge labeled graph 
G d [M(ni,n 2 , by 



V(G d [M(ni, n 2 , • • • , n m )}) =V 1 \J V 2l 
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where V\ = {n* — manifolds M ni in M(n\, n 2 , ■ ■ ■ , n m )\l < i < m} and V 2 = 
{isolated intersection points of M ni ,M nj in M(ni, n 2 , ■ ■ ■ , n m ) for 1 < 

i , j < m}. Label ri; for each n,;-manifold in V\ and 0 for each vertex in V 2 and 

E(G d \M( ni , n 2 , ■ ■ ■ , rim)]) = E 1 (J E 2 , 



where E\ = {(M n % M nj ) labeled with dim (M ni p| M nj ) \ dim(M n '‘ M nj ) > d, 1 < 
i,j < m} and E 2 = {(0 M n i M n j: M ni ), {p M n i M ^j , M nj ) labeled with 0| M ni tangent 
M nj at the point 0 M n i M nj for 1 < i, j < m}. 

For example, these correspondent labeled graphs gotten from finitely combina- 
torial manifolds in Fig.4.2.1 are shown in Fig. 4. 2. 2, in where d = 1 for (a) and (b), 
d = 2 for (c) and (d). Notice if dim(M ni fl M n ^) < d — 1, then there are no such 
edges (M ni , M n i) in G d [M(n 1 , n 2 , • • • , n m )\. 




Fig.4.2.2 

Theorem 4.2.2 Let G d [M{ni ) n 2 , • • • , n m )\ be a labelled graph of a finitely combi- 
natorial manifold M(ni,n 2 , ■ ■ ■ ,n m ). Then 

(1) G d [M (ni, n 2 , • • • , n m )\ is connected only if d <n\. 

(2) there exists an integer d,d < n± such that G d [M(ni, n 2 , • • • , n m )] is con- 
nected. 

Proof By definition, there is an edge (M ni , M nj ) in G d [M(ni,n 2: ■ ■ ■ ,n m )] for 
1 < < m if and only if there is a d-dimensional path P d (p,q) connecting two 

points p E M ni and q E M nj . Notice that 



(. P d (p , q) \ M ni ) C M nj and ( P d (p , q) \M n >) C M ni . 
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Whence, 

d < rij} . (4-2.1) 

Now if G d [M(ni, rz 2 , • • • , n m )\ is connected, then there is a d-path P(M n % M nj ) 
connecting vertices M ni and M n i for VM ni ,M nj ' E V(G d [M(ni, n 2 , • • • , n m )]). Not 
loss of generality, assume 

P(M n \M n i) = M ni M Sl M S2 ■ ■ ■ M St ~ x M n F 



Then we get that 



d < min{rij, s 1} s 2 , ■ ■ ■ , s t _i, nj} (4.2.2) 

by (4.2.1). However, by definition we know that 

U {ni(p),n 2 (p), • • • , n s(p )(p)} = {ni, n 2 , ■ ■ ■ , n m }. (4.2.3) 

peM 

Therefore, we get that 

d < min( (J (ni(p), n 2 (p), ■ ■ ■ , ^ s (p)(p)}) = minjrii, n 2 , ■ ■ ■ , n m } = n x 

p£M 

by combining (4.2.2) with (4.2.3). Notice that points labeled with 0 and 1 are always 
connected by a path. We get the conclusion (1). 

For the conclusion (2), notice that any finitely combinatorial manifold is al- 
ways pathwise 1-connected by definition. Accordingly, G 1 [M(ni, n 2 , ■ ■ ■ , n m )\ is con- 
nected. Thereby, there at least one integer, for instance d — 1 enabling G d [M(n i, n 2 , 
• ■ • , n m )] to be connected. This completes the proof. □ 

According to Theorem 4.2.2, we get immediately two corollaries following. 

Corollary 4.2.1 For a given finitely combinatorial manifold M , all connected graphs 
G d [M] are isomorphic if d <n x , denoted by G L [M\. 

Corollary 4.2.2 If there are k 1-manifolds intersect at one point p in a finitely 
combinatorial manifold M, then there is an induced subgraph K k+1 in G L [M], 

Now we define an edge set E d (M) in G L [M] by 



E d (M ) = E(G d [M ]) \ E(G d+1 [M}). 
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Then we get a graphical recursion equation for graphs of a finitely combinatorial 
manifold M as a by-product. 

Theorem 4.2.3 Let M be a finitely combinatorial manifold. Then for any integer 
d,d> l, there is a recursion equation 

G d+1 \M] = G d [M } - E d {M) 

for labeled graphs of M . 

Proof It can be obtained immediately by definition. □ 

Now let 7Y(ni, tt- 2 , ■ • • , n m ) denote all finitely combinatorial manifolds M(n\, n 2 , 

• • - , n m ) and C/[0, n m } all vertex-edge labeled graphs G L with 6j J : V ( G L ) U E(G L ) — > 
{0, 1, • • • , n m } with conditions following hold. 

(1) Each induced subgraph by vertices labeled with 1 in G is a union of complete 
graphs and vertices labeled with 0 can only be adjacent to vertices labeled with 1. 

(2) For each edge e = (u,v) G E(G), 72 (e) < min{ri(u), Ti(u)}. 

Then we know a relation between sets TC(ni,ri 2 , • • • , n m ) and Q([ 0, n m \, [0, n m ]) 
following. 

Theorem 4.2.4 Let 1 < n\ < 772 < • • • < n m , m > 1 be a given integer se- 
quence. Then every finitely combinatorial manifold M G Tt(n\, 772 , • • • , n m ) de- 
fines a vertex-edge labeled graph G([0,n m ]) G G[0,n m ]. Conversely, every vertex- 
edge labeled graph G([0,n m ]) G Q[0,n m } defines a finitely combinatorial manifold 
M G Ti(ni, tt- 2 , • • • , n m ) with a 1 — 1 mapping 6 : G([0,77 m ]) — * M such that 8{u ) 
is a 9{u)-manifold in M, T\{u) = dim6 , (u) and T 2 (v,w ) = dim(0(u) (~) 9(w)) for 
\/u G V (G( [0, 77 m ] )) and V(u, w) G E(G([0,n m ])). 

Proof By definition, for VM G H(ni, 772 , • • • , n m ) there is a vertex-edge labeled 
graph G([0,77 m ]) G C/([0, ?7 m ]) and a 1 — 1 mapping 9 : M — > G([0,77 m ]) such that 
6{u) is a 9{u ) -manifold in M. For completing the proof, we need to construct a 
finitely combinatorial manifold M G TL{ni, 772 , • • • , 77 m ) for VG([0, 77 m ]) G G[0,n m ] 
with Ti(u) = dim6 ) (u) and 72 ( 77 , 7 /;) = dim(0(/;) fj 9(w)) for Vu G F(G([0, n m ])) and 
V(t;, tu) G i?(G([0, 77 m ])). The construction is carried out by programming following. 

STEP 1. Choose |G([0,77 m ])| — | Vo | manifolds correspondent to each vertex u with 
a dimensional 77 * if T\{u) = where V 0 = {u\u G F(G([0, 77 m ])) and rfiu) = 0}. 
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Denoted by V>i all these vertices in G([0,n m ]) with label> 1. 

STEP 2. For Vu i G V>i with T\{uf) = n tl , if its neighborhood set A^G([o, nm ])(Mi) 
n v >i = {vfvj, - ■ ■ with Ti(nJ) = nu, Ti(n^) = n i2 , ■ ■ Ti(ui (ui) ) = ni s(ui) , 

then let the manifold correspondent to the vertex U\ with an intersection dimension 
t 2 (u 1 v{) with manifold correspondent to the vertex v\ for 1 < i < s(ui) and define 
a vertex set Ai = {«i}. 

STEP 3. If the vertex set A / = {m 1; m 2 , • • • , u{\ C V>i has been defined and V>i \ 
A i 0, let ui + 1 G V>i \ A i with a label rii l+1 . Assume 

(A' G ([ 0 ,n m ])(M/+l) H Vyy) \ A, = {vj +1 , vf +1 , • • • , 

with n(vl +1 ) = n i+ i,i, ri(n z 2 +1 ) = n t+lj2 , ■ • -,d(d|T + i) ) = wi+i,*(u,+i)- Then let the 
manifold correspondent to the vertex ui + \ with an intersection dimension r 2 (tp + 
with the manifold correspondent to the vertex v \ +1 , 1 < i < s(ui + 1 ) and dehne a 
vertex set A i+1 = A/ IJ{ M /+i}- 

STEP 4. Repeat steps 2 and 3 until a vertex set A t = V>i has been constructed. 
This construction is ended if there are no vertices w G V(G ) with T\(w) = 0, i.e., 
V>] = V(G). Otherwise, go to the next step. 

STEP 5. For \/w G V(G([0,n m })) \ V>i, assume N G Qo tTlm ])(w) = {wi,w 2 , ■ ■ -,w e }. 
Let all these manifolds correspondent to vertices w\, w 2 , ■ ■ ■ , w e intersects at one 
point simultaneously and dehne a vertex set Aj t +1 = A t 

STEP 6. Repeat STEP 5 for vertices in E(G([0, n m \)) \ V>\. This construction is 
finally ended until a vertex set A^ +h — V(G[ni,n 2 , ■ ■ ■ , n m \ ) has been constructed. 

A finitely combinatorial manifold M correspondent to G([0, n m \) is gotten when 
A^ +h has been constructed. By this construction, it is easily verified that M G 
H(rii,n 2 , ■ ■ ■ ,n m ) with Ti(u) = dim#(u) and t 2 (v,w ) = dim(0(u) p| 9(w)) for \/u G 
R(G([0,n m ])) and \/(v,w) G F(G([0, n m ])). This completes the proof. □ 

4.2.2 Combinatorial Submanifold. A subset S' of a combinatorial manifold 

M is called a combinatorial submanifold if it is itself a combinatorial manifold with 
G L [S] -< G L [M\. For Ending some simple criterions of combinatorial submanifolds, 
we only consider the case of F : M — > A mapping each manifold of M to a man- 
ifold of N , denoted by F : M\ — N, which can be characterized by a purely 
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combinatorial manner. In this case, M is called a combinatorial in- submanifold of 

N. 

For a given vertex-edge labeled graph G L = ( V L , E L ) on a graph G = (V, E ), its 
a subgraph is defined to be a connected subgraph T -< G with labels r\ |r(w) < T\ |g(w) 
for Vu G V(r) and T2\t(u,v) < t 2 \g{u,v) for \/(u,v) G F'(r), denoted by T L -< G L . 
For example, two vertex-edge labeled graphs with an underlying graph K 4 are shown 
in Fig.4.2.3, in which the vertex-edge labeled graphs (b) and (c) are subgraphs of 
that (a). 



4 2 2 




(a) (b) (c) 



Fig.4.2.3 

For characterizing combinatorial in-submanifolds of a combinatorial manifold 
M, we introduce the conceptions of feasible vertex-edge labeled subgraph and labeled 
quotient graph in the following. 

Definition 4.2.2 Let M be a finitely combinatorial manifold with an underly- 
ing graph G L [M], For VM G V(G L [M ]) and U L C N gL ^(M) with new labels 
< r 2 | GLm (M,Mi) for VM; G U L , let JiM,) = {M'|dim(M D Mf) = 
t 2 (M, Mi), M- C Mi} and denotes all these distinct representatives of J(Mf),Mi G 
U L by 2? . Define the index o^(M : U L ) of M relative to U L by 

°m( M : uL ) = min{dim( (J (Mp|M'))}. 

M'GJ 

A vertex-edge labeled subgraph V L of G L [M] is feasible if forWu G V{T L ), 

Ti|r (w) > o^(u : N t l(u)). 

Denoted by r L -< 0 G L [M } a feasibly vertex-edge labeled subgraph T L of G L [M}. 

Definition 4.2.3 Let M be a finitely combinatorial manifold, a finite set of 
manifolds and Ff : M 22 an injection such that for VA-f G V(G L [M}), there 
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are no two different A3, A3 G ££ with Ff(M) fl A3 0, Ff(M) D A3 f 0 and 
for different M 1 ,M 2 G V(G L [M ]) with Ff(Mi) C Ni,Ff(M 2 ) C N 2 , there exist 
N [ , N! 2 g enabling that A3 fl N[ f 0 and N 2 C\ N' 2 f 0. d. vertex-edge labeled 
quotient graph G L [M]/Ff is defined by 

V{G L \M}/ Ff) = {N C 2^|3M G C(G L [M]) swch that Ff{M) C IV}, 

^(G L [M]/F 1 1 ) = {(A3, 1V 2 )|3(M 1 , M 2 ) G £(G l [M]), A3, A3 e jSfswch that 

Ff(Mi) C A3, Ff(M 2 ) C A3 and F^Mi) n Ff(M 2 ) f 0} 

and labeling each vertex N with dimM if Ff(M) C N and each edge (A3, N 2 ) with 
dim(M 1 n M 2 ) ifF 1 (M 1 ) C A3, Ff{M 2 ) C N 2 and Ff{Mf) n Ff{M 2 ) ± 0. 

Then, we know the following criterion on combinatorial submanifolds. 

Theorem 4.2.5 Let M and N be finitely combinatorial manifolds. Then M is a 
combinatorial in- submanifold of N if and only if there exists an injection Ff on M 
such that 

g l [m\/fI n. 

Proof If M is a combinatorial in-submanifold of N, by definition, we know 
that there is an injection F : M N such that F(M) G V(G[N ]) for VM G 
V{G L [M ]) and there are no two different A3, A3 G with Ff(M) fl A3 f 0, 
Ff(M) D A3 f 0. Choose F\ = F . Since F is locally 1 — 1 we get that F(Mi fl 
M 2 ) = F(Mf) n F(M 2 ), i.e., F(M h M 2 ) G E(G[N]) or V(G[N}) for V(Mi,M 2 ) G 
E(G l [M]). Whence, G L [M]/Ff -< G L [N]. Notice that G L [M] is correspondent with 
M. Whence, it is a feasible vertex-edge labeled subgraph of G L [N } by definition. 
Therefore, G L [M\/Ff - < D G L [N}. 

Now if there exists an injection Ff on M, let T L -< 0 G L [N]. Denote by T 
the graph G L [N] \ T L , where G L [N] \ T L denotes the vertex-edge labeled subgraph 
induced by edges in G L [N] \T L with non- zero labels in G[AT]. We construct a subset 
M* of N by 

M" = N\(( 1J M') [J( (J (M'f|M"))) 

M'ev(Tj (m',m")£E(7) 

and define M = F 1 1_1 (M*). Notice that any open subset of an n-manifold is also 
a manifold and i ? 1 1_1 (T i ) is connected by definition. It can be shown that M is a 
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finitely combinatorial submanifold of N with G L [M}/ 'Ff = T L . □ 

An injection Ff : M — > F£ is monotonic if N\ ^ N 2 if F, 1 (M\) c N\ and 
F 1 1 (M 2 ) C N 2 for VMi,M 2 G V{G l [M}) 1 M\ ^ M 2 . In this case, we get a criterion 
for combinatorial submanifolds of a finite combinatorial manifold. 

Corollary 4.2.3 For two finitely combinatorial manifolds M, N, M is a combina- 
torial monotonic submanifold of N if and only if G L [M\ -< 0 G L [N], 

Proof Notice that F, 1 = 1* in the monotonic case. Whence, G L [M]/ Ff = 
G L [M]/l\ = G L [M]. Thereafter, by Theorem 4.2.9, we know that M is a combina- 
torial monotonic submanifold of N if and only if G L [M ] -< 0 G L [N). □ 

4.2.3 Combinatorial Equivalence. Two hnitely combinatorial manifolds 

ri 2 , ■ ■ ■ , n m ), M 2 (/ci, k 2 , ■■■ ,ki ) are called equivalent if these correspondent labeled 
graphs 

G L [Mi(m, n 2 , • • • , n m )] = G L [M 2 {k x , k 2 , ■ ■ ■ , k t )]. 

Notice that if n 2 , ■ ■ ■ , n m ), M 2 (ki, k 2 , ■ ■ ■ , ki) are equivalent, then we can 

get that {ni,n 2 , • • • , n m } = {k\, k 2 , ■ ■ ■ , /c/} and G L [Mi] = G L [M 2 ], Reversing this 
idea enables us classifying Hnitely combinatorial manifolds in 7i d {rii , n 2 , ■ ■ ■ , n m ) by 
the action of automorphism groups of these correspondent graphs without labels. 

Definition 4.2.4 A labeled connected graph G L [M(ni,n 2 , • • • , n m )] is combinatori- 
al ly unique if all of its correspondent finitely combinatorial manifolds M(ni,n 2 , • • • , n m 
are equivalent. 

Definition 4.2.5 A labeled graph G[ni, n 2 , ■ ■ ■ , n m \ is called class-transitive if the 
automorphism group AutG is transitive on (C(nj), 1 < i < m}, where C{ni) denotes 
all these vertices with label n t . 

We find a characteristic for combinatorially unique graphs following. 

Theorem 4.2.6 A labeled connected graph G[n\, n 2 , ■ ■ ■ , n m ] is combinatorially 
unique if and only if it is class-transitive. 

Proof For two integers i,j, 1 < i, j < m, relabel vertices in Cinf) by n 3 and 
vertices in C{nf) by n, : in G[ni, n 2 , ■ ■ ■ , n m \. Then we get a new labeled graph 
G'[rii, n 2 , ■ ■ ■ , n m ] in Q[ni,n 2 , ■ ■ ■ ,n m \. According to Theorem 4.2.4, we can get 
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two finitely combinatorial manifolds Mfani, n 2 , • • • , n m ) and M 2 (fa , k 2 , - ■ ■ , fa) cor- 
respondent to G[ni,ri 2 , ■ ■ ■ , n m \ and G'[ni, n 2 , ■ ■ ■ , n m ]. 

Now if Cr[ni, n 2 , • • • , n m ] is combinatorially unique, we know n 2 , • • • , n m ) 

is equivalent to M 2 {k\, k 2 , ■ ■ ■ , fa), i.e. , there is an automorphism 6 e AutG such that 
C e (rii ) = C(rij) for Vi, j, 1 < i,j < m. 

On the other hand, if G[rii, n 2 , ■ ■ ■ , n m ] is class-transitive, then for integers 
i,j, 1 < i, j < m, there is an automorphism r e AutG such that C T {rii ) = C(rij). 
Whence, for any re-labeled graph G'[n\, n 2 , ■ ■ ■ , n m \, we find that 



which implies that these finitely combinatorial manifolds correspondent to G[ni,n 2 , 
• • • , n m \ and G'[n 1 ,n 2 , ■ • • , n m ] are combinatorially equivalent, i.e., G[ni,n 2 , • • • , n m ] 



Now assume that for parameters fa i, fa 2 , • • • , fa Si , we have known an enufunction 



for rij-manifolds, where n,i{fa i, tj 2 , • • • , fa s ) denotes the number of non-homeomorphic 
rq-manifolds with parameters tn,ti 2 , ■ ■ ■ , fa s . For instance the enufunction for com- 
pact 2-manifolds with parameter genera is 



Consider the action of AutGfni, n 2 , • • • , n m ] on G[ni, n 2 , ■ ■ ■ , n m \. If the number 
of orbits of the automorphism group AutG[ni, n 2 , • • • , n m ] action on {C(rii), 1 < i < 
m} is 7To, then we can only get 7To! non-equivalent combinatorial manifolds corre- 
spondent to the labeled graph G[rti, n 2 , ■ ■ ■ , n m ] similar to Theorem 2.4. Calcula- 
tion shows that there are /! orbits action by its automorphism group for a complete 
(si + s 2 + • • • + sj)-partite graph K{k J 1 , /c 2 2 , • ■ ■ , where k^ denotes that there 
are s t partite sets of order fa. in this graph for any integer i, 1 < i < l, particularly, 
for K(ni, n 2 , • • • , n m ) with n t rij for i,j, 1 < i, j < m, the number of orbits action 
by its automorphism group is m\. Summarizing all these discussions, we get an enu- 
function for these finitely combinatorial manifolds M(ni, n 2 , ■ ■ ■ , n m ) correspondent 
to a labeled graph G[ni,n 2 , • ■ • , n m \ in G{n\, n 2 , ■ ■ ■ , n m ) with each label> 1. 



G[n i, n 2 , ■ ■ ■ , n m \ = G'[n 1 ,n 2 , ■ ■ • , n m \, 



is combinatorially unique. 



□ 




C B [z]( 2) = 1 + E 2V. 



Theorem 4.2.7 Let G[rti, n 2 , ■ ■ ■ , n m ] be a labelled graph in G(ni,n 2 , ■■■ ,n m ) with 
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each label> 1. For an integer i, 1 < i < m, let the enufunction of non-homeomorphic 
Ui-manifolds with given parameters ti, t 2 , - ■ ■ , be Cm™; [xn,Xi 2 , ■ ■ ■} and i r 0 the num- 
ber of orbits of the automorphism group AutG[rii , n 2 , • • • , n m ] action on {C(rij), 1 < 
i < m}, then the enufunction of combinatorial manifolds M(ni, n 2 , ■ ■ ■ , n m ) corre- 
spondent to a labeled graph G[rii, n 2 , ■ ■ ■ , n m \ is 

m 

C m( t ) = ^o! WC M -i[xn,x i2 , • • 

i— 1 

particularly, if G[n±, n 2 , ■ ■ ■ , n m ] = kf 2 , • • • , k^p) such that the number of par- 

tite sets labeled with rii is Si for any integer i, 1 < i < m, then the enufunction 
correspondent to Kfkf 1 , k^ 2 , ■ ■ ■ , k^p) is 

m 

Cm(x) = ml C M ™; [^i, x i2 , ■ ■ ■] 

2=1 

and the enufunction correspondent to a complete graph K m is 

m 

Cm(x) = C M ™; [xn, x i2 , ■ ■ ■]. 

2=1 

Proof Notice that the number of non-equivalent finitely combinatorial manifolds 
correspondent to G[n\, n 2 , ■ ■ ■ , n m ] is 

m 

TTO Tliifili ti2i t tis) 
i=l 

for parameters tn, t i2 , • • • , U s , 1 < i < m by the product principle of enumeration. 
Whence, the enufunction of combinatorial manifolds M(n\, n 2 , ■ ■ ■ , n m ) correspon- 
dent to a labeled graph G[ni,n 2 , ■ ■ ■ , n m ] is 

m m 

Cm{x) = Y ^oYln i (t il ,t i2 ,---,t is ))Y[xl[ 1 x% 2 ---x^ 

til ’ i^is t — 1 2 — 1 

m 

= W ~\\C M n i[xiuXi 2 , ■ ■ ■]• t] 

2=1 

4.2.4 Homotopy Class. Denote by f — g two homotopic mappings / and g. Two 
finitely combinatorial manifolds M(k\, k 2 , ■ ■ ■ , ki), M(n\,n 2 , ■ ■ ■ , n m ) are said to be 
homotopically equivalent if there exist continuous mappings 



/ : M(k 1 , k 2 ,---, ki) -> M(nx,n 2 , ■ ■ ■ , n m ), 
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9 ■ M(n 1 ,n 2 , ■■■, n m ) — > M(k i, k 2 , ■ ■ ■ , h) 

such that gf ^identity: M(ki, k 2 , ■ ■ ■ , ki) — > M(Aq, fc 2 , • • • , /q) and fg ^identity: 
M(ni, n 2 , • • • , n m ) -> M(m, ra 2 , ■ ■ ■ , n m ). 

For equivalent homotopically combinatorial manifolds, we know the following 
result. 



Theorem 4.2.8 Let M{n\ , n 2 , ■ ■ ■ , n m ) and M(k\, fc 2 , ■ ■ • , k{) be finitely combinato- 
rial manifolds with an equivalence w : G L [M(ni, n 2 , ■ ■ ■ , n m )\ — > G L [M(/ci, k 2 , ■ ■ ■ , fc;)]. 
If for WMi, M 2 e ld(G L [M(ni, n 2 , • • • , n m )]), Mi is homotopic to w{Mf) with ho- 
motopic mappings f Mi ■ M t — > w(Mf), g Mi ■ w(Mf) — >• M* such that f Mi \M i ^M j = 
f Mj | Mi n Mj ? fi'MiUiriMi = //w, n.n 'h providing ( M t , Mj) 6 E(G L [M(ni, n 2 , • • - ,n m )]) 
for 1 < i, j < m, then M(n±, n 2 , • • • , n m ) is homotopic to M(k\, fc 2 , • • • , ki ). 



Proof By the Gluing Lemma, there are continuous mappings 



/ : M(rii,n 2 , ■ ■ • , n m ) -> M(k 1 ,k 2 , - ■ ■ ,k) 



and 



5- : M(/ci, k 2 , ■ • • , M) — > M(ni,n 2 , • • • ,n m ) 



such that 



/|m — /m and g| ro (M) — 9™{M) 

for VM e G(G i [M(77, 1 ,n 2 , • • • , n m )]). Thereby, we also get that 



gf — identity : M(ki, k 2 , ■ ■ ■ , /cj) — > M(ki, k 2 , ■ ■ ■ , fcz) 



and 



/# - 



identity : M(ni, n 2 , ■ ■ ■ , n m ) — »■ M(ni, n 2 , ■ ■ • , n m ) 



as a result of 



and 



g m f m — identity : M — » M, 



}m9m — identity : w{M) — > w(M) 



for VM e G(G L [M(ni,n 2 , • • • ,n m )]). 



□ 
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4.2.5 Euler-Poincare Characteristic. It is well-known that the integer 

OO 

xm = Et-h* 

i = 0 

with the number of /'-dimensional cells in a CW-complex 971 is defined to be the 
Euler-Poincare characteristic of this complex. In this subsection, we get the Euler- 
Poincare characteristic for finitely combinatorial manifolds. For this objective, define 
a clique sequence {Cl{i)}i>i hi the graph G L [M] by the following programming. 

STEP 1. Let Cl{G L [M ]) = l 0 . Construct 

Cl(l 0 ) = {K[°, K l 2 0 ,---, K l p °\Rf y G L [M } and K l f D K\° = 0, 
or a vertex e V(G L [M]) for i ^ j, 1 < i, j < p}. 

STEP 2. Let G x = U K ' and Cl{G L [M } \ G',) = l x . Construct 

K l £Cl(l) 

ci(h ) = {K[\ K l 2 \ • • • , K’^Kl 1 y G l [M } and K j 1 n K] 1 = 0 
or a vertex <E V(G L [M]) for i ^ j, 1 < i, j < q}. 

STEP 3. Assume we have constructed Cl(lk~ i) for an integer k > 1. Let Gk = 
IJ K lk ~ x and Cl{G L [M ] \ (G*i U • • • U Gk)) = h- We construct 

K lk -l£Cl(l) 

Cl(l k ) = {K[\K l 2 \ • ■ • , K lk \K\ k y G l [M } and K\ k n K l f = 0, 
or a vertex G V(G L [M]) for % ^ j,l < i,j < r}. 

STEP 4. Continue STEP 3 until we find an integer t such that there are no edges 
in G L [M } \ J Gi. 

i— 1 

By this clique sequence {C7(z)}j>i, we can calculate the Euler-Poincare char- 
acteristic of finitely combinatorial manifolds. 

Theorem 4.2.9 Let M be a finitely combinatorial manifold. Then 

x ( m )= E E (-lrvrfMHpp-riM,,) 

K k £Cl(k),k> 2 Mi. &V{K k ),l<j<s<k 



Proof Denoted the numbers of all these i-dimensional cells in a combinatorial 
manifold M or in a manifold M by and afiM). If G L [M ] is nothing but a 
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complete graph K k with V(G L [M ]) = {Mi, M 2 , ■ ■ ■ , M k }, k > 2, by applying the 
inclusion-exclusion principe and the definition of Euler-Poincare characteristic we 
get that 

OO 

X{M) = 

i=0 

oo 

= El- 1 )' E (-ir +1 a.(M i ,p|...p|M„) 

*=0 Mi. eV{K k ),l<j<s<k 

OO 

Mi.eV(K k ),l<j<s<k i = 0 

E (-ir +i x(M„p|"ri M ‘.) 

Mij CV (K k ),l<j<s<k 

for instance, y(M) = x(M 1 ) + x(M 2 )-y(M 1 nM 2 ) if G L [M] = K 2 and V(G L [M ]) = 
{Mi, M 2 }. By the definition of clique sequence of G L [M], we finally obtain that 

x(M)= Y. E (-l) i+1 x(M il P|---n M i.)- 

K k £Cl(k),k > 2 Mi. &V{K k ),l<i<s<k 

□ 

If G L [M] is just one of some special graphs, we can get interesting consequences 
by Theorem 4.2.14. 

Corollary 4.2.4 Let M be a finitely combinatorial manifold. If G L [M] is K 3 -free, 
then 

x(M)= Y Y 

MeV(G L [M]) (M 1 ,M 2 )eE(G L [M]) 

Particularly, if dim(Mi M 2 ) is a constant for any (Mi, M2) E E(G L [M}), then 
X (M)= Y X 2 (M)-x(Mif)M 2 )\E(G L [M])\. 

M&V(G L [M]) 

Proof Notice that G L [M] is A' 3 - free, we get that 

X(M) = Y (x(Mi)+x(M 2 )- X (Mif]M 2 )) 

( m u m 2 )£E(g l [m]) 

Y (x(Mi) + x(M 2 )) — Y x(M 1 f]M 2 )) 

(Mi,M 2 )eE(G L [M]) (Mi,M 2 )eE(G L [M}) 



194 



Chap. 4 Combinatorial Manifolds 



£ _ X\M) - £ 

MgV(G l [M]) (Mx,M 2 )e.E(G L \M\) 

□ Since the Euler-Poincare characteristic of a manifold M is 0 if 
dirnA/ = l(mod2), we get the following consequence. 

Corollary 4.2.5 Let M be a finitely combinatorial manifold with odd dimension 
number for any intersection of k manifolds with k> 2. Then 

x(M) = ]T x( M )- 

MeV(G L [M]) 



§4.3 FUNDAMENTAL GROUPS OF 
COMBINATORIAL MANIFOLDS 

4.3.1 Retraction. Let p : X — > Y be a continuous mapping from topological 
spaces X to Y and a, b : I — »■ X be paths in X. It is readily that if a ~ b in X , then 
<p([a]) ~ yj([ 6 ]) in Y, thus p> induce a mapping from 7r(A, x 0 ) to ir(Y,<p(xo)) with 
properties following hold. 

(i) If [a] and [b] are path classes in X such that [a] ■ [ 6 ] is defined, then <p* ([a] • 

[b]) = ¥»*([«]) -p*([ 6 D; 

(ii) ipfie x ) = e^x) for Vi 6 l; 

(in) ^([a]” 1 ) = (v ? *([a])) _1 ; 

(iv) If ip : Y — >■ Z is also a continuous mapping, then {finp)* = 

(v) If (f : X — > X is the identity mapping, then ip* ([a]) = [a] for V[a] G tt(X, Xq). 

Such a 99 * is called a homomorphism induced by particularly, a isomorphism 
induced by ip if ip is an isomorphism. 

Definition 4.3.1 A subset R of a topological space S is called a retract of S if there 
exists a continuous mapping o : S —> R, called a retraction such that o(a ) = a for 
Va G R. 

Now let o : S — » R be a retraction and i : R S a inclusion mapping. For any 
point x G R, we consider the induced homomorphism 
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o* : ir(S,x) — > tt(R,x), i * : 7r (R,x) — > 7r(S', x). 

Notice that oi =identity mapping by definition, which implies that is an identity 
mapping of the group 7r(i?, x 0 ) by properties (iv) and (v) previously. 

Definition 4.3.2 A subset R of a topological space S is called a deformation retract 
of S if there exists a retraction o : S R and a homotopy f : S x / S such that 

f(x,0)=x, f(x,l)=o(x) for Vi £ 5, 

/(a, t) = a for Va e R, tel. 

Theorem 4.3.1 If R is a deformation retract of a topological space S, then the 
inclusion mapping i : R — > S induces an isomorphism of ir(R, x 0 ) onto tt(S,x 0 ) for 
Vxo G R, i.e., tt(R,xo) = ti(S,x o) 

Proof As we have just mentioned, o*i* is the identity mapping. By definition, 
io : X — > X is an identity mapping with io(xq) = x 0 . Whence, («o)* = f*o* is the 
identity mapping of tt(S,Xq), which implies that i M is an isomorphism from it(R,xq) 
to 7 t(S, Xo). □ 

Definition 4.3.3 A topological space S is contractible to a point if there exists a 
point xq G S such that {xo} is a deformation retract of S . 

Corollary 4.3.1 A topological space S is simply connected if if it is contractible. 

Combining this conclusion with the Seifert and Van-Kampen theorem, we de- 
termine the fundamental groups of combinatorial manifolds M in some cases related 
with its combinatorial structure G L [M] in the following subsections. 

4.3.2 Fundamental d-Group. Let a finitely combinatorial manifold M(ni,n 2 , 

• • • , n m ) be d-arcwise connected for some integers 1 < d < n±. We consider funda- 
mental d- groups of finitely combinatorial manifolds in some special cases. 

Definition 4.3.4 Let M(n\, n 2 , ■ ■ ■ , n m ) be a finitely combinatorial manifold of d- 
arcwise connectedness for an integer d, 1 < d < n± and \/xq G M(n\, n 2 , ■ ■ ■ , n m ), a 
fundamental d-group at the point x 0 , denoted by 7r d (M(ni, n 2 , ■ ■ ■ , n m ), x 0 ) is defined 
to be a group generated by all homotopic classes of closed d-pathes based at x 0 . 
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If d = 1 and M(n\, n 2 , ■ ■ ■ , n m ) is just a manifold M, we get that 



7r d (M(ni,n 2 , • • • ,n m ),x) = 7Ti(M,z). 



Whence, fundamental d- groups are a generalization of fundamental groups in clas- 
sical topology. 

A combinatorial Euclidean space Sfjid. d, • ■ ■ ,d) of R d underlying a combina- 

m 

torial structure G, |Gj — m is called a d-dimensional graph , denoted by M d [G] if 

(1) M d [G] \ V(M d [G]) is a disjoint union of a finite number of open subsets 
ei, e 2 , • • • , e m , each of which is homeomorphic to an open ball B d ; 

(2) the boundary e* — e* of e* consists of one or two vertices B d , and each pair 
(e;,ej) is homeomorphic to the pair ( B d , 5' d_1 ), 

Notice that M d [G\ and G are homotopy equivalence. We get the next result. 

Theorem 4.3.2 ir d (M d [G\ : xq) = tti(G, xo), xq G G. □ 

For determining the d-fundamental group of combinatorial manifolds, an easily 
case is the adjunctions of s-balls to a connected d-dimensional graph, i.e. , there 
exists an arcwise connected combinatorial submanifold M d [G\ -< M(rii,n 2 , • • • ,n m ) 
such that 

k li 

M(n ls n 2 , ■ ■ • , n m ) \ M d [G } = (J (J B ij: 

i=2j=l 

where B, :/ is the i-ball B l for integers 1 < % < k, 1 < j < l^. We know the following 
result . 



Theorem 4.3.3 Let M(n!,n 2 , • • • ,n m ) be a finitely combinatorial manifold under- 
lying a combinatorial structure G, M d [G\ -< M(ni,n 2 , • • • ,n m ) such that 

k li 

M(ni, n 2 , ■ • ■ , n m ) \ M d [G } = (J (J B tjl 

i=2j=l 



x 0 eM d [G\. Then 



n d (M(ni, n 2 , • ■ • , n m ),x 0 ) = 



7Tl (G,X 0 ) 

fi 2j a 2 /i 2j 1 \l <j<l 2 



where a 2j is the closed path of B 2j and /3 2j a path in X with an initial point x 0 and 
terminal point on a 2j . 
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Proof For any s-ball B S] , 1 < j < l s , choose one point G B S j. De- 
fine U = M(ni,ri 2 , ■ ■ ■ ,n m ) \ {u s q 7 } and V = B S j. Then U, V are open sets and 
n 2 , • • • , n m ) =ULiV. Notice that U, V, V fl V = B s j{u s0j } are arcwise con- 
nected and V simply connected. Applying Corollary 3.1.2 and Theorem 4.3.2, we 
get that 



n d (M(n 1 ,n 2 , - ■ ■ ,n m ),x 0 ) = 



tt(G,x 0 ) 

[m(unv)] 



Since 



n(G,x 0 ) 

[il*(7Ti(S SJ {w s0j }))] 



7Ti(B si {M s0 .}) 



we find that 



7r d (M(ni,n 2 , ■ ■ „) = 



Z, if s = 2, 
{1}, if s > 3, 



TTi(G,Xq) 

il*{’Kl{B 2 j{u2Q j })) 1 
7Ti (G,X 0 ), 



if s = 2, 

if s > 3. 



Notice that [ii*(Tri(B 2 j{u 2 o j }))] = 
ciple on integers i, j, 2<i<k,l<j< /j, we fina’ 
of M(ni,ri 2 , • • • , n m ) with a base point x 0 following, i.e., 



. Applying the induction prin- 
ly get the fundamental d-group 



ir d (M(ni, n 2 , ■ ■ ■ , n m ), x 0 ) = 



TTl (G,x 0 ) 



A>/Dr\ 1 <j<h 



This completes the proof. 



□ 



Corollary 4.3.2 Let M(ni, n 2 , • • • , n m ) be a finitely combinatorial manifold under- 
lying a combinatorial structure G, M d [G\ -< M(n±, n 2 , • • • , n m ) such that 



_ ___ h 

M(n 1; n 2 , • • • , n m ) \ M d [G] = (J U 

j=l 

x 0 eM d [G}. Then 

TT d (M(ni, n 2 , • • • , n m ), x 0 ) = tti(G,x 0 ). 

Corollary 4.3.3 Let M(ni, n 2 , • • • , n m ) 6e a finitely combinatorial manifold under- 
lying a combinatorial structure G, M d [G] -< M(n±, n 2 , • • • , n m ) such that 

k 

M(ni,n 2 , • • • , n m ) \ M d [G] = (J B 2i , 

i = 1 
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xq G M d [G\. Then 



Tr d (M(ni,n 2 , ■ ■ ■ , n m ),x 0 ) = 



7T!(G,X q) 

(A J i a 2i /3 2 “ 1 |1 <i<k) N ' 



where a 2i is the closed path of B 2 . and /3 2i a path in X with an initial point x 0 and 
terminal point on a 2i . 



A combinatorial map is a connected graph G ccllnlarly embedded in a sur- 
face S ([Liu2] and [Maol]). For these fundamental groups of surfaces, we can also 
represented them by graphs applying Corollary 4.3.3. 



Corollary 4.3.4 Let M be a combinatorial map underlying a connected graph G on 
a locally orientable surface S. Then for a point x 0 G G, 

Wl[S ’ Xo) [ 9 / 1 / 6 F(M)}' 

where F(M ) denotes the face set of M and df the boundary of a face f G F(M). 

We obtain the following characteristics for fundamental d-groups of finitely 
combinatorial manifolds if their intersection of two by two is either empty or simply 
connected. 



Theorem 4.3.4 Let M(ni, n 2 , • • • , n m ) be a d- connected finitely combinatorial man- 
ifold for an integer d, 1 < d < n\. IfW(M 1 ,M 2 ) G E(G L [M(ni, n 2 , ■ ■ ■ , n m )]) ; 
Mi fl M 2 is simply connected, then 

(1) for \/x 0 G G d , M G V(G L [M{ni, n 2 , ■ ■ ■ , n m )]) and x 0M G M, 
7i d (M(ni,n 2 ,- ■ ■ ,n m ),x 0 ) = ( (££) n d (M, x M o)) ® x(G d , x 0 ), 

M€V(G d ) 

where G d = G d [M(ni, n 2 , ■ ■ ■ , n m )] in which each edge (Mi, M 2 ) passing through a 
given point xmiM 2 G Mi fl M 2 , 7T d (M,XMo),^(G d ,x 0 ) denote the fundamental d- 
groups of a manifold M and the graph G d , respectively and 

(2) for \/x, y G M(n\, n 2 , - ■ ■ , n m ), 

n d (M(ni,n 2 , ■ ■ -,n m ),x) = ii d (M(ni, n 2 , ■ ■ ■ , n m ), y). 



Proof Applying Corollary 3.1.3, we firstly prove that the fundamental d-groups 
of two arcwise connected spaces Si and S 2 are equal if there exist arcwise connected 
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subspaces U,V C Si, U,V C S'2 such that U D V is simply connected in S\ and 
U fl V = {^ 0 } in S'2, such as those shown in Fig.4.3.1. 





In fact, we know that 



Fig.4.3.1 



7 T 1 (S' 1 , a?o) = TTl(U,X 0) * ni(V,X 0 ) 



for xq G U fl V and 

7Tl(S' 2 , - 0 ) = TTi (U, Z 0 ) * TT^V, Zq) 

by Corollary 3.1.3. Whence, 7r 1 (S' 1 ,a;o) = ^i{S 2 ,z 0 ). Therefore, we only need to 
determine equivalently the fundamental d-group of a new combinatorial manifold 
M*(ni, n 2 , ■ ■ ■ , n m ), which is obtained by replacing each pairs Mi H M 2 7 ^ 0 in 
M(ni, n 2 , • • • , n m ) by M\ fl M 2 = {imiM 2 }) such as those shown in Fig. 4. 3. 2. 




Fig.4.3.2 

For proving the conclusion (1), we only need to prove that for any cycle C in 
M(ni, n 2 , • • • , n m ), there are elements Cf 1 , Gf , • • • , e 7T d (M), aq, a 2 , • • • , OL^G d ) 
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E 7r (G d ) and integers af ,bj for VM E V (G d ) and 1 <i< 1{M), 1 < j < c(G d ) < 
/ 3(G d ) such that 

l(M) c(G d ) 

( ; = J2 S b 3 a j( mod2 ) 

MEV(G d ) i=l 3 = 1 

and it is unique. Let C^, C^ 1 , • • • , be a base of n d (M) for VM 6 ( G d ). Since 

C is a closed trail, C passes through a point xm x m 2 even times or it pass through 
cycles in G d . Whence there exist integers kf 1 , lj, 1 < i < b(M ), 1 < j < (3(G d ) and 
hp for an open d-path on C such that 

b{M) f3(G d ) 

c = E E k -' c -‘ + E + E h ? p < 

MeV(G d ) i = 1 J = 1 PeA 

where hp = 0(mod2) and A denotes all of these open d-paths on C. Now let 
{af |1 < i < Z(M)} = ^ 0 and 1 < i < b(M)}, 



{bj |1 < J < c{G d )} = {lj\lj ± 0, 1 < j < (3(G d )}. 

Then we get that 

l(M) c(G d ) 

C= Y Y a ^ C ^ + b j a j( mod2 )- (3-4. i) 

M£V(G d ) i= 1 3 = 1 

The formula (3.4.1) provides with us 

[C\ E ( 0 n d (M : x M0 ))(g)Tr(G d ,x 0 ). 

M£V(G d ) 

If there is another decomposition 

l'(M) c'(G d ) 

C= Y Y^ M °^ + 6 jW( mod2 )> 

MeV(G d ) i = 1 3 = 1 

not. loss of generality, assume l'(M ) < l(M) and c'(M ) < c(M), then we know that 

l(M) c(G d ) 

Y ( 6 j - = °» 

M£V{G d ) *=1 i=l 
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where a'f — 0 if i > 6) = 0 if j' > c'(M). Since Cf 1 , 1 < i < b(M) and 

OLj, l<j< (3(G d ) are bases of the fundamental group ir(M) and tt (G d ) respectively, 
we must have 



af 1 = a\ M , 1 < i < l(M) and bj = &'■, 1 < j < c(G d ). 

Whence, C can be decomposed uniquely into (3.4.1). Thereafter, we finally get that 
7T d (M(ni, n 2 , • • • , n m ), x 0 ) 5 ( (^) vr d (M, x M o)) ® tt (G d , x 0 ). 

MeV(G d ) 

For proving the conclusion (2), notice that M(rii, n 2 , • • • , n m ) is arcwise d- 
connected. Let P d (x, y ) be a d-path connecting points x and y in M(ni, n 2 , • • • , n m ). 
Dehne 

lu^C) = P d (x : y)C(P d )-\x,y) 

for VC G M(ni, n 2 , • ■ • , n m ). Then it can be checked immediately that 
u;* : n d (M(n 1 ,n 2 , - ■ ■ ,n m ),x) — >• n d (M(n l ,n 2 , ■ ■ ■ ,n m ),y) 

is an isomorphism. □ 

A d-connected finitely combinatorial manifold M(rii, n 2 , • • • , n m ) is said to be 
simply d-connected if ir d (M(ni, n 2 , • • • , n m ),x ) is trivial. As a consequence, we get 
the following result by Theorem 4.3.4. 

Corollary 4.3.5 A d-connected finitely combinatorial manifold M(ni, n 2 , • • • , n m ) 
is simply d-connected if and only if 

(1) forWM G V(G d [M(n 1 , n 2 , • • • , n m )]) ; M is simply d-connected and 

(2) G d [M(ni, n 2 , ■ • • , n m )\ is a tree. 

Proof According to the decomposition for 7r d (M(ni, n 2 , ■ ■ ■ , n m ), x) in Theo- 
rem 4.3.4, it is trivial if and only if 1 t(M) and n (G d ) both are trivial for VM G 
V{G d [M{n\, n 2 , ■ ■ • , n m )]), i.e M is simply d-connected and G d is a tree. □ 

Corollary 4.3.6 Let M(n±, n 2 , • • • , n m ) be a d-connected finitely combinatorial man- 
ifold for an integer d, 1 < d < ni. For\/M G V(G L [M(ni, n 2 , • • • , n m )]) ; (M 1; M 2 ) G 
C(G L [M(ni, n 2 , • • • , n m )}), if M andMiflM 2 are simply connected, then for xq G G d , 



7r d (M(ni, n 2 , • • • , n m ), x 0 ) = 7r(G d ,x 0 ). 
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4.3.3 Fundamental Group of Combinatorial Manifold. By applying the 
generalized Seifert- Van Karnpen theorem, i.e. , Theorems 3.1.13 and 3.1.14, we can 
get the fundamental group nfiM) up to isomorphism in general cases. 

Definition 4.3.5 Let M be a combinatorial manifold underlying a graph G[M\. An 
edge-extended graph G e [M] is defined by 

V(G e [M ]) = {x m ,x M ',xi,x 2 , ■ • ■ ,x^ m ,m')\ f or V ( M , M') e E(G[M])}, 
E(G e [M]) = {(%,%'), (x M ',Xi)\ 1 <i< 

where /i(M, M ') is called the edge-index of (M, M') with /i(M, M') + 1 equal to the 
number of arcwise connected components in M H M' . 

By the definition of edge-extended graph, we finally get G e [M] of a combinato- 
rial manifold M if we replace each edge (M, M') in G[M] by a subgraph TBJ i(m 
shown in Fig.4.3.3 with xm = M and xm> — M 1 . 

XM' 

Xm 




Fig.4.3.3 

Then we have the following result. 

Theorem 4.3.5 Let M be a finitely combinatorial manifold. Then 



M M ) = 



II _ MM) ) *MG e [M]) 

k M£V{G[M]) 



(*f) 1 (g)- i 2 (g)\ g t El _ n 1 (M 1 p\M 2 ) 

(Mi,M 2 )eS(G[M]) 



where if and if are homomorphisms induced by inclusion mappings ; im : nfiM fl 
M') — > 7t 1 (M), i M : : 7 Ti(M fl M') — > 7r 1 (M / ) such as those shown in the following 
diagram: 
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%M r\/r\ J M 

7Ti (M) 



7Ti(M n M') 



$ 



MM' 



7Ti(M) 



ni(M') 



lM' 



J M' 



for V(M, 1W 7 ) G £(G[M]). 

Proof This result is obvious for |G[M]| = 1. Notice that G e [M] = B^ M M ,^ +1 if 
V(G[M]) = { M , M'}. Whence, it is an immediately conclusion of Theorem 3.1.14 
for \G[M]\ = 2. 

Now let k > 3 be an integer. If this result is true for |G[M] | < k, we prove it hold 
for |G[M]| = k. It should be noted that for an arcwise-connected graph H we can 
always find a vertex v G V ( H ) such that H — v is also arcwise-connected. Otherwise, 
each vertex v of H is a cut vertex. There must be \H\ — 1, a contradiction. Applying 
this fact to G[M], we choose a manifold M G V(G[M]) such that M — M is arcwise- 
connected, which is also a finitely combinatorial manifold. 

Let U — M \ (M \ M ) and V = M. By definition, they are both opened. 
Applying Theorem 3.1.14, we get that 

* ^i(V - M) * ni(M) * 

1 ' T m "I ’ 

IlMC) 



where Ci is an arcwise-connected component in M 0 (M — M) and 

m = E /i(M, M'). 

{M,M')eE(G[M]) 



Notice that 

(M,M’)eE(G[M] 
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By the induction assumption, we know that 



7 n(M-M) 2* T 



7Ti (M) ) *7T 1 (G e [M- M]) 

\MeV(G[M-M]) 



■ iiig)\ 9 e 



n 



7Ti(Mi nM 2 ) 



(Mi,M 2 )£E(G[M-M]) 



where if and if are homomorphisms induced by inclusion mappings %m 1 ■ 7Ti(Mi D 
M 2 ) -► tti(Mi), i M2 : D M 2 ) 7n(Af 2 ) for V(Afi,M 2 ) G £(G[M - M]). 

Therefore, we hnally get that 



7Ti(M) 9* 



7T1 (M — M) * 7Ti(M) * TTi(B^) 



*f) _1 (^) -ifte)! 9 e n- 1 ^) 



2=1 



\ 



n 

\MeF(G[M-M]) y 



* tti(G 9 [M — M]) 



(if r\g ) 


■if(s)lse H 7Ti(MinM 2 ) 

(Mi,M 2 )gE(G[M-M]) 




m 

{i?)~\g) -Cg)\ g e II 71-1 (^O 
2=1 





TTl (M)* 7Ti (TB^m,M')) 



’if) \g)-Cg)\ g e II 711 (^0 



2=1 



( H 7n(M) ] *7n(G e [M]) 

\Mey(G[M]) 



(*f) 1 (g) -if ( 0)1 0 e n 7Ti(Mip|M 2 



(Mi,M 2 )g£(G[M]) 



by facts 



(£f/^) * H = & * H/M J 
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for groups Sf , Jf?, G and 

G e [M\ = G e [M - M } |J TB KMtMI) , 

(M,M’)eE(G[M] 

7 T^G^M]) = tti(G 6 [M — M]) * n 

(M,M’)eE(G[M\ 

7Ti(M) = f 7 Ti(M) J *7Ti(M), 

MeV(G[M]) \mgV(G[M—M]) ) 

where if and if are homomorphisms induced by inclusion mappings %m '■ ni(M fl 
M') -> 7 n(Af), W : ^(M n M') -> 7t 1 (M / ) for V(M, M') G £ , (G[M]). This 
completes the proof. □ 

Applying Corollary 3.1.8, we get the result of Theorem 4.3.3 on fundamental 
group by noted that G e [M] = G[M) if V(M 1 ,M 2 ) G A(G L [M]), fl M 2 is simply 
connected again. 

Corollary 4.3.7 Let M be a finitely combinatorial manifold. If for V(Mi , M 2 ) G 
E(G l [M]), Mi fl M 2 is simply connected, then 



MM) = 0 MM) 0tt 1 (G[M]). 

\MgV(G[M]) / 

4.3.4 Fundamental Group of Manifold. If we choose M G F(G[M]) to be a 
chart ( U\,ip\ ) with ip\ : U\ —■ ► R n for A G A in Theorem 4.3.5, i.e. , an n-manifold, 
we get the fundamental group of n-manifold by 7Ti(R n ) = identity for any integer 
n > 1 following. 



Theorem 4.3.6 Let M be a compact n-manifold with charts {(U\,ip\)\ tp\ : U\ —> 
R n , A G A)}. Then 



MM) = 



MG 9 [M ]) 

My 1 ^) Gf(g)\ g e [I M u n nu v) 

{U^,U v )eE{G[M]) 



where if and if are homomorphisms induced by inclusion mappings ijj : n 1 (R M fl 
U v ) -*• M u y, iu v ■ M u u n U v ) -*■ M u v), Ah v e A. 
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Corollary 4.3.8 Let M be a simply connected manifold with charts {(U\, <^a)| <fix ■ 
U\ — » R n , A G A)}, where |A| < +oo. Then G 9 [M] = G[M] is a tree. 

Particularly, if XJ p fl U v is simply connected for V/x, v G A, then we obtain an 
interesting result following. 

Corollary 4.3.9 Let M be a compact n-manifold with charts {(U\, <^\)| Tx '■ U\ —■ > 
R", A G A)}. If U f fl U„ is simply connected for V/x, v G A, then 

TTi(M) = 7Ti(G[M]). 

4.3.5 Homotopy Equivalence. For equivalent homotopically combinatorial 
manifolds, we can also find criterions following. 

Theorem 4.3.7 If f : M(n\, n 2 , • ■ • , n m ) — ► M(ki, k 2 , ■ ■ - , kj) is a homotopic equiv- 
alence, then for any integer d, 1 < d < n\ and x G M(n\, n 2 , ■ ■ ■ , n m ), 

7r d (M(ni, n 2 , ■ ■ ■ , n m ),x) = 7r d (M(k 1 , k 2 , ■ ■ ■ , kf), f(x)). 

Proof Notice that / can natural induce a homomorphism 

f n : 7i d (M(ni,n 2 , ■ ■ -,n m ),x) 7r d (M(/ci, k 2 , ■ • • ,k t ), f{x)) 

defined by f n ( g ) = ( f(g )) for \/g G 7r d (M(ni, n 2 , • • • , n m ), x) since it can be easily 
checked that f n (gh) = f n (g)fn(h) for Wg,h G 7r d (M(ni, n 2 , ■ ■ ■ , n m ), x). We only 
need to prove that f n is an isomorphism. 

By definition, there is also a homotopic equivalence g : M(k\, k 2 , ■ ■ ■ , k{) — > 
M(n±, n 2 , ■ ■ ■ , n m ) such that gf ~ identity : M(ni,n 2 , ■ • ■ , n m ) — > M(ni, n 2 , • • • , n m ). 
Thereby, g n f n = ( gf ) 7r = p{identity) n : 

n d (M(ni,n 2 , ■ ■ ■ ,n m ),x) n s (M(ni,n 2 , ■ ■ -,n m ),x), 

where p is an isomorphism induced by a certain d-path from x to gf(x) in M(ni,n 2 , 

■ ■ ■ ,n m ). Therefore, g n fn is an isomorphism. Whence, f n is a monomorphism and 
g n is an epimorphism. 

Similarly, apply the same argument to the homotopy 

fg ~ identity : M(k u k 2 , ■ ■ ■ , kf) — >• M(ki, k 2 , ■ ■ ■ , kf), 
we get that f n g n = (fg) v = v[identity) pi : 
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7T d (M(/ci, k 2 , ■ ■ ■ , h ), x) 7T s (M(ki, fc 2 , • • • , ki), x), 

where v is an isomorphism induced by a d-path from fg(x ) to x in M(k\, k 2 , ■ ■ ■ , k{). 
So g n is a monomorphism and f n is an epimorphism. Combining these facts enables 
us to conclude that f n : n d (M(ni, n 2 , ■ ■ ■ , n m ), x ) — > TT d (M(ki, k 2 , ■ ■ ■ , hi), f(x)) is an 
isomorphism. □ 

Corollary 4.3.10 If / : M(ni,n 2 , • • • , n m ) — > M(k±, k 2 , ■ ■ ■ , h) is a homeomorphism, 
then for any integer d, 1 < d < n\ and x G M(ni, n 2 , ■ ■ ■ , n m ), 

7r d (M(ni, n 2 , ■ • • , n m ), x) = 7r d (M(fci, k 2 ,---, k t ), f(x)). 



§4.4 HOMOLOGY GROUPS OF 

COMBINATORIAL MANIFOLDS 

4.4.1 Singular Homology Group. Let A p be a standard p-simplex [eo, ei, ■ • • , e p ], 
where eo = 0, e* is the vector with a 1 in the ith place and 0 elsewhere, and S a 
topological space. A singular p-simplex in S' is a continuous mapping a : A p — * S. 
For example, a singular 0-simplex is just a mapping from the one-point space A 0 
into S and a singular 1-simplex is a mapping from Ai = [0, 1] into S, i.e., an arc in 
S. 

Similar to the case of simplicial complexes, we consider Abelian groups gener- 
ated by these singular simplices. Denote by C P (S) the free Abelian group generated 
by the set of all singular p-simplices in S, in which each element can be written as 
a formal of linear combination of singular simplices with integer coefficients, called 
a singular p-chain in S. 

For a p-simplex s = [do, Gp, • • • , a p \ in R", let a(a 0 , a±, ■ ■ ■ , a p ) : A p — > s be a 
continuous mapping deffiied by a(a 0 , Gp, • • • , a p )(ej) = ai for i = 0, 1, • • • , p, called 
an affine singular simplex. For i = 0, 1, - • • , p, define the ith face mapping F i p : 
A p _i — ► A p to be an affine singular simplex by 

^ 'i,p j ’ " " ) 

where e, : means that e, : is to be omitted. The boundary da of a singular simplex 
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a : A p — >• S is a (p — l)-chain determined by 

da = J^(-1)V o F t , p 

i = 0 

and extended linearly to a boundary operator dp : C P (S) — > C' p _i(S'). 

A singular chain c is called a q/c/e if 5c = 0 and is called a boundary if there 
exists a (p + l)-chain b such that c = 56. Similar to Theorem 3.1.14, we also know 
the following result for the boundary operator on singular chains. 

Theorem 4.4.1 Let c be a singular chain. Then d(dc) = 0. 

Proof By definition, calculation shows that 

Pi..p ° Fj,p-i Fj,p ° A— i p— i 

if i > j. In fact, both sides are equal to the affine simplex a(e 0 , ■ • • , e,-, • • • , e*, • • • , e p ) . 
Whence, we know that 

d(dc) = 

j = 0 i = 0 

= ^ (—l) i+j a o F i}P o F jtP -i + 

0<j<i<p 1 

= 1+ E (-i) ,+3 -VoF w oF,_ liH 

0<j<i<p 0<j<i<p 

= o. □ 

Denote by Z p (S ) all p-cycles and B p (S ) all boundaries in C P (S). Each of them 
is a subgroup of C P (S ) by definition. According to Theorem 4.4.1, we find that 
Im5p + i < Ker5 p . This enables us to get a chain complex ftF] d) 

0 ♦ C P+1 (S) 6 h 1 C P (S) ^ Cp-iiS) - * 0. 

Similarly, the pth singular homology group of S is defined to be a quotient group 
H p (S) = Z p (S)/ B P (S) = Ker«yimd p+1 . 

These singular homology groups of S are topological invariants shown in the 



next. 



Sec. 4. 4 Homology Groups of Combinatorial Manifolds 



209 



Theorem 4.4.2 If S is homomorphic to T, then H P (S) is isomorphic to H P (T ) for 
any integer p > 0. 

Proof Let / : S — > T be a continuous mapping. It induces a homomorphism 
/jj : C P (S ) — > C P (T ) by setting /jcr = / o a for each singular p-simplex and then 
extend it linearly on C p (S). 

Notice that 

M da ) = W ° a ° Fi ’P- 

i = 0 

We know that /# : Z P (S ) — > Z p (T ) and /# : B p (S ) — » B P (T). Thereafter, / also 
induces a homomorphism /* : H P (S) —> H P {T ) with properties following, each of 
them can be checked easily even for f^. 

(i) The identity homomorphism identityg : S — > 5 induces the identity of 
H P (S); 

(ii) If / : S — > T and g : T — > U are continuous mapping, then (g o /)* = 
g*of*:H p (S)^H P (U). 

Applying these properties, we get the conclusion. □ 

Furthermore, singular homology groups are homotopy invariance shown in the 
following result. For its proof, the reader is referred to [Mas2], 

Theorem 4.4.3 If f : S — >• T is a homopoty equivalence, then /* : H P (S ) — > H P (T ) 
is an isomorphism for each integer p > 0. □ 

Now we calculate homology groups for some simple spaces. 

Theorem 4.4.4 Let S be a disjoint union of arcwise connected spaces S\, X e A 
and L p \ S\ c — > S an inclusion. Then for each p > 0, the induced mappings (t^)* : 
H p (S\) — >• Hp(S) induce an isomorphism 

0 H P {S X ) 't' H P (S). 

AeA 

Proof Notice that the image of a singular simplex must entirely in an arcwise 
connected component of S. It is easily to know that each (t*)# : C P (S\ ) — ■> C P (S ) 
introduced in the proof of Theorem 4.4.2 induces isomorphisms 
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®Z P (S X ) ^ Z P (S), 

AeA 

© B P (S X ) ^ B p (S). 

AeA 

Therefore, we know that 

0 H P (S X ) H P (S). □ 

AeA 

For p — 0 or 1, we have known the singular homology groups H P (S) in the 
following. 

Theorem 4.4.5 Let S be a topological space. Then 

(i) H 0 (S) is free Abelian group with basis consisting of an arbitrary point in 
each arcwise component. 

(ii) Hi(S ) = 7r 1 (S', Xo)/[7Ti(5', x 0 ), x 0 )], where [ 7 ^ (S', x 0 ), 7Ti(S, x 0 )] denotes 

the commutator subgroup of 7r 1 (S', x 0 ), i.e., 

[7ri(S , ,x 0 ),7r 1 (S , ,x 0 )] = (a _1 6 _1 a6|a,6 <G . 



Proof The ( i ) is an immediately consequence of Theorem 4.4.4. For (ii), its 
proof can be found in references, for examples, [Mas2], [Youl], etc.. □ 



Theorem 4.4.6 Let O be a one point space. Then singular homology groups of O 
are 



H P (0) 



Z, if p = 0, 
0, if p > 0. 



Proof The case of p = 0 is a consequence of Theorem 4.4.4. For each p > 0, 
there is exactly one singular simplex a p : A p — > O. Whence, each chain group C p (0) 
is an infinite cyclic group generated by a p . By definition, 

p p 

dcr p = £(-l)V P 0 Cp = = 

i =0 2—0 

Therefore, d : C p (0) — »■ C p _i(0) is an isomorphism if p is even and zero mapping if 
p is odd. We get that 



0, if p is odd, 
cr p _ 1 , if p is even. 
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By this chain complex, it follows that for each p > 0, 

if p is odd, 
if p is even; 

if p is odd, 
if p is even. 

Whence, we find that H p [0 ) = Z p [0) / B p (0) = 0. □ 

4.4.2 Relative Homology Group. For a subspace A of a topological space S 
and an inclusion mapping i : A S, it is readily verified that the induced homo- 
morphism ijj : C P (A) — > C P (S) is a monomorphism. Whence, we can consider that 
C P (A ) is a subgroup of C P (S). Let C P (S, A) denote the quotient group C P (S) / C P (A), 
called the p-chain group of the pair ( S , A). 

It is easily to know also that the boundary operator d : C P (S ) — * C p -i(S) 
posses the property that d p (C p (A )) C C P (A). Whence, it induces a homomorphism 
d p on quotient groups 

d p :C p {S,A 

Similarly, we dehne the p-cycle group and p-boundary group of (S, A) by 
Z P (S , A) = Ker<9 p = { u E C P (S , A) \ d p (u) = 0 }, 

B P (S,A) = Im^p+i = d p+ i(C p+1 (S, A)), 

for any integer p > 0. Notice that d p d p+ \ = 0. It follows that B P (S, A) C Z P (S, A) 
and the pth relative homology group H P (S, A) is defined to be 

H p (S,A) = Z p (S,A)/B p (S,A). 

Let (S, A) and (T, B ) be pairs consisting of a topological space with a subspace. 
A continuous mapping / : S — > T is called a mapping (S, A) into (T, B ) if f(A) C B, 
denoted by / : (S, A) — > (T,B) such a mapping. 

The main property of relative homology groups is the excision property shown 
in the following result. Its proof is refereed to the reference [Mas2], 

Theorem 4.4.7 Let (S, A) be a pair and B a subset of A such that B is contained in 
the interior of A. Then the inclusion mapping i : (S — B, A — B) (S, A) induces 



Z p (0) = 



c p (0), 

0, 



B P (0) = 



c P (o ), 
0, 
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an isomorphism of relative homology groups 

H P (S -B,A-B)^ H P {S, A) 



for any integer p > 0. □ 

4.4.3 Exact Chain. A chain complex 

0 * c p+1 ^ - * 0 

is said to be exact if Im<9 p+1 = Ker<9 p for all p > 0, particularly, a 5-term exact chain 

0 ->■ C 4 h C 3 § C 2 -> 0 

is called a short exact chain. Notice that the exactness of a short exact chain means 
that <9 3 is surjective, Ker<9 3 = Im<9 4 and 

C 2 = C: i /Kerd: i = C 3 / Im<9 4 



by Theorem 2.2.5. 

Now let i : A > S be an inclusion mapping for a pair (S', A) and j$ : C P (S) — > 
C P (S, A) the natural epimorphism of C P (S ) onto its quotient group C P (S, A) for 
an integer p > 0. Then as shown in the proof of Theorem 4.4.2, i and j$ induce 
homomorphisms i* : H p (A ) — > H p (S), j* : H p (S ) — > H P (S, A) for p > 0. 

We define a boundary operator d* : H P (S,A) —> H p _i(A) as follows. For 
Vw G H p (S,A), choose a representative p-cycle v! G C P (S,A) for u. Notice that j$ 
is an epimorphism, there is a chain u" G C P (S ) such that j$(u”) = v! . Consider the 
chain d (it”). We find that = dj$ (V’ ) = du' = 0. Whence, d(u”) belong to 

the subgroup C' p _i(A) of C p _i(S). It is a cycle of C P (S,A). We define <9* to be the 
homology class of the cycle d(u”). It can be easily verified that (9* does not depend 
on the choice of u', u" and it is a homomorphism, i.e., <9*(w + v) — d*(u) + <9*(v) for 
Vw, v G H P (S, A). 

Therefore, we get a chain complex, called the homology sequence of ( S , A) fol- 
lowing. 

• • • 4 H P+1 (S, A) h H P (A) h H P (S) h H P (S , A) h ■ ■ ■ . 

Theorem 4.4.8 The homology sequence of any pair (S, A) is exact. 
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Proof It is easily to verify the following six inclusions: 

Imi* C Kerj*, Kerj* C Ink*, 

Irnj* C Ker<9*, Ker<9* C Irm*, 

Im<9* C Keri*, Keri* C Im<9*. 

Whence, the homology sequence of ( S , A) is exact by definition. □ 

Similar to the consideration in Seifer-Van Karnpen theorem on fundamental 
groups, let Si, S 2 C S with S = SjUSj and four inclusion mappings i : SjflSj Si, 
j : Si H S 2 ^ S 2 , k : Si ■— > S and l : S 2 ^ S, which induce four homology 
homomorphisms. Then we know the next result. 

Theorem 4.4.9(Mayer-Vietoris) Let S be a topological space, Si,S 2 C S with 
Si U S 2 — S. Then for each integer p > 0, there is a homomorphism <9* : H p (S ) — > 
H p -\{S\ fi S 2 ) such that the following chain 



H p (Si n ,S 2 ) ^ H p (Si) ® H P (S 2 ) H P (S) * H p _i(Si n s 2 ) 



k* l* 






is exact, where i * © j*{u) = (i*(u), j*(u)), Vu G H P (S i fl S 2 ) and (fc* — lf){u,v ) = 
K{u) —U{y) forVu G H p (Si), v G H p (S 2 ). □ 

This theorem and the exact chain in it are usually called the Mayer- Vietoris 
theorem and Mayer- Vietoris chain, respectively. For its proof, the reader is refereed 
to [Mas2] or [Leel]. 

4.4.4 Homology Group of d-Dimensional Graph. We have determined the 
fundamental group of d - dimensional graphs in Section 4.3. The application of results 
in previous subsections also enables us to find its singular homology groups. 



Theorem 4.4.10 For an integer n > 1, the singular homology groups H p (S n ) of S n 
are 



H p (S n ) ^ 



Z, if p = 0 or n, 
0, otherwise. 



Proof Let N and S denote the north and south poles of S n and U = S n \ {IV}, 
V = S n \ {S}. By the Mayer- Vietoris theorem, we know the following portion of 
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the Mayer- Vietor is chain 



• ■ • H P (U) ® H P (V) - H p {S n ) h H p _i(U nV)^ H p _i(U) © H p _ ± {V) 



Notice that U and V are contractible. If p > 1, this chain reduces to 

Q^H p (s n )hH p . 1 {unv)^Q, 



which means that 5* is an isomorphism. Since U fl V is homotopy equivalent to 
S' n_1 , we get the following recurrence relation on H p (S n ) with i/ p _i(S' n ~ 1 ), 

H p (S n ) ^ Hp-xiU n V) * Hp^S"- 1 ) 

for p > 1 and n > 1. Now if n — 1, H 0 (S l ) = H^S 1 ) = Z by Theorem 4.4.5. 
For p > 1, the previous relation shows that Hp^S 1 ) = H p -i(S°). Notice that S° is 
consisted of 2 isolated points. Applying Theorems 4.4.5 and 4.4.6, we know that 
H p _i(S°), and consequently, Hp^S 1 ) is a trivial group. 

Suppose the result is true for S n_1 for n > 1. The cases of p = 0 or 1 are 
obtained by Theorem 4.4.5. For cases of p > 1, applying the recurrence relation 
again, we find that 

{ 0, if p < n, 

Z, if p = n, 

0, if p > n. 

This completes the proof. □ 



Corollary 4.4.1 A sphere S n is not contractible to a point. 

Corollary 4.4.2 The relative homology groups of the pair (B n , S n ~ 1 ) are as follows 



H p (B n , S” 1-1 ) ^ 



0 , p^n, 

Z, p = n 



for p,n > 1 . 

Proof Applying Theorem 4.4.8, we know an exact chain following 



H P (B' 1 ) A H P (B'\ S n “ 1 ) h i/ p _ 1 (S' n_1 ) A H^B") 



Notice that H P (B ) = 0 for any integer p > 1. We get that 
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H p (B n ■, S” 1-1 ) = H p _i(S n ~ 1 ) = 

This completes the proof. □ 

The case discussed in Theorem 4.4.10 is correspondent to a n-dimensional graph 
of order 1. Generally, we know the following result for relative homology groups of d- 
dimensional graphs. Combining Corollary 4.4.2 with the definition of d - dimensional 
graphs, we know that 



0 , p^n, 
Z, p = n. 



H p (ei,ei) = 



0 , p^n, 

Z, p = n, 



where e* = B n and e* = e; — e* = S n 1 for integers 1 < % < m. 



Theorem 4.4.11 Let M d (G ) be a d-dimensional graph with E{M d {G)) = {ei, e 2 , • • • , e 
Then the inclusion (e/, ei) ^ ( M d (G ), V ( M d (G ))) induces a monomorphism H p (ei , ei ) 
H p (M d (G),V(M d (G))) fori = 1,2 ■ ■ ■ ,m and H p (M d (G),V(M d (G))) is a direct 
sum of the image subgroups, which follows that 



H p (M d (G),V(M d (G ))) = 



Z 0 • • ■ Z . if p = d, 

m 

0, if P + d. 



Proof For a ball B d and the sphere S d 1 with center at the origin O, define 

Df = {x G R fZ | || x || < i}. Let fi : B d — > ei be a continuous mapping for integers 
2 Z 

1 < l < m in the space of M d (G ) and 

Di = fi(Di), ai = fi( 0), A = {ai|l < l < m\}, 

2 

m 

X' = M d (G) \ A, f=UA. 

;=i 

Notice that fi maps a pair (H d , D d — {0}) homeomorphically onto (D h Di~{ai }) 
and those subsets Di,l < l < m are pairwise disjoint. We consider the following 
diagram 

H p {&, & - A) 4 H p (M d (G),X') 4 H p (M d (G), M d (G ) - V(M d (G))), 

where each arrow denotes a homomorphism induced by the inclusion mapping. In 
fact, these homomorphisms represented by arrows 1 and 2 are isomorphisms for 
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integers p > 1. This follows from the fact that M d (G) — V(M d (G )) is a deformation 
retract of X' and the excision property. 

Notice that the arcwise connected components in Lfi are just these sets D h 1 < 
l < m. Whence, H p (@, S> — A) is the direct sum of the groups H p (Di , Di — {a/}) by 
Theorem 4.4.4. Applying Corollary 4.4.2, we know that 



Hp{Di,Di — {a,}) = 



0 , p^d, 
Z, p = d. 



Consequently, H p (M d (G), V(M d (G ))) = 0 if p ± d and H d (M d (G) 1 V(M d (G ))) is a 
free Abelian group with basis in 1 — 1 correspondent with the set M d (G) — V (M d (G) . 
Consider the following diagram: 



fL 



H p (M d (G),X f ) 



H p (M d (G) ) V 



<M d (G ))) 
fi* 



f 



i* 



H P (D d , D d - {0}) <~H P (B ,~B - {0}) 



H P (B , ^ 



■d- w 



The vertical arrows denote homomorphisms induced by fi. By definition, fi 
maps (D d ,D d — {0}) homeomorphically onto (Di,D t — {a;}). It follows that //* 
maps H p (D d , D d — {0}) isomorphically onto the direct summand H p (Di , Di — {cp}) of 
H p (£}, S' — A). We have proved that arrows 1 and 2 are isomorphisms. Similarly, by 
the same method we can also know that arrows 3 and 4 are isomorphisms. Combin- 
ing all these facts suffices to know that //* : H p (B d , S^ 1 ) — > H p (M d (G), V(M d {G ))) 
is a mono morphism. This completes the proof. □ 

Particularly, if d — 1, i.e., M d (G ) is a graph G embedded in a topological space, 
we know its homology groups in the following. 

Corollary 4.4.3 Let G be a graph embedded in a topological space S . Then 

( Z 0 •• Z if p= 1, 

H p (G,V(G))^l e(G) 

[ 0 , if P± 1 . 

Corollary 4.4.4 Let X = M d {G),X v = V(M d (G)) . Then the homomorphism 
A : H p (X v ) — > H p (X ) is an isomorphism except possibly for p = d and p = d — l, 
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and the only non-trivial part of homology sequence of the pair (A", X v ) is 

0 - H P (X V ) h H p { X) - H p (X,X v ) - #„_!(*„) h H v _ i(A) - 0, 
particularly, if d = 1, i.e., M d {G ) is just a graph embedded in a space, then 
0 Hi(G)) h Hi(G, V{G)) h H 0 (V(G) h H 0 (G) -»• 0. 

4.4.5 Homology Group of Combinatorial Manifold. A easily case for 
determining homology groups of combinatorial manifolds is the adjunctions of s- 
balls to a d - dimensional graph, i.e., there exists a d-dimensional graph M d [G] -< 
M(ni, rt 2 , • ■ • , n m ) such that 

k li 

M(m, n 2 , • • • , n m ) \ M d [G } = (J |J 

i=2j=l 

where B l:i is the i-ball B l for integers 1 < i < k, 1 < j < li. We know the following 
result for homology groups of combinatorial manifolds. 

Theorem 4.4.12 Let M be a combinatorial manifold, M d (G ) -< M a d-dimensional 
graph with E(M d (G )) = {ei, e 2 , • • ■ , e m } such that 

M\M d [G)= U (J B ir 

i=2j=l 

Then the inclusion (ei,e{) (M , M d (G)) induces a monomorphism H p (ei,e{) — > 
H p (M , M d (G)) for l = 1, 2 ■ ■ ■ , m and 

f Z © • ■ Z, if p — d, 

H p (M,M d (G))^ l ' ™ ' 

[ 0, if p ± d. 

Proof Similar to the proof of Theorem 4.4.11, we can get this conclusion. □ 

Corollary 4.4.5 Let M be a combinatorial manifold, M d (G ) -< M a d-dimensional 
graph with E(M d (G )) = {ei, e 2 , • • • , e m } such that 

M\M d [G} = U [J B ir 

___ *=2 j=l_ 

TTien t/ie homomorphism i* : H p (M d (G )) — > H P (M) is an isomorphism except pos- 
sibly for p = d and p = d — 1, and the only non-trivial part of homology sequence of 
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the pair (M, M d (G )) is 

0 H p (M d (G )) H P (M ) H P (M, M d (G)) -► H p _ 1 (M d (G)) H p _fM) -► 0. 

Notice that any manifold M in a combinatorial manifold M, it consists of a 
pair We know the following result. 

Theorem 4.4.13 For any manifold in a combinatorial manifold M , the following 
chain 

■■■h H P+1 (M, M) h H P (M ) ^ H P (M ) h H P (M , M) h ■ ■ ■ 

is exact. 

Proof It is an immediately conclusion of Theorem 4.4.8. □ 

For a finitely combinatorial manifold, if each manifold in this combinatorial 
manifold is compact, we call it a compactly combinatorial manifold. We also know 
homology groups of compactly combinatorial manifolds following. 

Theorem 4.4.14 A compact combinatorial manifold M is finitely generated. 

Proof It is easily to know that the homology groups H P (M ) of a finitely combi- 
natorial manifold M can be generated by ^ [u\ <G H p (M)\M G V{G L [M])^j. Applying 
a famous result, i.e., any compact manifold is finitely generated (see [Mas2] for de- 
tails), we know that M is also finitely generated. □ 



§4.5 REGULAR COVERING OF 

COMBINATORIAL MANIFOLDS BY VOLTAGE ASSIGNMENT 

4.5.1 Action of Fundamental Group on Covering Space. Let p : S — > S be 

a covering mapping of topological spaces. For Vx 0 E S, the set p _1 (a;o) is called the 
fibre over the vertex x 0 , denoted by fib X) . Notice that we have introduced a 1 — 1 
mapping $ : p” 1 (xi) — > p~ x (x 2 ) in the proof of Theorem 3.1.12, which is defined by 
^(l/i) = Vi for V\ E p~ l (x 1 ) with y 2 the terminal point of a lifting arc f l of an arc / 
from X\ to x 2 in S. This enables us to introduce the action of fundamental group 
on fibres fib xo for x 0 E S following. 
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Definition 4.5.1 Let p : S — > S be a covering projection of S. Define the left action 
of nfiS) on fibres p~ 1 (x) by 

L(x) = x ■ L = y, 

for x G p~ x (x), where L : p{x) — > pifjf) and y is the terminal point of the unique 
lifted arc L l over L starting at x. 

Notice that L : fib x — > fib y is a bijection by the proof of Theorem 3.1.12. For 
VC G 7 n(M), let L* = L~ X CL. Then 

(L, Lfi) : (fib x , 7Ti(S , p(x))) -> (fib a ,7ri(5,p(j/))) 

is an isomorphism of actions. 

4.5.2 Regular Covering of Labeled Graph. Generalizing voltage assignments 
on graphs in topological graph theory ([GrTl]) to vertex-edge labeled graphs enables 
us to find a combinatorial technique for getting regular covers of a combinatorial 
manifold M, which is the essence in the construction of principal fiber bundles of 
combinatorial manifolds in follow-up chapters. 

Let G L be a connected vertex-edge labeled graph with 0 L : V{G) U E{G) — > L 
of a label set and T a finite group. A voltage labeled graph on a vertex-edge labeled 
graph G L is a 2-tuple (G L ; a) with a voltage assignments a : E(G L ) — ► T such that 

a(u, v) = a~ L (v, u), V(n, v) G E(G L ). 

Similar to voltage graphs such as those shown in Example 3.1.3, the importance 
of voltage labeled graphs lies in their labeled lifting G La defined by 

V{G La ) = V (G L ) x T, (u,g) G V(G L ) x T abbreviated to u g ; 

E(Ga) = { (u g: v goh ) | for \/(u,v) G E(G L ) with a(u,v) = h } 

with labels <d L : G La —> L following: 

<S> L {u g ) = 6 l {u), and ® L (u g , v goh ) = 0 L {u, v) 

for u, v G V (C L ), (u, v ) G E(G L ) with a(u, v) = h and g, h G T. 

For a voltage labeled graph (G L , a) with its lifting Gf, a natural projection 
p : G La —> G L is defined by p[u g ) = u and p(u g ,v go h ) = (u,v) for \/u,v G V(G L ) 
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and (u,v) G E(G L ) with a(u,v ) = h. Whence, (G La ,p) is a covering space of the 
labeled graph G L . In this covering, we can find 

p~ x (u) = { u g | \/g G T} 

for a vertex u G V ( G L ) and 

p~ x {u,v) = { ( Ug,v goh ) I 'ig G r } 

for an edge (u,v) G E(G L ) with a(u,v ) = h. Such sets p” 1 (u), p _1 (u,v) are called 
fibres over the vertex u G V(G L ) or edge (u,n) G E(G L ), denoted by fib u or fib( Uj „), 
respectively. 




Fig. 4. 5.1 

A mapping g : G L — > G L is acting on a labeled graph G L with a labeling 
6l ■ G L ^ L if g6 L (x ) = 0Lg(x) for Vx G F(G L ) U E(G L ) 1 and a group T is acting 
on a labeled graph G L if each g G T is acting on G L . Clearly, if T is acting on a 
labeled graph G L , then V < AutG. In this case, we can define a quotient labeled 
graph G L /T by 

V(G L /T) = { u r | Vu G V(G l ) }, 

E(G l /T) = { (u,v) r | V(u,v) G E(G L )} 
and a labeling Q\ : G L /r — > L with 

e v L (u v ) = e L (u), 9l((u, v) T ) = e L (u, v) 

for Vn G F(G L ), (u,v) G E(G L ). It can be easily shown that this definition is well 
defined. According to Theorems 3.1.16 — 3.1.18, we get a conclusion on a voltage 
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labeled graph ( G L , a) with its lifting G La following. 

Theorem 4.5.1 Let p : G La — > G L be a covering projection of G L and f : I M 
an arc correspondent to a walk in G L . Then for u e V(G L ) there is a unique arc 
f l which projects to f with the initial point u and homotopic arcs lift to homotopic 
arcs. □ 

A group T is freely acting on a labeled graph G L if for \/g e T, g{x) = x for any 
element in V(G L ) U E(G L ) implies that g is the unit element of action, i.e. , fixing 
every element in G L . 

For voltage labeled graphs, a natural question is which labeled graph G L is a 
lifting of a voltage labeled graph (G L ,a) with a : E(G L ) — »■ T? For answer this 
question, we introduce an action of T on G La for \/g G T as follows. 

ForVg G T, the action of g on G La is defined by & g (uh) = u g h and <f> 5 Op = 
0p<f > ff , where 0 L : G La L is the labeling on G La induced by 6 L : G L —> L. 

Then we know the following criterion. 

Theorem 4.5.2 Let T be a group acting freely on a labeled graph G L and G L the 
quotient graph G L /V . Then there is an assignment a : E(G L ) — > F and a labeling 
of vertices in G L by elements ofV(G L ) x F such that G L = G La , and furthermore, 
the given action of F on G L is the natural left action of F on G La . 

Proof By definition, we only need to assign voltages on edges in G L and prove 
the existence of a assignment such that G L = G La , without noting on what labels 
on these element in G L and G L already existence. 

For this object, we choose positive directions on edges of G L and G L so that the 
quotient mapping gp : G L G L is direction-preserving and that the action of T on 
G L preserves directions first. Then, for for each vertex v in G L , relabel one vertex 
of the orbit gf 1 (n) in G L by wi r and for every group element g e T,g ^ lp, relabel 
the vertex (j> g (v\ T ) as v g . Now if the edge e of G L runs from u to w, we assigns the 
label e g to the edge of orbit gf 1 (e) that originates at the vertex u g . Since F acts 
freely on G L , there are just |T| edges in the orbit gf 1 (e), one originating at each of 
the vertices in the vertex orbit gf 1 (n). Thus the choice of an edge to be labeled e g 
is unique. Finally, if the terminal vertex of the edge e ir is Wh, one assigns a voltage 
h to the edge e in G L . To show that this relabeling of edges in gf 1 (e) and the choice 
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of voltages h for the edge e really yields an isomorphism d : G L — > G La , one needs 
to show that for \/g G T that the edge e g terminates at the vertex w go h- However, 
since e g = 0 5 (ei r ), the terminal vertex of the edge e g must be the terminal vertex 
of the edge (j) g (e ir ), which is 

0goh(^lp) l^goh- 

Under this relabeling process, the isomorphism d : G L — > G La identihes orbits in 
G L with hbers of G La . Moreover, it is defined precisely so that the action of T on 
G L is consistent with the natural left action of T on the lifting graph G La . □ 

The construction of lifting from a voltage labeled graph implies the following 
result, which means that G La is a |T|-fold covering over ( G L , a) with a : E(G L ) — > T. 

Theorem 4.5.3 Let G La be the lifting of the voltage labeled graph ( G L , a) with 
a : E(G L ) -> T. Then 

|£b u | = |£b( Ui ^)| = | T | for \/u G V(G L ) and (u,v) G E(G L ), 

and furthermore, denote by Cq L {1 ) and Cq L (1 ) the sets of vertices or edges for a 
label l G L in a labeled graph G L . Then 

\C v G L a (l)\ = \r\\C v GL (l)\ and \C e GLa (l)\ = \Y\\C e GL {l)\- 

Proof By dehnition, T is freely acting on G La . Whence, we hnd that |£b u | = 
|fib( u ,u)| = |T| for Vu G V{G l ) and (u,v) G E(G L ). Then it follows that \C GLa (l)\ = 
l r ||C^(T)l and \C e GLa {l)\ = \T\\C^ L ( l )\- □ 

4.5.3 Lifting Automorphism of Voltage Labeled Graph. Applying the 
action of the fundamental group of G L , we can hnd criterions for the lifting set 
Lft(/) of a automorphism / G AutG L . First, we have two general results following 
on the lifting automorphism of a labeled graph. 

Theorem 4.5.4 Let p : G L G L be a covering projection and f an automorphism 
of G L . Then f lifts to a f l G AutG L if and only if, for an arbitrarily chosen base 
vertex u G V(G L ), there exists an isomorphism of actions 



(pj) ■ (fib n , 7r(G L , u)) -> (£b /(u) ,7r(G L , /(«))) 
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of the fundamental groups such that f l |fib u = <p, an< ^ moreover, there is a bijection 
correspondence between Lft(/) and functions ip for which (ip, f) is such an automor- 
phism with 

where L : p{u) — > u is an arc. 

Proof First, let f l be a lifting of / and L : p(fu) — > u an arc. Then f l (L l ) : 
f l (u ) —> f l (u ■ L ) projects to f(L ), which implies that f l (u ■ L ) = f l (u ) ■ f(L). 
Particularly, this equality holds for Vw G fib u and L G (G L ,u). Since p> = f l |gb u , 
the required isomorphism of action is obtained. 

Conversely, let (<p, f) be such an isomorphism. We define f l as follows. Choose 
an arbitrary vertex v in G L and v = p(v). Let L : v — > u be an arbitrary arc and set 

f l (P)=<p(v-f(L- 1 )). 

Then this mapping is well defined, i.e., it does not depend on the choice of L. In 
fact, let Li,L 2 : v — > u. Then v ■ L x = (v ■ L 2 ) ■ L^Li. Whence, ip(v ■ Lf) = 
tp((v ■ L 2 )) ■ f(Lf l Li) = <p((v ■ L 2 )) • fi^Lf 1 ) ■ f(Li). Thereafter, we get that ip(v ■ 
L 1 )-f(Lf 1 )=<p(v-L 2 )-f(Lf 1 ). 

From the definition of f l it is easily seen that pf l (v) = fp(v ). We verify it 
is a bijection. First, we show it is onto. Now let w be an arbitrary vertex of G La 
and choose L : p(w) f(u ) arbitrarily. Then it is easily to check that the vertex 
■ L ) • /" 1 (L” 1 ) mapped to w. For its one-to-one, let ip(v i • Lf) ■ f(Lf l ) = 
f l (v i) = f l (v 2 ) = <p(v 2 - L 2 ) -/(L^ 1 ). Whence, f(Lf) and f(L 2 ) have the same initial 
vertex. Consequently, so do Li and L 2 . Therefore, V\ and v 2 is in the same fibre. 
Furthermore, we know that ipifv \ ■ Lf) ■ f(Lf 1 L 2 ) = ip(v 2 ■ L 2 ), which implies that 
<p{v i • Li ■ Lf l L 2 ) = ip(v 2 ■ L 2 ). That is, <p{yi ■ L 2 ) = tp(v 2 ■ L 2 ). Thus v\ ■ L 2 = v 2 ■ L 2 
and so v\ =v 2 . 

Now we conclude that f l is really a lifting of /. This shows that Lft(/) — > 
Lft(/)|fib u defines a function onto the set of all such ip for which ( ip,f ) is an iso- 
morphism of fundamental groups, and it is one-to-one. □ 

The next result presents how an arbitrary lifted automorphism acts on fibres 
with stabilizer under the action of the fundamental group. 

Theorem 4.5.5 Let p : G L — > G L be a covering projection and f an automorphism 



224 



Chap. 4 Combinatorial Manifolds 



of G L . Then, 

(i) there exists an isomorphism of actions 

(<P,f) : (fib u ,7T (G L ,u)) -> (fib /(u) ,7T (G L J(u))) 

if and only if f maps the stabilizer (vr 1 (G i ))„ of an arbitrarily chosen base point 
u G fib u isomorphically onto some stabilizer (n i(G L ))y < 7 t\(G l , /(«)). In this case, 
v = p(u) and there is a bijective correspondence between all choice of such a vertex 
v and all such isomorphisms. 

(ii) Choose a base point w G fib/( u ) and Q G 7ii(G L , /(«)) such that 

Q- 1 7T 1 (G L ,d)Q = f7T 1 (G L ,u), 

all such bijections cp — cp P are given by 

<p P (u - S) = w ■ Pf(S), for S G 7Ti(G l , u), 

where P belong to the coset N (tci(G l , w))Q of the normalizer of tti(G l )q within 
H\(G L , /(«)). Moreover, p>p< — cpp if and only if P' G tti(G l ,w)P . 

Proof It is clear that ( ip , /) is an isomorphism of actions, then these conditions 
holds. Conversely, let fni(G L ,u)u = tti(G l , f(b))y. Each x G fib u can be written as 
x — u-S for some S G 7t 1 (G l , u) because G L is connected. Dehne p by setting p(x) = 
v ■ f(S). we can easily check that ((p,f) is the required isomorphism of actions. 
The assertion bijective correspondence should also be clear since (p is completely 
determined by the image of one point. This concludes (*). 

For (ii), let v = w ■ P be any point satisfying the condition of (*). Then we 
know that P~ 1 7Ti(G i ,w)P = iTi(G La ,w ■ P) = Q~ 1 tti(G l , vj)Q, that is PQ~ l G 
N(-ki(G l , w)). The last statement is obvious. □ 

Now we turn our attention to lifting automorphisms of voltage labeled graphs 
by Applying Theorems 4.5.4 and 4.5.5. For this objective, We introduce some useful 
conceptions following. 

Let (G L , a) be a voltage labeled graph with a : E(G L ) — > T. For u G V(G L ), 
the local voltage group T“ at u is defined by 

T“ = ( ot(L) | for VL G tti(G l ,u) ). 

Moreover, for v G V(G L ), by the connectedness of G L , let W : u — > v be an arc 
connecting u with v in G L . Then the inner automorphism W#(g) = a~ 1 (W)ga(W) 
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of T for g G F, takes F to F. 

Let A be a group of automorphisms of G L . A voltage labeled graph ( G L , a) is 
called locally A-invariant at a vertex u G V (G L ) if for V/ G A and W G tti(G l ,u), 
we have 



a(W) = identity a(f(W)) = identity 

and locally f -invariant for an automorphism / G AutG L if it is locally invariant 
with respect to the group (/) in AutG L . Notice that for each / G A, f ~ 1 G A also 
satisfying the required inference. Whence, the local A-invariance is equivalent to the 
requirement that for V/ G A, there exists an induced isomorphism /#“ : T u — > T-hA 
of local voltage groups such that the following diagram 

, / 

71i(G L ,u) 7li(G L , /(«)) 



a 



a 



7Ti(G i ,u) 



F (G L ,f(u)) 



Fig.4.5.2 

is commutative, i.e., f# u (a(W)) = a(f(W )) for MW G 7 r 1 (G L ,u). Then we know a 
criterion for lifting automorphisms of voltage labeled graphs. 

Theorem 4.5.6 Let ( G L , a) be a voltage labeled graph with a : E(G L ) — > T and 
f G AutG L . Then f lifts to an automorphism of G La if and only if (G L , a) is locally 
f -invariant. 

Proof By definition, the mapping ( l u ,a ) : (fib u , 7r 1 (G i , u)) — * (T, F) with 
l u : fib u — > T is a bijection. Whence, if W G tti(G l ,u) and l u (u ) = g } then 
W G (7Ti(G Z/ ,m))5 if and only if a(W) G T", i.e., ga(W) = g , which implies that 
a(W) = identity. 

According to Theorem 4.5.2, the action of T on vertices of G La is free. Whence, 
applying Theorems 4.5.4 and 4.5.4, we know that / lifts to an automorphism of G La 
if and only if ( G L , a) is locally /-invariant. □ 
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4.5.4 Regular Covering of Combinatorial Manifold. Let M be a finitely 
combinatorial manifold underlying a connected graph G. Applying Theorem 4.2.4, 
we know that M determines a vertex-edge labeled graph G L [M] by labeling its 
vertices and edges with dimensions of correspondent manifolds, and vice versa. Such 
correspondence is combinatorially unique. 

The voltage assignment technique on the labeled graph G L [M] naturally induces 
a combinatorial manifold M* by Theorem 4.2.4. Assume (G La [M],p) is a covering 
of G L [M\ with a : E(G L [M ]) -»■ T. For VM G V{G L [M}) : let h s : M -> M be a 
self- horneo morphism of M, Sm : x — > M for Vx G M, and define p* = h s o 
Then we know that p* : M* — > M is a covering projection. 

Theorem 4.5.7 ( M*,p *) zs a |T|-s/zeeted covering, called natural covering of M . 

Proof For M G V(G L [M]), let x G M. By definition, for VM 9 G C(G ia [M]) 
and Vfi7 1 (x)* G M g , we know that 

P*(( /i 7 1 (^))*) = h 8 o ^M g p^M g {{K l {x)y) = h s (hf\x)) = xeM. 

By definitions of the voltage labeled graph and the mapping p*, we find eas- 
ily that each arcwise component of (p*)^ 1 (L r a; ) is mapped topologically onto the 
neighborhood U x for Vx G M . Whence, p* : M* — > M is a covering mapping. 

Notice that there are |T| copies M g ,g G T for VM G V(G L (M)). Whence, 
(M*,p*) is a |r|-sheeted covering of M. □ 

Let pi : Si — > 5 and P 2 : ^ — >• S' be two covering projections of topological 
spaces. They are said to be equivalent if there exists a one-to-one mapping r : S 1 — > 
S 2 such that the following 



Si S 2 




Fig.4.5.3 

is commutative. Then, how many non- equivalent natural coverings M* are over 
M under the covering projection p* : M* — > M? By definition, this question is 
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equivalent to a combinatorial problem: to enumerate non- equivalent voltage labeled 
graphs ( G L [M],a ) with a : E(G L [M ] ) — > T under the action of AutG L [M]. Finding 
such exact numbers is difficult in general. Applying Burnside Lemma, i.e., Corollary 
2.4.4 for counting orbits, we can know the following result. 



Theorem 4.5.8 The number n c (M) of non- equivalent natural coverings of a finitely 
combinatorial manifold M is 



n c (M ) 



|Aut|G L [M] ^ ~ 

1 I L J ff€ Aut G L [M] 



I*(S)I, 



where <F(g) = {a : E(G L ) — > T\ag = ga}. 



Proof B definition, two voltage labeled graphs (G L [M],o 1 ), (G L [M), a 2 ) are 
equivalent if there is an one-to-one mapping / : V(G L [M ]) — > V(G L [M ]) such that 
fa = af and fd L = 0 L f. Whence, there must be that / G Aut G L [M]. Then follows 
Corollary 2.4.4, we get the conclusion. □ 



Particularly, if AutG L [M] is trivial or transitive, we get the following results 
for the non-equivalent natural covering of a finite combinatorial manifold. 



Corollary 4.5.1 Let M be a finitely combinatorial manifold. Then, 
(i) if AntG L [M} is trivial, then 

n c (M) = e lrl {G L [M}). 



(ii) if Aut G L [M] is transitive, then 



n c (M ) 



/|r| +e{G L [M}) - 1\ 
V e{G L [M]) )' 



Proof If Aut G l [M] is trivial, then a : E(G L [M ]) — > F depends on edges 
in G L [M] and such mappings induce non-equivalent natural coverings over M. A 
simple counting shows that there are £^ r fG L [M]) such voltage labeled graphs. This 
is the conclusion (i). 

Now for (ii), if Aut G L [M] is transitive, then a : E(G L [M ]) — > V does not 
depend on edges in G L [M]. Whence, it is equal to the number of choosing £(G L [M ]) 
elements repeatedly from a | T | -set , which in turn is 



n c (M) 



/|r| +£(g l [m}) - 1 \ 

v £(g l \m\) y 
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□ 

As a part of enumerating non-equivalent natural coverings, many mathemati- 
cians turn their attentions to non-equivalent surface coverings of a connected graph 
with a trivial voltage group T. Such as those of results in [Maol], [MLT1], [MLW1], 
[Mull] and [MRW1]. For example, if G L [M ] is the labeled complete graph Kfi, we 
have the following result in [Maol] for surface coverings. 

Theorem 4.5.9 The number n c (M ) with G L [M] = K T n , n > 5 on surfaces is 



n°m = 

k\n 



E ) 

k\n,k=0(mod2) 



2 a (n,k) ( n _ 2)! t 



E 

k\(n—l),k^l 



f(k)2^ n ’ k \n - 2) 
n — 1 



n — 1 
k 



where, 



and 



a(n, k ) 



, if fc = l(mod2); 
n ^~ 2 ^ , if k = 0(mod2), 



/3(w,fc) 



(n ~ 1 ^- 2) , if fc = l(mod2); 

, if k = 0(mod2). 



and n c (M) = 11 if G L [M] = Rf. □ 

For meeting the needs of combinatorial differential geometry in following chap- 
ters, we introduce the conception of combinatorial fiber bundles following. 



Definition 4.5.2 A combinatorial fiber bundle is a 4-tuple (M*,M,p,G) consisting 
of a covering combinatorial manifold M* , a group G, a combinatorial manifold M 
and a projection mapping p : M* — > M with properties following: 

(i) G acts freely on M* to the right. 

(ii) the mapping p : M* — > M is onto, and forWx £ M, p~ 1 (p(x)) = fib^ = 
{x g \\/g e T] and l x : fiba, — ► V is a bijection. 

(in) for Vi 6 M with its a open neighborhood U x , there is an open set U x 
and a mapping T x : p~ l (U x ) — > U x x T of the form T x (y ) = (p(y), s x (y)), where 
s x : p~ l (U x ) — > T has the property that s x (yg ) = s x (y)g for\/g e G and y G p~ l (U x ). 

Summarizing the discussion in this section, we get the main result following of 
this section. 
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Theorem 4.5.10 Let M be a finite combinatorial manifold and ( G L ([M ]), a) a volt- 
age labeled graph with a : E(G L ([M}) — > T. Then is a combinatorial 

fiber bundle, where M* is the combinatorial manifold correspondent to the lifting 
G La ( [M] , p* : M* M a natural projection determined by p* = h s o with 

h s : M — > M a self-homeomorphism of M and ■ x —■ ► M a mapping defined by 
Sm{x) — M for \/x E M . □ 



§4.6 REMARKS 

4.6.1 How to visualize a Euclidean space of dimension> 4 is constantly making 
one hard to understand. Certainly, we can describe a point of an n-dirnensional Eu- 
clidean space R n by an n-tuple (x\, x 2 , ■ ■ ■ , x n ). But how to visualize it is still hard 
since one can just see objects in R 3 . The combinatorial Euclidean space presents an 
approach decomposing a higher dimensional space to a lower dimensional one with 
a combinatorial structure. The discussion in Section 4.1 mainly on the following 
packing problem, i.e. , in what conditions do R ni , R n2 , • • • , R nm consist of a combi- 
natorial Euclidean space S’dni, ri 2 , • • ■ , n m ) 9 Particularly, the following dimensional 
problem. 

Problem 4.6.1 Let R ni , R™ 2 , • • • , R nm be Euclidean spaces. Determine the dimen- 
sional number dimS’cdi, n 2 , • • • , n m ), particularly, the dimensional number dimAc (r) , 
r > 2 for a given graph G. 

Theorems 4.1.1— 4.1.3 partially solved this problem, and Theorems 4.1.4 — 4.1.5 
got the number dim^- n (r). But for any connected graph G, this problem is still 
open. 

Notice that the combinatorial fan-space is indeed a Euclidean space, which 
consists of the local topological or differential structure of a combinatorial manifold. 

4.6.2 The material in Sections 4.2 and 4.3 is extracted from [Maol4] and [Maol6]. 
A more heartening thing in Section 4.2 is the correspondence of a combinatorial 
manifold with a vertex-edge labeled graph, which enables one to get its regular 
covering in Section 4.5 and combinatorial fields in Chapter 8. 
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4 . 6.3 The well-known Scifer and Von Kampen theorem on fundamental groups is 
very useful in calculation of fundamental groups of topological spaces. Theorems 
3.1.13 and 3.1.14 are its generalziation to the case that U fl V maybe not arcwise 
connected, which enables one to determine the fundamental group of finitely com- 
binatorial manifolds, particularly, the fundamental groups of manifolds by graphs. 
Corollary 4.3.8 completely characterizes the combinatorial structure of simply con- 
nected manifolds. 

It should be noted that Corollary 4.3.4 is an interesting result for surfaces in 
combinatorics which shows that the fundamental group of a surface can be com- 
pletely determined by a graph embedded on this surface. Applying this result to 
enumerate rooted or unrooted combinatorial maps on surfaces (see [Maol], [Liu2] 
and [Liu3] for details) is worth to make a through inquiry. 

4 . 6.4 Each singular homology group is an Abelian group by definition. That is why 
we always find singular groups of a space with the form of Z x • • • x Z. Theorems 
4.4.11 — 4.4.12 determined the singular homology groups of combinatorial manifolds 
constraint on conditions. The reader is encourage to solve the general problem on 
singular homology groups of combinatorial manifolds following. 

Problem 4.6.3 Determine the singular homology groups of combinatorial manifolds. 
Furthermore, the inverse problem following. 

Problem 4.6.4 For an integer n > 1, determine what kind of topological spaces 
S with singular homology groups H q (S) = Zx---xZ for some special integers q, 

n 

particularly, these combinatorial manifolds. 

4 . 6.5 The definition of various voltage graphs can be found in [GrTl], Recently, 
many mathematicians are interested to determine the lifting of an automorphism 
of a graph or a combinatorial map on a surface. Results in references [MNS1] and 
[NeSl] are such kind. It is essentially the application of Theorems 3.1.11 — 3.1.13. 
The main material on the lifting of automorphisms in Section 4.5 is extracted from 
[MNS1]. But in here, we apply it to the case of labeled graph. 

Many mathematicians also would like to classify covering of a graph G or a 
combinatorial map under the action of AutG in recent years. Theorem 4.5.9 is such 
a result for complete graphs. More results can be found in references, such as those 
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of [KwLl], [Lisl]-[Lis2], [LiWl], [Maol], [MLT1], [MLW1], [Mull] and [MRW1], etc.. 

4.6.6 As we have seen in last chapter, the fiber bundle is indeed the application 
of covering spaces with a space. Applying the relation of a combinatorial manifold 
with the vertex-edge labeled graph, Section 4.5 presents a construction approach 
for covering of finitely combinatorial manifold by the voltage labeled graph with 
its lifting. In fact, this kind of construction enables one to get regular covering of 
finitely combinatorial manifold, also the combinatorial fiber bundle by a combina- 
torial technique. We will apply it in the Chapter 6 for finding differential behavior 
of combinatorial manifolds with covering, i.e. , the principal fiber bundle of finitely 
combinatorial manifolds. 



CHAPTER 5. 



Combinatorial Differential Geometry 

Nature’s mighty law is change. 

By Robert Burns, a British poet. 



The combinatorial differential geometry is a geometry on the locally or globally 
differential behavior of combinatorial manifolds. By introducing differentiable 
combinatorial manifolds, we determine the basis of tangent or cotangent vector 
space at a point on a combinatorial manifold in Section 5.1. As in the case of 
differentiable manifolds, in Section 5.2 we define tensor, tensor field, fc-forms at 
a point on a combinatorial manifold and determine their basis. The existence 
of exterior differentiation on fc-forms is also discussed in this section. Section 
5.3 introduces the conception of connection on tensors and presents its local 
form on a combinatorial manifold. Particular results are also gotten for these 
torsion-free tensors and combinatorial Riemannian manifolds. The curvature 
tensors on combinatorial manifolds are discussed in Sections 5.4 and 5.5, where 
we obtain the first and second Bianchi equalities, structural equations and local 
form of curvature tensor for both combinatorial manifolds and combinatorial 
Riemannian manifolds, which is the fundamental of applications of combina- 
torial manifold to theoretical physics. Sections 5.6 and 5.7 concentrate on the 
integration theory on combinatorial manifolds. It is different from the case of 
differentiable manifolds. Here, we need to determine what dimensional numbers 
k ensure the existence of integration on fc-forms of a combinatorial manifold. 
Then we generalize the classical Stokes’ and Gauss’ theorems to combinatorial 
manifolds. The material in Section 5.8 is interesting, which shows that nearly 
all existent differential geometries are special cases of Smarandache geometries. 
Certainly, there are many open problems in this area, even if we consider the 
counterpart in manifolds for differentiable combinatorial manifold. 
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§5.1 DIFFERENTIABLE COMBINATORIAL MANIFOLDS 

5.1.1 Smoothly Combinatorial Manifold. We introduce differential structures 
on finitely combinatorial manifolds and characterize them in this section. 

Definition 5.1.1 For a given integer sequence 1 < n\ < n 2 < ■ ■ ■ < n m , a com- 
binatorial C h -differential manifold (M(n\, n 2 , • • • , n m ); A) is a finitely combinato- 
rial manifold M(n±, n 2 , ■ ■ ■ , n m ), M(n\, n 2 , ■ ■ ■ , n m ) = |J U t , endowed with a atlas 



A = {{U a ] ipa)\a G 1} on M(ni, n 2 , • ■ • , n m ) for an integer h,h > 1 with conditions 
following hold. 

(1) {U a ] a e 1} is an open covering of M(ni, n 2 , • • • , n m ). 

( 2 ) For\/a,/3 e I, local charts (U a ;<p a ) and (Up, pp) are equivalent, i.e., 
U a f]Up = (/} or U a P| Up 0 but the overlap maps 



(3) A is maximal, i.e., if (U ; 99 ) is a local chart of M (n\, n 2 , • • • , n m ) equivalent 
with one of local charts in A, then (U]ip) G A. 

Denote by (M (ri\ , ri 2 , ■ ■ ■ , n m ); A) a combinatorial differential manifold. A finitely 
combinatorial manifold M(n\,n 2 , ■ ■ ■ , n m ) is said to be smooth if it is endowed with 
a C°° -differential structure. 




are C h -mappings, such as those shown in Fig. 5.1.1 following. 





Fig. 5. 1.1 
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Let A be an atlas on M(ni, rz 2 , • • • , n m ). Choose a local chart (U]nn) in A. 

s(p) s(p) 

For Mp G ([/;</?), if w p : U p —> (J B ni ^ and s(p) = dim( f] B ni ^), the following 

i=l i = 1 

s(p) x n s (p) matrix [tZ7 (p)] 



[Z*7(p)] 



X 11 


x 1 3 (p) 


x l(?(p)+l) 


s(p) 


s(p) 


X 21 


x 2s(p) 


x 2(s(p)+1) 


s(p) 


s(p) 


X s (p) 1 


x s(p)s(p) 


™s(p)(s(p)+ 1) 



s(p) s(p) 



x lni ■ ■ ■ 0 

x 2n2 ■■■ 0 

x s(.p)n a ( P )-l x s (.P) n s(p) 



with x ls = x^ s for 1 < i, j < s(p), 1 < s < fl(p) is called the coordinate matrix of 
p. For emphasize w is a matrix, we often denote local charts in a combinatorial 
differential manifold by ([/; [ru]). Using the coordinate matrix system of a combina- 
torial differential manifold (M(t7i, n 2 , ■ • • , n m ); *4.), we introduce the conception of 
mappings and functions in the next. 



Definition 5.1.2 Let Mffni, n 2 , • ■ ■ , n m ) 7 M 2 {k\, k 2 , ■ ■ ■ , k{) be smoothly combinato- 
rial manifolds and 



f : Mi(ni, n 2 , ■ ■ ■ , n m ) — > M 2 (ki, k 2 ,---, h) 

be a mapping, p G n 2 , ■ ■ ■ ,n m ). If there are local charts (U p ; [naff) of p on 

Mi ( 77 . 1 , 77 , 2 , • • • ,n m ) and (' Vf^y, [w>f(p)]) of f(p) with f(U p ) C V/( p ) such that the com- 
position mapping 

I = [“fir)] °f° N" 1 : WpWp) -»■ [^/(p)](yf(p)) 

is a C ,ft -mapping, then / is called a C' h -mapping at the point p. If / is C h at 
any point p of Mi(ni,n 2 , • • • ,n m ), then / is called a C h - mapping. Particularly, if 
M 2 (ki, k 2 , ■ ■ ■ , kf) = R, / ia called a C'Munction on M 1 (t7 1 , 77 2 , • • • , n m ). In the 
extreme h — 00 , these terminologies are called smooth mappings and functions, 
respectively. Denote by 3£ p all these C' oc -functions at a point p G M(ni, n 2 , • • • , n m ). 

For the existence of combinatorial differential manifolds, we know the following 
result. 

Theorem 5.1.1 Let M(ni, n 2 , ■ ■ ■ , n m ) be a finitely combinatorial manifold and 
d, 1 < d < ni an integer. If MM G V [G d [M (ni, n 2 , ■ ■ ■ , 77, m )]) is C h - differential and 
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V(Mi, M 2 ) G E(G d [M{n \ , n 2 , • • • , n m )]) t/zere exzst atlas 

•4i = {(V x -,y x )\\ix G Mi} A = {(W^^IVj/ G M 2 } 

such that <Px\v x p\W y — 'f’y\v x p\W y forWx G Mi,y G M 2? t/zen t/zere zs a differential 
structures 

A = {(t/ p ; [zz7 p ])|Vp G M(ni,n 2 , ■ ■ • ,n m )} 

szzc/z that (M(ni, n 2 , ■ • ■ , n m ); .4.) zs a combinatorial C h -differential manifold. 

Proof By definition, We only need to show that we can always choose a neigh- 
borhood t/p and a homoeomorphism [cc7 p ] for each p G M(n\, n 2 , • • • , rz m ) satisfying 
these conditions (1) — ( 3 ) in def ini tion 3 . 1 . 

By assumption, each manifold VM G V (G d [M(ni, n 2 , • • • , rz m )]) is C^-differential, 
accordingly there is an index set Im such that {U a ]a G Im} is an open covering 
of M, local charts (U a ](p a ) and (Up: ipp) of M are equivalent and A = {{U]ip)} 
is maximal. Since for Vp G M(rzi,n 2 , • • ■ ,n m ), there is a local chart (f/ p ; [tz7 p ] ) of 

s(p) 

p such that [w p ] : U p — > (J B ni(p f i.e. , p is an intersection point of manifolds 

2=1 

M n< (p),l < z < s(p). By assumption each manifold M n 4p) i s C'^-differential, there 
exists a local chart (f/*; <p p ) while the point p G M n 4p) such that p p — ■> B 11 ^ . Now 
we dehne 

s{p) 

Up- U F- 

2=1 

Then applying the Gluing Lemma again, we know that there is a homoeomorphism 
[o7 p ] on U p such that 

[^p] I M n iW = Pp 

for any integer z, < z < s(p). Thereafter, 

-4 = {(f/ p ; [w p ])|VpG M(m,n 2 r ■ ■ ,n m )} 

is a C' h -differential structure on M(ni, n 2 , • ■ • , n m ) satisfying conditions (1) — ( 3 ). 
Thereby (M(ni, n 2 , • • • , n m ); A) is a combinatorial G^-differential manifold. □ 

5.1.2 Tangent Vector Space. For a point in a smoothly combinatorial manifold, 
we introduce the tangent vector at this point following. 
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Definition 5.1.3 Let (M(ni,n 2 , • • • be a smoothly combinatorial manifold 

and p G M(ni, n 2 , • • • , n m ). A tangent vector v at p is a mapping v : — > R with 

conditions following hold. 

(1) V< 7 , h G 3£ p , VA G R, v(h + A h) = v(g) + A v(h); 

(2) \/g, h G SF P , v(gh ) = v{g)h(p) + g(p)v(h). 

Let 7 : (— e, e) — > M be a smooth curve on M and p = 7 ( 0 ). Then for V/ G 3F P , 
we usually define a mapping v : — > R by 

We can easily verify such mappings n are tangent vectors at p. 

Denoted all tangent vectors at p G M(ni, n 2 , • ■ ■ , n m ) by T p M{n\, n 2 , • • • , n m ) 
and define addition “+” and scalar multiplication “-’’for Vn, n G T p M(ni, n 2 , • • • , n m ), 
A G R and / G ^ by 

(u + v)(f) =u(f)+v(f), (A u)(/) = A •«(/). 

Then it can be shown immediately that T p M(ni, n 2 , • • • , n m ) is a vector space under 
these two operations “+” and . Let 

JT(M(ni,n 2 , • ■ -,n m )) = U T p M(ni, n 2 , • ■ ■ , n m ). 

peM 

A vector field on M(n 1; n 2 , • • • , n m ) is a mapping X : M — > (M(ni, n 2 , • • • , n m )), 

i.e., chosen a vector at each point p G M(ni, n 2 , • • • , n m ). 

Definition 5.1.4 For X,Y E AF n 2 , • • • , n m )), the bracket operation [X, Y] : 
(M(ni, n 2 , • • • , n m )) — > n 2 , • • • , n m )) is defined by 

[x, Y](f) = X(Y{f)) - y(X(/)) for V/ G .T p and p G M. 

The existence and uniqueness of the bracket operation on (M(n 1; n 2 , • • • , n m )) 
can be found similar to the case of manifolds, for examples [AbMl] and [Wesl]. The 
next result is immediately established by definition. 

Theorem 5.1.2 Let M(ni, n 2 , • • • , n m ) be a smoothly combinatorial manifold. Then, 
for X, Y.ZeST (M (m, ri 2 , ■ ■ ■ , n m )), 

W [X,y] = -[y,x] ; 
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(ii) the Jacobi identity 

[X, [Y,Z]] + [Y,[Z,X]] + [Z,[X,Y}} = 0 

holds. Such systems are called Lie algebras. 

For Vp G M(ni, n 2 , • • • , n m ), We determine the dimension and basis of the 
tangent space T p M(n\, n 2 , ■ ■ ■ , n m ) in the next result. 

Theorem 5.1.3 For any point p G M(n±, n 2 , ■ ■ ■ , n m ) with a local chart (U p ; [pff), 

the dimension of T p M(ni, n 2 , ■ ■ • , n m ) is 

s(p) 

dimT p M(ni, n 2 , • • • , n m ) = s(p) + I] (n* - s(p)) 

i = 1 

with a basis matrix 
1—1 

^dx Js (p) Xn « ( p ) 





1 d 


i a 


a 


a 


0 






s(p) dx 11 


s(p) 9x 1s (p) 


Q x l(S(p) + 1 ) 


dx ln i 






i a 


i a 


a 


a 


0 






s(p) dx 21 


s(p) dx 2s (p} 


Q x 2(s(p)+1) 


dx 2n 2 






i a 


i a 


a 


a 


a 






s(p) dx s (p) 1 


s(p) 5a;s(p)S(p) 


g a .s(p)(s(p) + 1 ) 


dx s ^ n s( P )- 1 ) 


dx s ^ n s(p) J 




where x l1 = 


for 1 < i,j 


< s(p),l < / 


< s{p) . namely there is a smoothly 


functional matrix [%] s ( p ) X „ s(p) 


such that for 


any tangent vector v at 


a point p of 



M(ni, n 2 , ■ ■ ■ , n m ), 

V = /[%]s(j>)xn,(,,)) [^=]s(p)xn s(p) ^ > 
k l 

where {[a t j\kxu a ijbij, the inner product on matrixes. 

i=lj=l 

Proof For V/ G 3F P , let f = f ■ G &{<p p ](p)- We only need to prove that 

/ can be spanned by elements in 

r\ S (.P ) Lli r\ 

{^|,|i<;<^)}U(U U (5-1) 

i=l j=s(p )+ 1 

for a given integer h, 1 < h < s(p), namely (5 — 1) is a basis of T p M(ni,n 2 , ■ ■ ■ , n m ). 
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In fact, for \/x G [tp p ](U p ), since / is smooth, we know that 



f(x)-f(x o) = J ^ f(x 0 + t(x - x ( 



/ 



f(x 0 + t(x-x 0 ))dt 



0 



t; ( rt\ r, ■ 



1 




*= i j=i 



0 



in a spherical neighborhood of the point p in [<p p ] (U p ) C R s ^ s (p) s (p)+"'i+ n 2 +-+n s ( P ) 
with [(pp]{p) = Xq , where 



Therefore, for Vg G U p , there are g %3 , 1 < i < s(p), 1 < j < such that 

s(p) rij 

/(s) = f(p) + X^p)^ _ x o)9ij(p)- 

i=l j = 1 

Now let T G T p M(rii, ri 2 , • ■ ■ , n m ). Application of the condition (2) in Dehnition 
5.1.1 shows that 




Define 



l 




o 

and g ?;j = ■ [<p p ] . Then we find that 




v(/(p)) = 0, and v{rf m x^) = 0. 



Accordingly, we obtain that 



«(?) Tli 




i= 1 1=1 

s(p) rii 
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° \JrJ ii'i 

~ x o) + - x o Mws(p)9ij(p))) 



s(p) m 



i = i i = 1 




i= 1 3=1 




i=l j = 1 



P 



(/)• 



Therefore, we get that 



v = 




y (5-2) 



The formula (5 — 2) shows that any tangent vector v in T p M(ni,ri2, ■ ■ ■ ,n m ) 
can be spanned by elements in (5.1). 

Notice that all elements in (5 — 1) are also linearly independent. Otherwise, if 
there are numbers a*- 7 , 1 < i < s(p), 1 < j < rii such that 



for 1 < % < s(p), 1 < j < rii . Therefore, (5 — 1) is a basis of the tangent vector space 



By Theorem 5.1.3, if s(p) = 1 for any point p £ then 

dim T p M(ni,ri2, ■ ■ ■ ,n m ) = n\. This can only happens while M(rii, n 2 , • • • , n m ) is 
combined by one manifold. As a consequence, we get a well-known result in classical 
differential geometry again. 

Corollary 5.1.1 Let ( M n ]A ) be a smooth manifold, and p £ M n . Then 




i=l j=s(p)+l 



then we get that 




«(P) a S (P) rii 

o \ - \ 



d 



i=l j=s(p)+l 



T p M(ni, n 2 , • ■ • , n m ) at the point p £ (M(ni, n 2 , • • • , n m ); ^4). 



□ 



dimTpM” = n 




with a basis 
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5.1.3 Cotangent Vector Space. For a point on a smoothly combinatorial 
manifold, the cotangent vector space is defined in the next definition. 

Definition 5.1.5 ForVp G (M(n 1 , n 2 , • • • , n m ); A), the dual space T*M(ni, n 2 , ■ ■ ■ , n m 
is called a co-tangent vector space at p. 

Definition 5.1.6 For f G 3F P , d G T*M(ni, n 2 , ■ ■ ■ , n m ) and v G T p M(ni, n 2 , ■ ■ ■ , n m ), 
the action of d on f , called a differential operator d : — * R, is defined by 

df = v{f). 



Then we immediately obtain the result following. 



Theorem 5.1.4 ForVp G (M(ni,n 2 ,---,n m );A) with a local chart (U p , the 
dimension ofT*M(ni,n 2 ,---,n m ) is 



s(p) 

dimT p *M(ni, n 2 , ■ ■ ■ , n m ) = s(p) + (ra* - s(p)) 

with a basis matrix 



Hs(p)xn aW 



dx 11 




s(p) 


s(p) 


dx 21 




s(p) 


s(p) 


da^ 1 


dx s(.p)s(p ) 


s(p) 


s(p) 



^ x 2(?(p)+l) 

^ X S (P)(«(P)+1) 



■ • • dx lni • ■ ■ 0 

■ • • dx 2n2 ■ ■ ■ 0 



d x s(p)n a{p )-l d x s(p)n a(p) 



where x d = x jl for 1 < i, j < s(p), 1 < l < s(p), namely for any co-tangent vector d 
at a point p of M(ni, n 2 , • • • , n m ) 7 f/iere is a smoothly functional matrix [u-ij\ s (p)xs{p) 
such that, 



d 




s(p)xn.( p )i 



[dx] .s (j>) 






□ 



§5.2 TENSOR FIELDS ON COMBINATORIAL MANIFOLDS 

5.2.1 Tensor on Combinatorial Manifold. For any integers r,s > 1, a tensor 
of type (r, s) at a point in a smoothly combinatorial manifold M(ni,n 2 , ■ ■ ■ , n m ) is 
defined following. 
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Definition 5.2.1 Let M(n i, ri 2 , • • • , n m ) be a smoothly combinatorial manifold and 
p G M(ni, n 2 , • • • , n m ). A tensor of type (r, s ) at t/ie point p on M(ni, n 2 , • • • , n m ) 
is an (r + s) -multilinear function r. 

r : T*M x ■ ■ ■ x T*M x T P M x • • • x T P M -»• R, 

v ' V v / 

r s 

where T P M = T p M(n\, n 2 , • • • , n m ) and T*M = T*M(n±, n 2 , • • • , n m ). 

Denoted by TJ(p, M) all tensors of type (r, s) at a point p of M(n 1; n 2 , • • • , n m ). 

Then we know its structure by Theorems 5.1.3 and 5.1.4. 

Theorem 5.2.1 Let M(n\, n 2 , • • • , n m ) be a smoothly combinatorial manifold and 
p G M(ni, n 2 , • • • , n m ). Then 

t;(p, m) = t p m m ■ • • ® t p m ® ® ® t*m, 

" V ' ' v ' 

r s 

where T P M = T p M(n\, n 2 , • • ■ , n m ) and T*M = T*M(n±, n 2 , • • • , n m ), particularly, 

sip) 

dim T s r (p, M) = (s(p) + ^(n* - s(p))) r+s . 

2=1 



Proof By definition and multilinear algebra, any tensor t of type (r, s) at the 
point p can be uniquely written as 



d 



t = Vt’ 1 - 

Jl '"3 s 



d 



<® <Lr fclZl ® ■ • • ® (Lc Ws 



for components t *’ G R by Theorems 5.1.3 and 5.1.4, where 1 < i^, kh < s(p) and 
1 < 1 < lh < kh f°r 1 < h < r. As a consequence, we obtain that 



TJ(p, Af) = T P M ® • • • ® TpM <g> T*M ® • • • ® T*M . 

' ' ' V ' 

r s 



s(p) 

Since dimT p M = dim T*M = s(p) + ( n i — s(p)) by Theorems 5.1.3 and 5.1.4, 

i = 1 

we also know that 



sip) 

dim TJ(p, M) = (s(p) + - s(p))) r+s . 

2=1 

□ 
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5.2.2 Tensor Field on Combinatorial Manifold. Similar to manifolds, we 
can also introduce tensor field and fc-forms at a point in a combinatorial manifold 
following. 

Definition 5.2.2 Let Tf(M) = [J TJ(p, M) for a smoothly combinatorial manifold 

p&M 

M = M(n\, 77.2, • • • , n m ). A tensor filed of type (r, s) on M(n±, rz 2 , • • • , n m ) is a 
mapping r : M(n±, n 2 , • • • , n m ) —> Tf(M) such that r(p) G Tf(p,M) for Mp G 
M(ni, n 2 , • • • , n m ). 

A k-form on M(n±, n 2 , ■ ■ ■ , n m ) is a tensor field to G Tf(M). Denoted all fc-form 
of M(ni, n 2 , • • • , n m ) by A k (M) and 



We have introduced the wedge A on differential forms in R" in Section 3.2.4. 



s(p)-s(p)s(p)+Ej=i n i 



A (M) 





k=0 



Certainly, for u G A k (M), w G A l (M) and integers k,l > 0, we can also define the 
wedge operation uj A vj in A (M) following. 



Definition 5.2.2 For any integer k > 0 and a; G A k (M), an alternation mapping 
A : A k (M) — > A fc (M) is defined by 




crgS*. 



/or Vdi G M, and for integers k,l > 0 and oj G A k (M), w G A/M), fdeir wedge 
uj Aw G A k+l (M) is defined by 




For example, if M = R 3 , a is a 1-form and b a 1-form, then 



a A b(e 1; e 2 ) = a(ei)b(e 2 ) - a(e 2 )b(ei) 



and if a is a 2-form and b a 1-form, then 



a A b(e!, e 2 , e 3 ) = a(e l5 e 2 )b(e 3 ) - a(e l5 e 3 )b(e 2 ) + a(e 2 , e 3 )b(e!). 
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Example 5.2.1 The wedge product is operated in A (M) in the same way as in the 
algebraic case. For example, let a = dx i — X\dx 2 € A 1 (M) and b = x 2 dx i A dx 3 — 
dx 2 A dx i G A 2 (iff), then 

a A b = (dx i — X\dx 2 ) A (x 2 dx\ A Gfr 3 — dx 2 A d^i) 

= 0 — x\x 2 dx 2 A dxi A dx 3 — dxi A cfr 2 A cfr 3 + 0 
= (x\X 2 — 1) A dx 3 — dx 1 A dx 2 A cfr 3 . 

Theorem 5.2.2 Let vi,v 2 ,- ■ ■ ,v n be vectors in a vector space 'Y . Then they are 
linear dependent if and only if 

V\ A v 2 A • • • A v n = 0. 

Proof If Vi,v 2 , ■ ■ ■ ,v n are linear dependent, without loss of generality, let 
v n — aivi + a 2 v 2 • • ■ + a n _iu n _i. 

Then 



Vi A v 2 A • • • A v n 

Vi A ■ ■ • A v n -i A (aiTi + a 2 v 2 h a n _iT n _i) 

= 0 . 

Now if Ti, v 2l ■ ■ ■ , v n are linear independent, we can extend them to a basis 
{vi,v 2 , ■ ■ ■ , v n , ■ ■ ■ , Tdimr} of 'T. Because of 

Vi A n 2 A • • • A n dimr ^ 0, 

we finally get that 

V\ A v 2 A • • • A v n 0. 

□ 

Theorem 5.2.3 Let v\ 1 v 2 , ■ ■ ■ ,v n and vJi,w 2 , ■ ■ ■ ,w n be two vector families in a 
vector space Y such that 

n 

A w k = 0. 

k = 1 

Ifv i,v 2 , ■ ■ ■ ,v n are linear independent, then for any integer k, 1 < k < n, 

n 

Wk = yy CLklVl 
1=1 
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With CLkl 



Proof Because vi,V 2 ,■■■ ,v n are linear independent, we can extend them to a 
basis {vi,V 2 ,-'-,v n ,---,Vdimr} of V . Therefore, there are scalars a k i, 1 < k, l < 
dimT' such that 



n dimY 



VOk 



^ ^ ^kl^k “t“ ^ ^ ^kl^k’ 
1=1 l=k - (-1 



Whence, we find that 



n 

Y Vk A w k 

k = 1 



n n dimY 

y^^+y dkiVk a Vi 

k,l=l k= 1 Z=fc+1 

n n dimY 

Y ( a k i ~ a ik )vk A vi + Y Y aktTJk A v t = 0 

1 <k<l<n k=l t=k+ 1 



by assumption. Since {vk A Vi, 1 < k < l < dirnT' } is a basis A 2 (Y), we know that 
a k i — aik = 0 and a kt = 0. Thereafter, we get that 

n 

Wk = Yj akl ^ l 
1=1 



with a ki = aik ■ 



□ 



5.2.3 Exterior Differentiation. It is the same as in the classical differential 
geometry, the next result determines a unique exterior differentiation d : A (M) — > 
A (M) for smoothly combinatorial manifolds. 

Theorem 5.2.4 Let M be a smoothly combinatorial manifold. Then there is a 
unique exterior differentiation d : A (M) — > A (M) such that for any integer k > 1, 
d( A k ) C A k+1 (M) with conditions following hold. 

(1) d is linear, i.e., for\/ip,ip G A (M), A G R, 

d(<p + Xip) = dtp A if + Xdip 
and for tp G A fc (M), -0 G A (M), 

d(p Aip) = dp + (—l) k p A dip. 

(2) For f G A °(M), df is the differentiation of f . 
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(4) d is a local operator, i.e., ifUcVcM are open sets and a G A k (V), then 
d{ot\jj) = (da)\u- 

s(p) 

Proof Let (£7; [99]), where {ip\ : p — > (J [<p]{p) = [p(p)\ be a local chart for 

i— 1 

a point p G M and a = a^ ivi y..^ k ^ }k )dx^ ivi A • • • A dx fJ,kUk with 1 < Uj < n IM for 
1 < hi < s(p), 1 < i < k. We hrst establish the uniqueness. If k — 0, the 
local formula da = -Jj^dx^ applied to the coordinates x ^ with 1 < Vj < for 
1 < Pi < s(p), 1 < i < k shows that the differential of x is 1-form dx IJU . From (3), 
d(x liv ) = 0, which combining with (1) shows that dfdx^ 1 A • • • A d x ^ k '' k ) = 0. This, 
again by (1), 

da = )-Mk) dx pu A A . . . A . (5-3) 

and d is uniquely determined on U by properties (1) — (3) and by (4) on any open 
subset of M. 

For existence, define on every local chart (U ; [99]) the operator d by (5—3). Then 
(2) is trivially verified as is R-linearity. If /3 — /3( CTlfl )...( CT ; Q )dx CT1 ‘’ 1 A- • - A dx^ 1 G A l (U), 
then 



d{a A (3) = 



x 



+ 



A • • • A d x>lkVk A dx* 1 ^ A • • • A dx ai<;i ) 

)-(nkitk) a | 

V q pv P(?i si)-(crisi) "r a (iJ‘0'i)- ir‘k4>k) 

A . . . A A A • • • A 

dx>° n A • • • A d*'*" 1 A I3 {ntl) - tm) dx a ' n A ■ ■ ■ A dr™ 

(-l)‘ a(w „ l) ... tafc) dx«‘" ■ ■ ■ A d*"" A ... A dx™ 

da A f3 + (—l) k a A df3 



and (1) is verified. For (3), symmetry of the second partial derivatives shows that 

d(da) = - A . . . A '**■'* A A • • • A dx™) = 0. 

v ’ dx^dx ai; ’ 

Thus, in every local chart ( U] [99]), (5 — 3) defines an operator d satisfying (l)-(3). 
It remains to be shown that d really defines an operator d on any open set and (4) 
holds. To do so, it suffices to show that this definition is chart independent. Let d! 
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be the operator given by (5 — 3) on a local chart (£/'; [</?']), where U P| U' ^ 0. Since 
d! also satisfies (1) — (3) and the local uniqueness has already been proved, d'a = da 
on U P| U' . Whence, (4) thus follows. □ 

Corollary 5.2.1 Let M = M(n i, n 2 , • • • , n m ) be a smoothly combinatorial manifold 
and dM '■ A k (M) — » A k+1 (M) the unique exterior differentiation on M with condi- 
tions following hold for M E V(G l [M(ni, n 2 , • • • , n m )]) where, 1 < l < min{n 1 ,n 2 , 

(1) dM is linear, i.e., forWip,^ E A (M), A E R, 

dM(<P + Aif) = d M ip + A d M f>. 

(2) For ip E A r (M), -0 E A (M), 

d M {ip A -0) = d M ip + (-l)V A 

(3) For f E A °(M) , g?m/ is the differentiation of f. 

(4) d 2 M = dM ■ dM — 0. 

Then 

d\M = dM- 

Proof By Theorem 2.4.5 in [AbMl], dM exists uniquely for any smoothly man- 
ifold M. Now since d is a local operator on M, i.e., for any open subset U ^ C M, 
d(a\ u ) = (da)\u fi and there is an index set J such that M = { J C/ M , we finally get 

AteJ 

that 

d\M = dM 

by the uniqueness of d and dM- □ 

Theorem 5.2.5 Let u> E A 1 (M). Then for VX, Y E 3F (M), 

duj{X, Y ) = X(cu(F)) - y(w(X)) - w([X, T]). 

Proof Denote by a(X,Y) the right hand side of the formula. We know that 
a : M x M — > C°°(M). It can be checked immediately that a is bilinear and for 
VX,Y E &(M), f E C°°(M), 



a(fX,Y) = fX(u(Y))~-Y(u(fX))-u([fX,Y]) 
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= fX(u(Y)) - Y(fu(X )) - u(f[X, Y] - Y(f)X) 
= fa(X,Y ) 



and 



a(XJY) = - a(fY,X ) = - fa{Y,X ) = fa{X,Y) 

by definition. Accordingly, a is a differential 2-form. We only need to prove that 
for a local chart (U, [</?]), 



ck | u = du>\if. 



In fact, assume iv\u = uJ llv dx ,w . Then 



fit* 

(duf)\u = d(u>\u) = „ ^ dx a<; A dx^ v 

ox 

= -(p^-^)dx^ Adx^. 
2 v dx?* dx» v ’ 

On the other hand, a\u = -J^)dx a<; A dx ^ , where 



d d 



a 



dx lw 7 dx c * ' 



3 ( f d » 
M- — ;)) 



9 / / <9 

UJ[- )) 



dx a * dx^ v dx ^ dx a * 

_ 8_ 

U ^dx^ dx a ^ 
day _ day 



Therefore, du\u = a|j/. 



□ 



§5.3 CONNECTIONS ON TENSORS 

5.3.1 Connection on Tensor. We introduce connections on tensors of smoothly 
combinatorial manifolds by the next definition. 

Definition 5.3.1 Let M be a smoothly combinatorial manifold. A connection on 
tensors of M is a mapping D : S£(M) x TfM — ■> TfM with D x t = D(X,r) such 
that for VX, Y 6 3LM, r, n e TJ(M), A G R and f e C°°(M), 

( 1 ) D x+ f Y T = D x t + fD Y r ; and D x {r + Avr) = D x t + \D x ir, 

(2) D x {t ® 7 r) = D x t ® n + a <g> D x n; 
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(3) for any contraction C on Tf(M), 



D x (C(t))=C(D x t). 



We get results following for these connections on tensors of smoothly combina- 
torial manifolds. 



Theorem 5.3.1 Let M be a smoothly combinatorial manifold. Then there exists a 
connection D locally on M with a form 



C D x r)\u 



x aq 



(kiAi)(k2A2)-"(KsA s),(A“') Qx^ 1U1 



d 



dx}‘ rh 



0 dx KlXl 0 ■ • • 0 dx KsX - 



forVY G ^T(M) and r G TJ(M), where 



(t*lvi)(p 2 V 2 )"-(p r l'r) 

(kiAi)(k 2 A 2 )---(k s A s ),(ai^) 



dr, 



0 'in)(/l 2 !/ 2 ) ,,, (l“r 1, r) 

(kiAi)(k 2 A 2 )---(KsAs) 

dx^v 



E (m VI ) • • • {Ha- 1 1 ) (ct<t) (/Ha + 1 ^a+l ) ■ ■ ■ ) p/2 a f, 

' (kiAi)(k 2 A 2 )-"( k sA s ) 1 (cr?) 



a=l 

s 

£ 

6=1 






(KlAi)---(K(,_iA 6 _i)(/i^)(o- (j+ ift + i)---(K; s A s ) i (er bSb){u v ) 



and D x v) is a function determined by 



d 



X 



d 



dx a<; (o’s)(/"') Q x a<; 

on ( Up ; [<yC p ]) = ( U p ]x ^ v ) of a point p G M, also called the coefficient on a connection. 



Proof We first prove that any connection £) on smoothly combinatorial man- 
ifolds M is local by definition, namely for X h X 2 G 3£(M) and Ti,t 2 G TJ(M), if 
Xi|f/ = X 2 \u and t±\u = t 2 \u, then (D Xl T\)u = ( D X2 t 2 )u . For this objective, we 
need to prove that (D Xi t\)u = ( D Xi t 2 )u and ( D Xl r±)u = ( D X2 t\)u ■ Since their 
proofs are similar, we check the first only. 

In fact, if r = 0, then r = r — r. By the definition of connection, 



D x t = D x (t - r) = D x t - D x t = 0. 



Now let p G U . Then there is a neighborhood V p of p such that V is compact and 
V C U. By a result in topology, i.e. , for two open sets V P ,U o/Rdp)-dpMp)+« i + --+n s(p) 
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with compactVp andV p C U , there exists a function f G C TO (R s( ^ _s ^ s ^ +ni+ ''' +ns M) 
such that 0 < / < 1 and f\y p = 1, /| R ®(p)-*(j>)®(p)+" 1 +-+*» 3(p) \ t7 = 0, we find that 
/ • (r 2 — ri) = 0. Whence, we know that 

0 = D Xl ((f ■ (r 2 - tO)) = Xl(/)(t 2 - n) + f{D Xl r 2 - D Xl n). 



As a consequence, we get that (Dxj Ti)y = (D Xl r 2 )v, particularly, (Dxi'Ti)p = 
(. D Xi t 2 ) p . For the arbitrary choice of p, we get that {D Xi t{)u = ( D Xi t 2 )u finally. 

The local property of D enables us to find an induced connection D u : (U) x 

TJ (U) -> TJ(C/) such that D^ v (t\u) = ( D x t)\u for VX G 3£{M) and r G TJM. 
Now for VXi,X 2 G 3£{M), Vti,t 2 G TJ(M) with Xi|y p = X 2 |y p and Ti|y p = r 2 |y p , 
define a mapping D u : 3f(U) x Tf(U) —> Tf{U ) by 

= (Djf 1 'r 2 )|y p 

for any point p G Lb Then since D is a connection on M, it can be checked easily that 
D u satisfies all conditions in Definition 5.3.1. Whence, D u is indeed a connection 
on U. 

Now we calculate the local form on a chart (U p , [<^ p ]) of p. Since 

~ f) 

~pnA 

aim ~ 1 KX/H ’ 

it can find immediately that 



D 



dx KX = -r 



/■cA 









by Definition 5.3.1. Therefore, we finally find that 



l -X J|f7 ' (kiAi)(k2A2)---(ksA s ),(ai^) 

with 



a 



dx lnVl 



dx> lr 



dx KlXl ® ■ ■■ ®dx 



K, s A s 



(/ilVl)( P 2^2)-”(A t r^r) 

(KlAl)(K2A2)-"( K sAs),(/iv) 



n (nivi )(jl2V2) — {lMrVr) 
(kiAi)(K2A2)-"(KsA s ) 



E 

a=l 



dx >lv 



(kiAi)(k2A2)---(k s A s ) 






E 

6=1 



pHl'lXWi^) — (/V^r) po-? 
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This completes the proof. □ 

Theorem 5.3.2 Let M be a smoothly combinatorial manifold with a connection D. 
Then for VX, Y e SX(M), 



T(X,Y) = D x Y-D y X-[X,Y] 



is a tensor of type (1, 2) on M. 

Proof By definition, it is clear that T : SX (M) x ST ( M ) — > SX (M) is anti- 
symmetrical and bilinear. We only need to check it is also linear on each element in 
C°°(M) for variables X or Y . In fact, for V/ 6 

T(fX,Y ) = D fx Y-D y (fX)-[fX,Y) 

= fD x Y-(Y(f)X + fD Y X) 

- (f[X,Y]-Y(f)X)=fT{X,Y). 



and 

T(XJY) = —T(fY, X) = —fT(Y, X) = fT(X,Y). 



5.3.2 Torsion-free Tensor. Notice that 



□ 



T( 



_d d_ 

dx ^ 7 dx a<i 



D a 

dx W dx a<i OX^ V 

d 



( r £ 



_ -p/^A \ 

i/)((T?) 1 Q X K\ 



under a local chart (U p ; [</? p ]) of a point p e M. If T(-XT-, = 0, we call T 

torsion-free. This enables us getting the next useful result by definition. 



Theorem 5.3.3 A connection D on tensors of a smoothly combinatorial manifold 
M is torsion-free if and only if T^ )(ct?) = T^ )(>) . □ 

5.3.3 Combinatorial Riemannian Manifold. A combinatorial Riemannian 
geometry is defined in the next on the case of s — r — 1. 

Definition 5.3.2 Let M be a smoothly combinatorial manifold and g € A 2 (M) = 
U t°(p,m). if g is symmetrical and positive, then M is called a combinatorial 

p&M 
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Riemannian manifold, denoted by ( M,g ). In this case, if there is a connection D 
on (iff, g ) with equality following hold 

Z(g(X, Y)) = g(D z , Y ) + g(X, D Z Y ), (5 - 4) 

then iff is called a combinatorial Riemannian geometry, denoted by ( M,g,D ). 

We get a result for connections on smoothly combinatorial manifolds similar to 
that of the Riemannian geometry. 

Theorem 5.3.4 Let ( M,g ) be a combinatorial Riemannian manifold. Then there 
exists a unique connection D on (iff, g) such that (iff, g , D) is a combinatorial Rie- 
mannian geometry. 

Proof By definition, we know that 



D z g(X, Y) = Z(g(X , Y)) - g(D z X , Y) - g{X , D Z Y) 



for a connection D on tensors of iff and SZ G ST (iff). Thereby, the equality (5 — 4) 
is equivalent to that of D z g = 0 for \/Z G ST (iff), namely D is torsion- free. 

Not loss of generality, assume g = g^^dx^dx^ in a local chart (f/ p ; [ip p ]) of 
a point p, where g^v)^) = 9(g%n;, S^)- Then we find that 



,9g(fj.u)(cr<;) 



^9 ( q xK a ^(C»?)(o-?)T( pi/ )( CT? ) 9{fj.v)(CvT\a<;)(K\))d xfl dx ® dx 

Therefore, we get that 

— ^)W r (HW + {aq)(K A) (5 _ 5) 

if D z g = 0 for \/Z G IX (iff). The formula (5 — 5) enables us to get that 

-preA _ 1 M)(CT?)/ dgW)(07) , ®9(Cri)((T<;) _ ^9{^v){ trq) , 

2 9 { dx ^ f ^ foCi? b 

where gT x )((v) j s an element in the matrix inverse of [g( P u)(aq)]- 

Now if there exists another torsion-free connection D* on (iff, g) with 



<v 



K.X 



- r) 

rj* p*tcA 

aS* ~ (^)(^) dx KX ' 



then we must get that 



■p*fcA («. 

1 OuKW) — 2^ 



1 r "\)(Cri) / ^9{nv)(C,rj) d)g^ v )(u<;) _ dg( P u){a<;) . 

' dab 1 ' ■ 



dob 1 ' 
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Accordingly, D = D*. Whence, there are at most one torsion- free connection D on 
a combinatorial Riemannian manifold (M,g). 

For the existence of torsion- free connection D on ( M,g ), let = FjA 

and define a connection D on (M, g) such that 

~ B 

n | -fi’A 

U gSrrr ~ 1 (<T?)(/iw) ’ 

then Z1 is torsion-free by Theorem 5.3.3. This completes the proof. □ 

Corollary 5.3.1 For a Riemannian manifold ( M,g ), there exists only one torsion- 
free connection D, i.e., 

D z g(X, Y ) = Z(g(X, Y)) - g(D z X , F) - <?(*, D z y) = 0 
/orVX,Y,Z e ^T(Af). 



§5.4 CURVATURES ON CONNECTION SPACES 

5.4.1 Combinatorial Curvature Operator. A combinatorial connection space 
is a 2-tuple (M, D) consisting of a smoothly combinatorial manifold M with a con- 
nection D on its tensors. We define combinatorial curvature operators on smoothly 
combinatorial manifolds in the next. 

Definition 5.4.1 Let (M,D) be a combinatorial connection space. For\/X,Y e 
JT(M), a combinatorial curvature operator 1Z(X,Y) : 3F(M) — > $f{M) is defined 
by 

K(X, Y)Z = D x D y Z - D y D x Z - D [xy] Z 

forMZ e %{M). 

For a given combinatorial connection space (M, D), we know properties follow- 
ing on combinatorial curvature operators, which is similar to those of the Riemannian 
geometry. 

Theorem 5.4.1 Let(M,D ) be a combinatorial connection space. Then for VX, Y, Z 6 
5F(M), V/ e C 00 ^), 
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(1) K(X,Y) = -ti(Y,X); 

(2) n(fX, Y ) = K(X, fY) = fn(X, Y); 

( 3 ) n{x,Y)(fz) = fn{x,Y)z. 

Proof For VX,Y,Z e 3£{M), we know that U{X,Y)Z = - K(Y,X)Z by 
definition. Whence, U{X,Y) = -TZ(Y,X). 

Now since 

K(fX,Y)Z = D fx D Y Z - D Y D fx Z - D [fX y } Z 

— fDxDyZ — Dy(f D x z) — Df[x,Y]-Y(f)xZ 
= fDxDyZ - Y(f)D x Z - fDyDxZ 

- fD [x , Y] Z + Y(f)DxZ 
= }K{X, Y)Z, 

we get that 7 Z(fX,Y) = flZ(X,Y). Applying the quality (1), we find that 

n(XJY) = -K(fY,X) = —fTZ{Y, X) = fTZ(X,Y). 

This establishes (2). Now calculation shows that 

Tl(X,Y){fZ) = D x Dy(fZ)-DyDx(fZ)-D [x ,Y ] {fZ) 

= D x (Y(f)Z + fDyZ) - Dy{X{f)Z + fD x Z) 

- ([X,Y}(f))Z-fD [x , Y] Z 

= X(Y(f))Z + Y(f)D x Z + X(f)DyZ 
+ fDxDyZ - Y(X(f))Z - X{f)D Y Z - Y(f)D x Z 

- fDyDxZ - {[X,Y](f))Z - fD[ X y]Z 
= fn(X,Y)Z. 

Whence, we know that 

n{X,Y){fZ)=fK{X,Y)Z. 



□ 

As the cases in the Riemannian geometry, these curvature tensors on smoothly 
combinatorial manifolds also satisfy the Bianchi equalities. 
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Theorem 5.4.2 Let (M, D) be a combinatorial connection space. If the torsion 

tensor T = 0 on D, then the first and second Bianchi equalities following hold. 

K(X, Y)Z + X(F, Z)X + K(Z, X)Y = 0 

and 

{D X R)(Y, Z)W + (D y R)(Z,X)W + (D Z R)(X, Y)W = 0. 

Proof Notice that T = 0 is equal to D X Y — DyX = [X, Y] for VX, Y e 3£ (M). 

Thereafter, we know that 

K(X, Y)Z + n(Y, Z)X + K(Z, X)Y 
= DxDyZ — DyD X Z — H[ X ,Y] Z T DyD zX — DzDyX 
— D[y,Z]X + D Z D X Y — D X D Z Y — D[ Z , X ]Y 
= D x (DyZ - D Z Y) - D [y , z] X + Dy(D z X - D X Z) 

— D[ ZjX ]Y + D Z {D X Y — DyX ) — D[ XY jZ 
= D X [Y , F] - D [YjZ] X + D Y [Z, X] - D [Z:X] Y 
+ D z [X,Y]-D [x ^Z 
= [X, [f, Z]J + [F, [Z, X]] + [Z, [X, Y]]. 

By the Jacobi equality [X, [F, Z]] + [F, [ Z , X]] + [Z, [X, V']] = 0, we get that 

K{X, Y)Z + K(Y, Z)X + K{Z, X)F = 0. 

By definition, we know that 
(■ D X R)(Y,Z)W 

= D X R(Y, Z)W - R(D X Y, Z)W - R(Y. D X Z)W - R(Y, Z)D X W 
= D x DyD z W — D x D z DyW — D x D[y )Z fiV — Dp xY D z W 
+ D Z Dd xY W + — D y D~ B xZ W + D SxZ DyW 

+ — D Y D Z D X W + D Z D Y D X W + D^ yz ^D x W. 

Now let 

A W (X, F, Z) = b x b Y D z W - D X D Z D Y W - D y D z D x W + D Z D Y D X W , 

b w (x, f, Z) = -d x d~ DyZ w + d x d~ DzY w + d z d~ DxY w - b y b~ DxZ w , 
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C W {X, Y, Z ) = -D~ DxY D z W + D bxZ D v W + D~ DyZ D x W - D~ DzY D x W 

and 

D w (- V, 1', Z) = - D fDxZY] W. 

Applying the equality D X Y — D y X = [ X , Y ], we find that 
{D X R)(Y, Z)W = A W (X, Y, Z) + B W (X, Y, Z) + C W (X, Y, Z) + D W (X, Y, Z). 

We can check immediately that 

A W (X, Y, Z) + A W (Y, Z, X) + A W (Z, X, Y) = 0, 

B W (X , Y, Z) + B W (Y , Z, X) + B W (Z, X , Y) = 0, 

Y, Z) + ^(y, Z, X) + ^(Z, X, Y) = 0 

and 



D W (X , Y, Z) + D W (Y, Z, X) + D W (Z, X, Y) 

= -D[x,[y,z]]+[y,[z,x]]+[z,[x,y]]W" = Doll = 0 

by the Jacobi equality [X, [Y, Z]\ + [Y, [Z, X]] + [Z, [X, Y]] = 0. Therefore, we finally 
get that 

(D X R)(Y,Z)W+ (D Y R)(Z,X)W+ (D Z R){X,Y)W 
= A W (X, Y, Z) + B W (X , Y, Z) + C W (X, Y, Z) + D W (X, Y, Z) 

+A m/ (Y, Z, X) + B W (Y, Z, X) + C W (Y, Z, X) + D w (Y, Z, X) 

+A W (Z, X, Y) + £ W (Z, X, Y) + C W (Z, X, Y) + D W {Z, X, Y) = 0. 

This completes the proof. □ 

5.4.2 Curvature Tensor on Combinatorial Manifold. According to Theorem 
5.4.1, the curvature operator 7 Z(X, Y) : (M) — > (M) is a tensor of type (1, 1). 

By applying this operator, we can define a curvature tensor in the next definition. 

Definition 5.4.2 Let ( M , D) be a combinatorial connection space. For VX, Y, Z e 
(M) , a linear multi-mapping 1Z : (M) x (M) x (M) — > (M) determined 

by 



K(Z,X,Y) = K{X,Y)Z 
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is said a curvature tensor of type (1,3) on (M,D). 

Let (M, D) be a combinatorial connection space and 

{&ij |1 < i < s(p), 1 < j < ni and e ni = e l2j for 1 < ii, i 2 < s(p) if 1 < j < s(p)} 
a local frame with a dual 

{uj ' lJ 1 1 <i< s(p ), 1 < j < Ui and uj n j = ui i2 j for 1 <ii,i 2 < s(p) if 1 < j < s(p)}, 

abbreviated to {e y } and {a;*- 7 } at a point p G M, where M = M(n 1 ,n 2 , • • • , n m ). 
Then there exist smooth functions G C°°(M) such that 

De KX e fiu — ^ 

called connection coefficients in the local frame {e^}. 

Theorem 5.4.3 Let ( M,D ) be a combinatorial connection space and {e^} a local 
frame with a dual {a ; y '} at a point p G M. Then 

^ a < = a 

where a com P onen t °f the torsion tensor T in the frame {eij}, i.e., 

=^(T{e K A,e CT J) and 

- < A < = A 

with = R(e a ^ : e^e^. 

Proof By definition, for any given e aq , e v o we know that 

(d^ - cu kA A <0(e„, e^) = e a ^ (e, e )) ~ e^u^e^)) - ^([e^e^]) 

- + a; KA (e^)a;^(e 0 - ? ) 

= -<(e*) + w£(e«) - u^([e CT „ e,e]) 

u/ (D^^e^g — D^ g e a ^ [co-?; c^]) 

= a;^(f(e CT ,,e, e ))=^ )M) . 

by Theorem 5.2.3. Whence, 

^ - ^ A A < = ) AA(«) W “ A A A 1 "- 
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Now since 



— W /J,u ^ M&C ) ( e oV) e r/o) 

~ — e »?0( a; /i^( e cr<;)) — ^z/([ e cr?) e r)£»]) 

( e r?^) “I" a; /xv( e r?6 , ) a; i?i ( e ov) 

= e o-?(r( /iV )(^)) - e r/fl(r( /il/ )( (T? )) _ ^ ([e CT<f , e?76»])r( /i! y)(^(.) 

p/^A I -p'di -pK, A 

1 O'Xow (tfOW 1 DDM) 1 Wfa) 



and 



[eo-c,e^fl] e //y 



R{&a<;i Crjd'j&iiu e aq D e ^ g e ^ D e ^ g D Ca ^ C^ v D\e 

~ ^e CT5 (r (nv)(r)g) e K\) ~ De^iY ^ v ^ a ^e K \) — uj ([e CT<r , e J? 0])r^ I/ ^^e /c A 

= (e ff? (r^ )M) ) — e^(r^ )K) ) + r^ )M) r^ )K) 

_ — cu^ l ’(\e a<; , e v g])r^^)e K x 

i4^au ^ uv ^ ) ( e (T <0 e rid) e K\- 



Therefore, we get that 



(du$ - wj, A w^)(e„, e^) = i? KA 



ODOdW’ 



that is, 



d^u 



^1/ 



./■cA 



= ifl 



m:A 



2 (nv)(a<;){ri8) 



o ; ff? A uj vd . 



□ 



5.4.3 Structural Equation. First, we introduce torsion forms, curvature forms 
and structural equations in a local frame {e^} of (M, D ) in the next. 

Definition 5.4.3 Let (M, D) be a combinatorial connection space. Differential 
2-forms fF 1 ' = du M1/ — uF 1 ' A ca^ ; Qff = dLvf x — toff A ojf x and equations 

dcu ^ = cu kX A oj^ + fF 1 ', dF A = A c<F A + fF A 

are called torsion forms, curvature forms and structural equations in a local frame 
{eij} of(M,D), respectively. 

By Theorem 5.4.3 and Definition 5.4.3, we get local forms for torsion tensor 
and curvature tensor in a local frame following. 
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Corollary 5.4.1 Let ( M,D ) be a combinatorial connection space and {e^} a local 
frame with a dual {u/ J } at a point p E M . Then 

T = W' 0 e pi/ and R = 0 e K \ 0 ft* A , 

i.e., for VX, Y E &(M), 

T(X, Y) = Y)e pu and R(X, Y) = Q$(X, Y)v ^ 0 e pv . 

Theorem 5.4.4 Let (M,D) be a combinatorial connection space and {e^} a local 
frame with a dual {u/ J } at a point p E M. Then 

dW- = u)“ A A HZ - A uZ and = u” A !J; c A - Si£ A < A . 

Proof Notice that d 2 = 0. Differentiating the equality ft'"' = du ^ — uA 1 ' A u;^ 
on both sides, we get that 

dhr = -du» u Acufl + cu^ A duff 

= - (ir A + d” a < A ) a uZ + a (nz + u% A <) 

= w kA AO^-O kX A^. 

Similarly, differentiating the equality 0* A = du;^ A — A u;£ A on both sides, we can 
also find that 

dh K * = A A oj kX . 

□ 

Corollary 5.4.2 Let (M, D) be an affine connection space and {e*} a local frame 
with a dual {a;*} at a point p E M . Then 

dtt = a J j A 0} - W A u) and dQ{ = u? A Q J k - A Q{. 

5.4.4 Local Form of Curvature Tensor. According to Theorems 5.4.1 — 
5.4.4 there is a type (1, 3) tensor 7 Z p : T P M x T P M x T P M —*■ T P M determined by 
lZ(w, u, v ) = lZ(u, v)w for Vu, v,w E T p M at each point p E M . Particularly, we get 
its a concrete local form in the standard basis {g^}- 
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Theorem 5.4.5 Let ( M , D) be a combinatorial connection space. Then for 'ip G M 
with a local chart (U p , [</? p ]) 7 

9 



n - n Z<)W{K X) dxaq ® 0 dar ® dx * X 



with 



n 



r\d 



dvf w u arfw , 



-i r/d 



-it 



-i?70 



<9 



'{<7<;){hv){kX) q xVlV 9 x kX T 1 WM WH (ov)O') {&C){kX)' Q x 0i, ’ 

where C/1 v)(k\) e C°°{U P ) is determined by 



D 



d 



— 



<9 



dx^ (ftA)(/i^) fix* 7 ** 



Proof We only need to prove that for integers /x, z/, ax, A, a, s, x and 



7^(- 



<9 5 



5 



= 



r/d 



d 



dx^ lv ' 1 dx K ^ ^ dx a< * ' 'A^xX/^X^a) Ox^ 

at the local chart (U p , [p p ]). In fact, by definition we get that 
d d s d 



n 



= D 



dx ’ dx nX ' 9x a,; 

d 



D 



d 



d 



dxw 9x aq 



D 9 D 8 — Dr a a i — 

dxK \ dx^ dx a<; { 8x^ > aa .«Al dx^ 



= D 



.(r 



T)0 



d 



9xv - v ' ( cr< ')( K/ ^) ‘ 



D a (r 



t)9 



9 



8x^ v 9 x ve ‘ 



av t)i^ a 



+ r 



■no 



D 



9 



<<)(,») a 



dx^ 3x^ ( cr x)(^A) dx^ Qx^ 

< 5 ,m, a +r » 



-r 



r]6 



,D 



9 



9x kX 9x Tld dxK \ gx^ 

d ^0 „. q . 5 









' 9x’ nd ' ( CT dM) MX/H Q x $t, (ox) (/a/) 1 (vO)(k\) Q x fa 



9V v8 9T r,e 

' (ox)(*A) ai (^)(^) 



daX 1 " 



9x kX 



9 

I p$£ p 7 ^ p^ p 7 ^ \ 

' 1 (tic)(nv) 1 (o^X/w/) 1 (di)(K\)) Q X 0 L 



= n 



r\d 



9 



□ 



Q xV e ' 

This completes the proof. 

For the curvature tensor 7^^^, A ), we can also get these Bianchi identities 
in the next result. 

Theorem 5.4.6 Let (M,D) be a combinatorial connection space. Then for ip G M 
with a local chart (U pi [<£> p ]) ; ifT = 0, then 



R (K\)(*<;)(r,e) + R (a<;)(r,e)(K A) + R W)(k\)(*<;) ~ 0 
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and 






}K,\ 



K,\ 



where, 



DfoRfai /)(<tc)(jj0) D ^ r -^(/ii/)(o-?)(770) • 

Proof By definition of the curvature tensor we know that 



TJ[U/ , pM*' I pM 1 ' 

+ _rC (o'v) (»?6 >) (ac A) U (r]6)(K\)(cT<;) 



- Rf JL 9 



A ( J_ fL v 9 



dx a<; ’ dx* 19 7 8x kX y dx v 6 ’ <9x kA 7 «9a; cr< ’ v dx KX ’ <9x fT? 7 dx 7 ? 0 






with 



dx ac= 

in the first Bianchi equality and 



d d d 

X = , Y = and Z = 



dx ^ 



8x kX 



Dr),R 



K,\ 



dt IX ( l j,is)(<T‘;)(i 1 6) + At sRfavXriOX&t.) f -^<9 t ) ( CTf ) 



k \ 



+ D v eR 



K, X 



— D# L R{ 
= 0. 



8 8,8 



dx a<; ’ dx 1 ! 9 7 8x kX 



D^R( 



8 8,8 



dx r i e ’ cix 1 ^ 7 <9 x kA 



n 5r 9 9 a 9 

96 K 8x^ 8 x^ } 8x kX 



with 



X = 



8 



Y = 



8 



Z = 



8 



dx 9t ’ dx ^ ’ dx r < e 

in the second Bianchi equality of Theorem 5.4.2. 



, W = 



8 



8x kX 



□ 



§5.5 CURVATURES ON RIEMANNIAN MANIFOLDS 

5.5.1 Combinatorial Riemannian Curvature Tensor. In this section, we turn 
our attention to combinatorial Riemannian manifolds and characterize curvature 
tensors on combinatorial manifolds further. 

Definition 5.5.1 Let ( M,g,D ) be a combinatorial Riemannian manifold. A com- 
binatorial Riemannian curvature tensor 

R : 3P(M) x 3P(M) x 3P(M) x 3P(M) C°°(M) 
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of type (0, 4) is defined by 

R(X,Y,Z,W) = g(R(Z,W)X,Y) 
for \/X, Y, Z,W E &(M). 

Then we find symmetrical relations of R(X , Y, Z , IT) following. 

Theorem 5.5.1 Let R : «T(M) x «T(M) x 5T(M) x «T(M) -> C°°(M) 6e a 
combinatorial Riemannian curvature tensor. Then for VX, Y, A, IT E (M), 

(1) _R(X, Y, Z, IT) + R(Z, Y, W, X ) + R(W, Y, X, Z) = 0. 

(2) R(X, Y, Z, IT) = —R(Y, X, Z, W ) and R(X, Y, Z, IT) = -R( X, Y, W, Z). 

(3) R(X, Y, Z, IT) = R(Z, W, X, Y). 

Proof For the equality (1), calculation shows that 

R(X, Y, Z, W ) + R(Z, Y, W, X) + R(W, Y, X, Z) 

= g(R(Z, W)X, Y) + g(R(W, X)Z, Y) + g(R(X, Z)W, Y) 

= g(R(Z , W) X + R(W, X)Z + R( X, Z)W, , Y) = 0 

by definition and Theorem 5.4. 1(4). 

For (2), by definition and Theorem 5. 4. 1(1), we know that 

R(X,Y,Z,W) = g(R(Z,W)X,Y)=g(-R(W,Z)X,Y) 

= —g(R(W, Z)X, Y) = -R( X, Y, IT, Z). 

Now since D is a combinatorial Riemannian connection, we know that 

Z(g(X, Y)) = g(D z X, Y) + g( X, D Z Y). 

by Theorem 5.3.4. Therefore, we find that 

g(D z D w X,Y ) = Z(g(D w X,Y))-g(D w X,D z Y ) 

= Z(W(g(X,Y)))-Z(g(X,D w Y)) 

- W{g{ X, D Z Y )) + g(X, D W D Z Y ). 

Similarly, we have that 

g(D w D z X,Y ) = W{Z(g(X,Y)))-W{g(X, D Z Y)) 

- Z(g(X,D w Y)) + g(X,D z D w Y). 
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Notice that 

g{D [z ,w], Y ) = [Z, W]g(X, Y ) - g(X, D [Z>W] Y). 

By definition, we get that 

R(X, Y, Z, W) = g(D z D w X-D w D z X-D [ZjW] X,Y) 

= g(D z D w X , Y) - g(D w D z X , Y) - g(D [ZiW] X, Y) 

= Z(W(g(X, Y))) - Z(g(X, D W Y )) - W(g(X, D Z Y )) 
+ g(X,D w D z Y) - W{Z{g(X,Y))) + W(g(X,D z Y )) 
+ Z(g(X, D W Y )) - g(X, D Z D W Y) - [Z, W]g(X, Y) 

- g(X,D [ZiW] Y) 

= Z (W (g(X, Y))) - W (Z (g(X, Y))) + g(X, D W D Z Y) 

- g(X, D Z D W Y ) - [Z, W]g(X, Y) - g{X, D [Z>W] Y) 

- g(X. D W D Z Y — D Z D W Y + D[ Z ,w]Y) 

= -g(X,R(Z 1 W)Y) = -R(Y,X 1 Z 1 W). 

Applying the equality (1), we know that 

R(X, Y, Z, W) + R(Z, Y, W, X) + R(W , Y, X , Z) = 0, (5 - 6) 

R(Y, Z, W, X) + R(W, Z, X , Y) + R(X, Z, Y, W) = 0. (5 - 7) 

Then (5 — 6) + (5 — 7) shows that 

R(X,Y,Z,W) + R(\Y Y, X, Z) 

+ R(\Y Z, X , Y) + R(X, Z, Y, W) = 0 

by applying (2). We also know that 

R(W,Y,X,Z)-R(X,Z,Y,W) = ~(R(Z,Y,W, X) - R(W, X, Z,Y)) 

= R(X, Y, Z, W) - R(Z, W, X, Y) . 

This enables us getting the equality (3) 

R(X, Y, Z, W ) = R(Z , W, X, Y). 
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5.5.2 Structural Equation in Riemannian Manifold. Applying Theorems 

5.4.2 — 5.4.3 and 5.5.1, we also get the next result. 

Theorem 5.5.2 Let (M, g, D) be a combinatorial Riemannian manifold and C (,„,)(« a) 
A)- Then 

(1) H(p,i/)(reA) («;A) (cr<r) ( 77 ©) ? ) 

( 2 ) A) 4“ 0 , 

(3) uA 1 ' A ^(^(ka) = 0; 

(4) dfl^y^A) = cuff A 12(o- ? )(ka) — w k a ^ ^(<r?)(/iv)- 

Proof Notice that T = 0 in a combinatorial Riemannian manifold (M,g,D). 
We find that 

O k A _ 1 AkA , ,us a / X s 

by Theorem 5.4.2. By definition, we know that 



Tl(t_w)(n A) — t ? )(kA) 

= 2^(^)(vS)(^)3( a,; ') ( ~ KX ') U;ri L.U) = -%i/)(sA)M(i)8)W ‘’Auk 

Whence, we get the equality (1). For (2), applying Theorem 5.5. 1(2), we find that 

^(pip(reA) T A)(py) g (^(A tt/ )( K A)(crij)(r)0) 4“ R(K\)(fn/)(a<;)(ri9) /\ Wp U. 

By Corollary 5.4.1, a connection Z1 is torsion-free only if Q ,ll/ = 0. This fact 
enables us to get these equalities (3) and (4) by Theorem 5.4.3. □ 

5.5.3 Local form of Riemannian Curvature Tensor. For any point p G M 

with a local chart ( U p , [<p p ]), we can also find a local form of R in the next result. 



Theorem 5.5.3 Let R : &{M) x 5P(M) x 2£(M) x <T(M) -> C°°(M) be a 
combinatorial Riemannian curvature tensor. Then for Vp G M with a local chart 

( Up ; [^p]); 

R = R(a<;) (ri0)(fn>) (kA) dx cq ® da ; 7761 ® ® doA A 



with 






1 / ^ 9(nv)(c<;) & 9 (k\)(tiG) d g{y, v )(rfi) d P( k a)(ct^) ■. 

2 dx KX dx^ e dx^ vv dx ac; dx KX dx a<; dx^dx^ 0 

^'(ju>)(a^)Tf K x)^ T ,e)9^o)('&i) ~ («A)(o-f)’ ,t 17(£o)(tft)j 
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d a 



where, g^pu)^ \) g{g x ^vi q x k\j- 

Proof Notice that 

~ - 8 8 8 8 - 8 8 8 8 , 

dx^ ’ dx 716 ’ 8x tw ’ 8x kX dx^ v ’ 8x kX ’ 8x ac; ’ dx 7)9 ' 

_(nt d 8^8 d N 

— ’ Q x vO dx^ ’ 8x kX ~ 



By definition and Theorem 5. 5. 1(3). Now we have know that (eqn.(5 — 5)) 

dg(pv)( K \) _ vV e , r r;6» 

QijqCJS {iiv){cr<;)9{r}6){nX) ‘ {k,X){ct<;)9 • 



Applying Theorem 5.4.4, we get that 



-R(<rf)(7/0)O')(reA) 



01 K)M) 



0-pi9t 

ai KX/H 



v Q x pv 8 x kX ' ■^(cr?)(/ii/)^(^o)(KA))5 , (i?'-)(^S) 

n 'l ~p$f- ^9{dt){r)0) ^ „ \ 

^ {^){KX)9{fft){p9)) 1 (ct?)(kA) Q x hv 



+r 






dg(0t)(y6) 



(o-f)(/ii/) ^ x kA 









^W(hA)9(*)(^)) 

+r(cr ? )( /i v)(r(^( KA )5 , (^o)(?76l) + + ^(o-f)(reA)^(?o) {pv) 9(fft)(K. X) 

^(it<;)(kA) ('^(i9t)(/iv)5 l (€ 0 )( T ?®) ~f~ ^ (rjd)(pu)9('&8(.^ 0 )^ ^ (o<;)(g,i/)^' (£o)(K\)')9(9i,)(ri9) 

_ 1 £> ( dg^^o) dg( K \)( V 0) _ dg^)^ a) ^ r £ 0 r ^ t 

2dx /JU ^ 8 x kX 8x a(; dx r > 0 ' + 1 (^)M) 1 NH^^K^a) 

1 d , 8g{o<;)(rfl) dg{pv){pd) _ dg(<T<;)(pv) \ _ r ^o ptfi \ 

2 dx K ^ ^ 3x^ v 3x a< * dx^ ( cr< ')(/-i'V) (£°)( ft A)/c/(^t)(^) 

_ l/ t9 9(pu)(aq) 8 g( K \)(r]9) 9 g(p U )(rj9) _ 9 g( K X)(cr<;) . 

2 dx KX dx 7ld 8x^ v 8x a<; 8x K,x 9x a ' ; dx^dx^ 9 

_ ^ _ '^'(o'f)(KA) ^'(?o)(/i^)5 , (^'')(KA) ^(^o)(kA) ^ 9(’9t)(p9) ■ 



This completes the proof. □ 

Combining Theorems 5.4.6, 5.5.1 and 5.5.3, we have the following consequence. 

Corollary 5.5.1 Let R(im)( K \)(a<;)(pO) be a component of a combinatorial Riemannian 
curvature tensor R in a local chart (U, [ 99 ]) of a combinatorial Riemannian manifold 

( 1 ) R(pv)(K,\)(a<;){p9) ~ ~ R(K\)(pi/)(a<;)(ri9) — ~ R(pi/)(K\)(p9)(a<;) i 



Sec. 5. 6 Integration on Combinatorial Manifolds 



265 



(2) R(jjv){K\){a<;)(rfi) ~ R(a<;)(r ?0)(^)(reA) j 

(3) R(iii/)(K\)(o-<;)(r)0) T R(ri9)(K\)(fiv)(<T<;) + R(a<;)(K\)(ri6)(pv) ~ 0, 

(4) L)'&bR{ P v){K,\){cr<;)(r]6) T R(T<^ R'(iw)(k\) ( rfO) (Vi.) 4” R‘r]oR(iiv)( L K\)('&i.)(cr<;) 0. 



□ 



§5.6 INTEGRATION ON COMBINATORIAL MANIFOLDS 

5.6.1 Determining J^(n, m). Let M(n i, • • • , n m ) be a smoothly combinatorial 

manifold. Then there exists an atlas ^ = {{U a ,[pa\)\a G 1} on M(n±, ■ ■ ■ , n m ) 

~ ^ s (p) ^ 

consisting of positively oriented charts such that for Va G /, s(p) + X] ( n * — s(p)) is 



an constant for Vp G U a ([Maol4]). The integer set is then defined 



Notice that M(ni, ■ ■ ■ , n m ) is smoothly. We know that m) is finite. This set 

is important to the definition of integral and the establishing of Stokes’ or Gauss’ 
theorems on smoothly combinatorial manifolds. 

Applying the relation between the sets H (rii, n 2 , • • ■ , n m ) and G([ 0, n m ], [0, n m ]) 
established in Theorem 4.2.4. We determine it under its vertex-edge labeled graph 



Theorem 5.6.1 Let M be a smoothly combinatorial manifold with a correspondent 
vertex-edge labeled graph G([0,n m ], [0 ,n m ]). Then 



i— 1 



by 



= {n D Ja G /}. 



G([0,n m ], [0, n m ]). 




d(p)>3,p£M 



U{ Ti (u) + n(v) - t 2 (u,v)\W(u,v) G E(G([0,n m \, [0,n m ]))}. 



Particularly, if G([0, n m ], [0, n m \) is K 3 - free, then 

= {ti(u)\u G V(G([0,n m ], [0,n m ]))} 

U( Ti(u) + Ti(v) - t 2 (u,v)\V(u,v) G E(G([0,n m ], [0,n m ]))}. 



Proof Notice that the dimension of a point pG Mis 



^ d(p) ^ 

n p = d(p) + d(p)) 



i = 1 
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by definition. If d(p) = 1, then n p = rij, 1 < j < m. If d(p) = 2, namely, 
p G M ni fl M nj for 1 < i,j < m, we know that its dimension is 



Hi + rij — d(p ) = Ti(M ni ) + — d(p). 



Whence, we get that 



^ d(jp) ^ 

J0M(n,m) C {ni, n 2 , • • • , n m } (J {d(p) + - d(p))} 

d(p)>3,p£M 

U{ n(u) +Ti(v) - t 2 (u,v)\V(u,v) e E(G([0,n m ], [0,n m ]))}. 



Now if G([0, n m \, [0, n m ]) is K :i -free, then there are no points with intersectional 
dimension> 3. In this case, there are really existing points p G M ni for any integer 
i, 1 < i < m and q G M ni fl M nj for 1 < i, j < m by definition. Therefore, we get 
that 



= {t\(u)\u G V(G([0,n m \, [0,n m ]))} 

U( ri (u) + Ti(u) - t 2 (u,v)\V(u,v) G E(G([0,n m ], [0,n m ]))}. □ 

For some special graphs, we get the following interesting results for the integer 
set m ). 



Corollary 5.6.1 Let M be a smoothly combinatorial manifold with a correspondent 
vertex-edge labeled graph G([0,n m ], [0, n m ]). If G([0,n m ], [0, n m ]) = P s , then 

= {n (ui), 1 <i< p}{j{Ti{ui) +ri(rt i+ i) - r 2 («*,«*+ i)|l < i < p - 1} 
and */G([0, n m ], [0, n m ]) = C p with p > 4, then 

= (ri(ui), 1 < i < p} U{ r i( M i) + T i{ui+i) ~ T 2 {u h u i+ 1 ) 1 1 <i <p,i = ( modp )}. 

5.6.2 Partition of Unity. A partition of unity on a combinatorial manifold M 
is defined following. 

Definition 5.6.1 Let M be a smoothly combinatorial manifold and u j G A (M). A 
support set Suppa; of to is defined by 

Suppa; = {pG M\u(p) ^ 0} 

and say to has compact support if Suppa; is compact in M . A collection of subsets 
{Cfi G 1} of M is called locally finite if for each p G M, there is a neighborhood U p 
of p such that U p fl C* = 0 except for finitely many indices i. 
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Definition 5.6.2 A partition of unity on a combinatorial manifold M is a collection 
{( Ui,gi)\i G I}, where 

(1) {Ui\i el} is a locally finite open covering of M; 

(2) gi G 2T (M), g l {p) > 0 for \/p G M and snppg* G U t lor i G /; 

(3) for p G M, — 1- 

i 

For a smoothly combinatorial manifold M, denoted by G L [M] the underlying 
graph of its correspondent vertex-edge labeled graph. We get the next result for a 
partition of unity on smoothly combinatorial manifolds. 

Theorem 5.6.2 Let M be a smoothly combinatorial manifold. Then M admits 
partitions of unity. 

Proof For VM G V(G L [M]), since M is smooth we know that M is a smoothly 
submanifold of M. As a byproduct, there is a partition of unity {({/£}, glfflcx G Im} 
on M with conditions following hold. 

( 1 ) {UmW e I m} is a locally finite open covering of M; 

(2) g%{p) > 0 for Vp G M and supp g^ G for a G I M \ 

(3) For p G M, 9m(p) = 1 - 

i 

By definition, for Vp G M, there is a local chart (U p , [<p p ]) enable <p p : U p — > 
B n h (J B ni 2 (J - - - (J 5"* s(p) with B ni i f~] P| • • • P| 7 ^ 0. Now let , 

• • •, LTL be s(p) open sets on manifolds M, M G WG L [M]) such that 

Mp) 

s(p) 

P eU r = U U M, h - (5-8) 

h=l 



We define 



5(p) = {Up | all integers a enabling (5 — 8 ) hold}. 



Then 

1= [J S(p) = {t/>e/(p)} 

pGM 



is locally finite covering of the combinatorial manifold M by properties (1) — (3). 
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For VC/“ G S(p), define 



(II 9M i, 

S>1 {*l,*2,-",*s}C{l,2,---,s(p)} h= 1 



and 



Cp/“ 

P 

9u * 

ve5( P ) 



Then it can be checked immediately that {(C/“ , gj/a)|p G M, a 6 /(p)} is a partition 
of unity on M by properties (l)-(3) on g ^ and the definition of g V a. □ 

Corollary 5.6.2 Let M be a smoothly combinatorial manifold with an atlas A = 
{{y ai [po\)\a G 1} and t a be a C k tensor field, k > 1, of field type ( r,s ) defined 
on V a for each a, and assume that there exists a partition of unity {{U l , gf)\i G J} 
subordinate to A, i.e., forWi G J, there exists a(i) such that Ui C V a ^. Then for 
Vp G M, 

t(p) ''fi ^ 9fia(i) 

i 

is a C k tensor field of type (r, s ) on M 

Proof Since {Ui\i G J} is locally finite, the sum at each point p is a finite sum 
and t(p) is a type (r, s) for every p G M. Notice that t is C k since the local form of 
t in a local chart (V^m, [<p a (i)]) is 

y 1 fiita(j) i 



where the summation taken over all indices j such that V a ^ H V a (j) 0- Those 
number j is finite by the local finiteness. □ 

5.6.3 Integration on Combinatorial Manifold. First, we introduce integration 
on combinatorial Euclidean spaces. Let R(ni, ■ • • , n m ) be a combinatorial Euclidean 
space and 

r : R(rai, • • • , n m ) -»■ R(rai, • • • , n m ) 
a C 1 differential mapping with 



[y\ = [y KX Un m = [r KX ([xn)} 



mxrim • 
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The Jacobi matrix of / is defined by 



d[x\ 






where A (kA) <» = f^. 

Now let to G T°(R(m, • • • , n m )), a pull-back t*lo G T°(R(rii, • • • , n m )) is defined 
by 

r*a;(ai, a 2 , ■ ■ ■ , a k ) = w(/(ai), /(a 2 ), • • • , /(a*)) 



for Vai, a 2 , • • • , G R. 

m 

Denoted by n = m + ^ (rij - m). If 0 < l < n, recall ([4]) that the basis of 

i = 1 

A'(R(ni, • • -,n m )) is 



{e n A e* 2 A • • • A e** 1 1 < i\ < i 2 ■ ■ ■ < ii < n} 

for a basis e 1; e 2 , • • • , e n of R(ni, • • • , n m ) and its dual basis e 1 , e 2 , • • • , e n . Thereby 
the dimension of A i (R(n 1 , • • • , n m )) is 

m 

( m + ~ ™)V- 

1=1 
m 

l\(m + ~ 0 - 

i= 1 

Whence A n (R(rii, • • ■ ,n m )) is one-dimensional. Now if o;o is a basis of A n (R), we 
then know that its each element ui can be represented by c o = civ o for a number 
c G R. Let r : R(rii, • • • , n m ) — > R(ni, • • • , n m ) be a linear mapping. Then 

r* : A n (R(ni, • • • , n m )) -»• A n (R(ni, • • • , n m )) 




is also a linear mapping with r*cv = cr*cv 0 = bu for a unique constant b = detr, 
called the determinant of r. It has been known that ([AbMl]) 



detr = det( 



d[x\ 



for a given basis e 1; e 2 , ■ • ■ , e n of R(ni, • • • , n m ) and its dual basis 



Definition 5.6.3 Let R(ni, n 2 , • • • , n m ) be a combinatorial Euclidean space, n = 

m ^ 

m + — m), U C R(ni, n 2 , • • • , n m ) and uj G A n (U) have compact support with 

i=l 

v(x) = A • • • A 
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relative to the standard basis e^", 1 < p < m,l < v < n m of R(rai, n-z, ■ ■ ■ , n m ) 
with ef J,v = e v for 1 < p < m. An integral of tv on U is defined to be a mapping 

fu : f ^ luf G R mth 

fh 

cu(x)Y[dx u JJ dhr, (5-9) 

v=l fi>rh+l,\<v<rii 

where the right hand side of (5 — 9) is the Riemannian integral of to on U . 

For example, consider the combinatorial Euclidean space R(3, 5) with R 3 nR° = 
R. Then the integration of an to G A 7 {U) for an open subset U G R(3, 5) is 





'f/n(R 3 uR 5 ) 



u>(x)dx 1 dx 12 dx 13 dx 22 dx 23 dx 24 dx 25 . 



Theorem 5.6.3 Let U and V be open subsets o/R(ni, • • • ,n m ) and r : U — > V is 
an orientation-preserving diffeomorphism. If to G A n (E) has a compact support for 

m 

n — fh + ^2(ni — fh) , then t*co G A n {U) has compact support and 

i= 1 

/ T ' w= / w - 

Proof Let a; (a;) = u^ lliiUii )...^ flin ^ i jdx tli ^ A • • • A dx^ inl>in G A n (E). Since r is 
a diffeomorphism, the support of t* uj is r” 1 (suppcn), which is compact by that of 
suppu; compact. 

By the usual change of variables formula, since t*lv — (tv o r) (det t)uq by defi- 
nition, where to 0 = dx 1 A • • • A dx m A dx 1 ( m+1 ) a dx 1 ( m + 2 ) A • • • A dx lni A • • • A dx mnm , 
we then get that 



/ « fh 

t* tv = (uj o t) (detr) dx v dx^ u 

v= 1 p>fh-\-l,l<i'<n^ 



= / U. 



□ 



Definition 5.6.4 Let M be a smoothly combinatorial manifold. If there exists a 
family {(U a , [</? a ]|o: G /)} of local charts such that 
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(1) U \U a = M- 

(2) for Va, f3 G I, either U Q f)Up = 0 or U a f)Up ^ $ but for \/p G U a f) Up, 
the Jacobi matrix 

def(|p^j) > 0, 

then M is called an oriently combinatorial manifold and (U a , [pa\) an oriented chart 
for Va G I . 

Now for any integer n G J^(n,m), we can define an integral of n- forms on a 
smoothly combinatorial manifold M(ni, • • • , n m ). 

Definition 5.6.5 Let M be a smoothly combinatorial manifold with orientation & 
and (U\ [ip]) a positively oriented chart with a constant rtfj G J^(n,m). Suppose 
u ; G A n u(M), U C M has compact support C C U . Then define 






(5 - 10) 



JC J 

Now if^M is an atlas of positively oriented charts with an integer set J^(n, m), 
let P = {(U a ,p a , g a )\a G 1} be a partition of unity subordinate to For Vo ; G 
A n (M), n G an integral of to on P is defined by 



^ = 22 9aUj ■ ( 5 _ n ) 

«g7 

The following result shows that the integral of n - forms for Vn G is 

well-defined. 

Theorem 5.6.4 Let M(ni, •••, n m ) be a smoothly combinatorial manifold. For 
n G n,m ), the integral of n-forms on M(rii, ■ ■ ■ ,n m ) is well-defined, namely, 
the sum on the right hand side of (4.4) contains only a finite number of nonzero 
terms, not dependent on the choice of and if P and Q are two partitions of 
unity subordinate to then 






u>. 
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Proof By definition for any point p E M(n i, • • • , n m ), there is a neighborhood 

U p such that only a finite number of g a are nonzero on U p . Now by the compactness 

of supper, only a finite number of such neighborhood cover suppa;. Therefore, only 

a finite number of g a are nonzero on the union of these U p , namely, the sum on the 

right hand side of (5 — 11) contains only a finite number of nonzero terms. 

Notice that the integral of n- forms on a smoothly combinatorial manifold M(ni, 

~ ^ s (p) 

• • • , n m ) is well-defined for a local chart U with a constant np = s~(p) + (n; — s(p)) 

i— 1 

for Vp G U C M(ni, ■ ■ ■ , n m ) by (5 — 10) and Definition 5.6.3. Whence each term 
on the right hand side of (5 — 11) is well-defined. Thereby Jpuj is well-defined. 

Now let P = {{U a ,<p a , g a )\a E 1} and Q = {(Vp,ipp,hp)\f3 E J} be partitions 
of unity subordinate to atlas and with respective integer sets m ) and 

Then these functions {g a hp} satisfy g a hp(p) = 0 except only for a finite 
number of index pairs (a,/3) and 



££* Q hg(p ) = 1, for Vp G M(n i, • • • , n m ). 

a p 

Since ^ = 1, we then get that 

P 



= T g a u> = YY hpg a uj = y'V / g a hpUJ = uj. 
J P n J p a J n R J J Q 



□ 



a 0 



By the relation of smoothly combinatorial manifolds with these vertex-edge 
labeled graphs established in Theorem 4.2.4, we can also get the integration on a 
vertex-edge labeled graph G([0, n m \, [0, n m \) by viewing it that of the correspondent 
smoothly combinatorial manifold M with A l (G) = A l (M), 

namely define the integral of an n-form uj on G([0,n m ], [0, n m ]) for n E ^G(n,m) 
by 



u = 



uo. 



>/G([0,n m ],[0,n m ]) JM 

Then each integration result on a combinatorial manifold can be restated by com- 
binatorial words, such as Theorem 5.7.1 and its corollaries in the next section. 

Now let ni, n 2 , • • • , n m be a positive integer sequence. For any point p E M, if 
there is a local chart (U p , [<p p ]) such that [<p p ] : U p — > B ni (J B n2 (J • • • (J B 71 ™ with 
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dim(i? ni P| B n 2 P| • • • P| B nm ) = fh, then M is called a homogenously combinatorial 

, m 

manifold with n(M) = fh + T,( n i ~ Particularly, if m = 1, a homogenously 

i — 1 

combinatorial manifold is nothing but a manifold. We then get consequences for the 
integral of n(M) -forms on homogenously combinatorial manifolds. 

m 

Corollary 5.6.3 The integral of (fh + — fh)) -forms on a homogenously com- 

2— 1 

binatorial manifold M(ni, n 2 , • • • , n m ) is well-defined, particularly, the integral of 
n-forms on an n-manifold is well-defined. 

Similar to Theorem 5.6.3 for the change of variables formula of integral in a 
combinatorial Euclidean space, we get that of formula in smoothly combinatorial 
manifolds. 

Theorem 5.6.5 Let M(ni, n 2 , • • • , n m ) and N(ki, k 2 , ■ ■ ■ , kf) be oriently combina- 
torial manifolds and r : M —*■ N an orientation-preserving diffeomorphism. If 
to G A k (N), k e J#ft(k,l) has compact support, then t*u has compact support and 

f u, = I T 

Proof Notice that suppr*o; = r _1 (suppo;). Thereby t*oj has compact support 
since to has so. Now let {(£p, ipi)\i G 1} be an atlas of positively oriented charts of M 
and P = {gf\i G 1} a subordinate partition of unity with an integer set J^(n,m). 
Then {(r(Ui),ipi o r~ l )\i G /} is an atlas of positively oriented charts of N and 
Q — { 9i OT _1 } is a partition of unity subordinate to the covering {r(Ui)\i G 1} with 
an integer set Jt?,^(k,l). Whence, we get that 



T*LO = j 9iT*U = j 

i i 

= Y] Ti*^ 1 )*^ o r -1 V 

i ^ 

= Y2j(^r-%( 9l or-^ 



to. 



□ 
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§5.7 COMBINATORIAL STOKES’ AND GAUSS’ THEOREMS 

5.7.1 Combinatorial Stokes’ Theorem. We establish the revised Stokes’ the- 
orem for combinatorial manifolds, namely, the Stokes’ is still valid for h-forms on 
smoothly combinatorial manifolds M if n G where J^(n,m). 

Definition 5.7.1 Let M be a smoothly combinatorial manifold. A subset D of M 
is with boundary if its points can be classified into two classes following. 

Class l(interior point IntD) For \/p G IntD, there is a neighborhood V p of p 
enable V p C D. 

Case 2(boundary dD ) For \/p G dD, there is integers for a local chart 
( Up] [</? p ]) of p such that x /J,u (p) = 0 but 



Then we generalize the famous Stokes’ theorem on manifolds to smoothly com- 
binatorial manifolds in the next. 

Theorem 5.7.1 Let M be a smoothly combinatorial manifold with an integer set 
and D a boundary subset of M . ForWn G if to G A n (M) has 

a compact support, then 



with the convention = 0, while dD = 0. 

Proof By Definition 5.6.5, the integration on a smoothly combinatorial manifold 
was constructed with partitions of unity subordinate to an atlas. Let be an atlas 



1} a partition of unity subordinate to Since suppcu is compact, we know that 



and there are only finite nonzero terms on the right hand side of the above two 
formulae. Thereby, we only need to prove 



U p fl D = {q\q G U pi x kX > 0 for V{k, A} 7^ {/1, u}}. 




of positively oriented charts with an integer set m) and P = {( U a , <p a , g a )\a G 
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for Va E I . 

Not loss of generality we can assume that to is an n-forms on a local chart 
(U, [ 99 ]) with a compact support for n E Now write 

n 

u ! = YX-lf^u^h dx ^ A • • • A dx^h^h A • • • A dx^ Vi n, 

h = 1 

where dxJ M h u ‘h means that dx^'^'h is deleted, where 



i h E n v , (l(nu + !)),•■■, (1 m), (2(fp/ + 1)), • • • , (2 ra 2 ), ■ • • , (mn m )}. 



Then 



du = Y 

h= 1 



dtOn. V: 

— — xjL ^dx^ 1^1 

Qx^h Ul h 



A • • • A dx^n^n. 



(5 - 12) 



Consider the appearance of neighborhood U. There are two cases must be 
considered. 



Case 1 U f| dD = 0 

In this case, fg^ix = 0 and U is in M \ D or in Int D. The former is naturally 
implies that J ^ d(g a u) ) = 0. For the later, we find that 



v/ 

Jd h=1 Ju 



du j 



dx^, 



^liLdx^^ ■ ■ ■ dx^n 



Vi 



(5 - 13) 



Notice that fY gJ^Yh. dx tH h Vi h = 0 since uJ IMh „ ih has compact support. Thus 
du; = 0 as desired. 

Case 2 Uf}dD^$ 

In this case we can do the same trick for each term except the last. Without 
loss of generality, assume that 



Uf]D = {q\q E U, x^n (q) > 0} 



and 

U p| dD = {q\q E U, x'WW ( q ) = 0}. 
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Then we get that 




UJ 



'UndD 



n « 

Em ) 1-1 / 

/,=! Ju 



UndD 



uj u . v . dx^ 1 ”* 1 A • • • A dx^h Ui h A • • • A dx tH * 1/i * 

^" l h % h 



(- 1 ) 



n — 1 



' UndD 



u u . v . dx^ 1^1 A • • • A dx^- 1 ^- 1 

Pi?., "in 



since d:x IMnU u,. (q) = 0 for q e U fl <TD. Notice that R" _1 = <9R" but the usual 
orientation on R n_1 is not the boundary orientation, whose outward unit normal is 
— en = (0, • • • , 0, —1). Hence 



UJ = 



'dD 



'ani 



uj v ._ (x^ ilUil , ■ ■ ■ , , 0)dx Miliyil • • • dx IXin - lUin - 1 . 



On the other hand, by the fundamental theorem of calculus, 



duj 



( / 'u"'v" )dx ll D l 'D ■ ■ ■ dx^~ 



'r«-i Jo 



i R n_1 



• •,/ i s-iVi ) 0 • ■ ■ dx^- i^-i. 



Since uj^^ has a compact support, thus 



cu = 



't/ 



/ R n-i 






Therefore, we get that 




• dx filn - ll ' l n-i . 



This completes the proof. 

Corollaries following are immediately obtained by Theorem 5.7.1. 



□ 



Corollary 5.7.1 Let M be a homogenously combinatorial manifold with an integer 
set and D a boundary subset of M . For n e if uj e A n (M) 

has a compact support, then 





UJ, 



particularly, if M is nothing but a manifold, the Stokes’ theorem holds. 
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Corollary 5.7.2 Let M be a smoothly combinatorial manifold with an integer set 
J^(n,m). Forn G if u G A n (M) has a compact support, then 



By the definition of integration on vertex-edge labeled graphs G([0, n m \, [0, n m ]), 
let a boundary subset of G([0,n m ], [0,n m ]) mean that of its correspondent combi- 
natorial manifold M. Theorem 5.7.1 and Corollary 5.7.2 then can be restated by a 
combinatorial manner as follows. 

Theorem 5.7.2 Let G([0,n m ], [0,n m ]) be a vertex-edge labeled graph with an integer 
set an d D a boundary subset of G([0,n m ], [0,n m ]). ForWn G jF G {n,m) if 

uj G A n (G([0, n m \, [0,n m ])) has a compact support, then 



with the convention f d p,uJ = 0, while dD = 0. 

Corollary 5.7.3 Let G([0, n m ], [0, n m ]) be a vertex-edge labeled graph with an integer 
set For \/n G J£c(n, m) if u G A n (G([0, n m \, [0, n m \)) has a compact 

support, then 

f . = 0 , 

J G([0,n m ][0,n m ]) 

Choose M = R n in Theorem 5.7.1 or Corollary 5.7.1. Then we get these well 
known results in classical calculus shown in the following examples. 

Example 5.7.1 Let D be a domain in R 2 with boundary. We have know the Green’s 




uj ~ 0. 




formula 




in calculus. Let uj = Adx i + Bdx 2 G Aq(R 2 ). Then we know that 



duj = (— 7T — )dx 1 A dx 2- 

OX\ OX 2 



Whence, the Green’s formula is nothing but a special case of the Stokes’ formula 
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with D = D. 

Example 5.7.2 Let S' be a surface in R 3 with boundary such that dS a smoothly 
simple curve with a direction. We have know the classical Stokes ’s formula 



Adx i + Bdx 2 + Cdx 3 



las 



dC dB ,3A 

-)dx 2 dx 3 + 



-)dx 3 dx i + (tt~ ~ 77 — )dxidx 2 - 



J s dx 2 dx 3 dx 3 dx\ dx\ dx 2 

Now let uj = Adx i + Bdx 2 + Cdx 3 E Aq(R 3 ). Then we know that 



, ,dC dB^ , ,dA 
dec = ( — — — )dx 2 A dx 3 + 



r)C r)C r)A 

-)dx 3 A dx i + (— — — )dx i A dx 2 - 



y dx 2 dx 3 dx 3 dxi dxi dx 2 

Whence, the classical Stokes’ formula is a special case of the formula 




in Theorem 5.7.1 with D = S. 



5.7.2 Combinatorial Gauss’ Theorem. Let D be a domain in R 3 with bound- 
ary and a positive direction determined by its normal vector n. The Gauss’ formula 
claims that in calculus 



Adx 2 dx 3 + Bdx 3 dx\ + Cdx\dx 2 = 



IdD 



id 



, dA dB dC . 

b 7 : b T —)dx 1 dx 2 dx 3 . 

OX 1 OX 2 OX 3 



Wether can we generalize it to smoothly combinatorial manifolds ? The answer 
is YES. First, we need the following conceptions. 



Definition 5.7.2 If X,Y E SY k (M), k > 1, define the Lie derivative LxX of Y 
with respect X by L X Y = [X,Y], 

By definition, we know that the Lie derivative forms a Lie algebra following. 



Theorem 5.7.3 The Lie derivative L X Y = [X, Y] on 3f(M) forms a Lie algebra, 
i.e., 



(i) [ , ] is W-bilinear; 

(ii) [ X , X] = 0 for all X E 3Y(M); 

(in) [X, [Y, Z]J + [Y, [Z, X]] + [Z, [X, Y]\ = 0 for all X, Y, Z E 3L(M). 
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Proof These brackets [X, Y] forms a Lie algebra can be immediately gotten by 
Theorem 5.1.2 and its definition. □ 

Now we find the local expression for [A", Y], For p G M, let (U p , [~p\ p ) with [<p\ p : 
Up — > R(ri!(p), • • • , n s (p)(p)) be a local chart of p and X, Y the local representatives 
of X ,Y. According to Theorem 5.7.3, the local representative of [A", Y] is [X,Y]. 
Whence, 

{x,mm = Wifm-nmm 

= D(Y\f\)(x) ■ X(x) - D(X[f])(x) ■ Y(x) 

for / G 3s p (M). Now Y[f](x) = Df(x ) ■ Y (x) and maybe calculated by the chain 
ruler. Notice that the terms involving the second derivative of / cancel by the 
symmetry of D 2 f(x). We are left with 

Df(x) • ( DY(x ) ■ X(x) - DX(x) ■ Y(x)), 



which implies that the local representative of [A, Y] is D Y ■ X — DX ■ Y. Applying 
Theorem 5.1.3, if [<p] p gives local coordinates [^jj]s(p)xn s(p)! then 



BY 

[X, Y\ij = X^—d- 



dx 



Y dX v 



fiLV 



fiLV 



dx 



fiLV 



Particularly, if M is a differentiable 77,-manifold, i.e., m — 1 in M(n l5 • • • , n m ), then 
these can be simplified to 



[X,Y]i 



- dY dXj 
^dxp IJ ' dx^ 



just with one variable index and if Y = / G A °(M), then L x f=[X,.f]=d.f. 
Definition 5.7.3 For Ad, • • • , X k G SF (M), u> G A k+1 (M), define Aw G A k (M) by 



ixu(X i, • • • , Ad) — ui(X, Ad, • • • , Add- 
Then we have the following result. 

Theorem 5.7.4 For integers k,l > 0, if ui G A k (M), w G A l (M), then 

(i) ix(u A w) = (Aw) A w + (— l) fc u; A ix^\ 

(ii) L x uj = ixdu + dix^J. 
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Proof By definition, we know that i x uj G A fc 1 ()M. For u — ui, u 2 , • • • , 



ixC A ^)(« 2 , • • • ,u k+ i ) = u; A zu(ui,u 2 , ■ ■ ■ ,u k +i) 



and 



(ix 1 ^) A w + (— l) fc u; A ix^ = 



(fc + Z-l)! 



by Definition 5.2.2. Let 



(k- l)\l\ 

\k k + ^ 



A{i x oj 



zu 



+ (-l) A 



fc!(Z- 1)! 



A (a; 0 ixm) 



Gq = 




k+1 1 k + 2 

k k+1 k + 2 




Then we know that each permutation in the summation of A (a; 0 i x vo) can be 
written as crcr 0 with signcr 0 = (— l) fc . Whence, 

/ i \k(^ l — 1)! , . . {k + l — 1)! . 

(“t H (i-i)! A (“» w )= H (i-i)! A ( w ®° 7 )' 

We hnally get that 

(i x u) /\w+(-l) k uj M x w = ( ^ fc + _ Z 0 w) 

(k + l)\ A/ . . , , 

= — A(i x uj 0 w) = i x (u A w). 

This is the assertion (*). The proof for (ii) is proceed by induction on k. If k = 0, 
let / G A °(M). By definition, we know that 

Lxf = df = i x df . 

Now assume it holds for an integer l. Then a (Z + l)-form may be written as 
df A a Notice that L x (df Aw) = L x df A u + df A L x u since we can check L x is 
a tensor derivation by definition. Applying (i), we know that 

i X d(df A to) + di x (df A to) = —i x (df A dcu) + d{i x df A to — df A i x u>) 

= —i x df A du) + df A ixdu; 

+ di x df Aw + ixd/ A u; + df A d*xw 
= df A L x a; + dL x f A u; 
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by the induction assumption. Notice that dLxf = Lxdf, we get the result. □ 

Definition 5.7.4 A volume form on a smoothly combinatorial manifold is ann-form 
u in A n for some integers n G such that u(p) ^ 0 for all p G M. If X 

is a vector field on M , the unique function div^X determined by L xuj = (divX)^ is 
called the divergence of X and incompressible if div^X = 0. 

Then we know the generalized Gauss’ theorem on smoothly combinatorial man- 
ifolds following. 

Theorem 5.7.5 Let M be a smoothly combinatorial manifold with an integer set 
D a boundary subset of M and X a vector field on M with a compact 
support. Then 

(divX)v= / ixv, 

J D JdD 

where v is a volume form on M , i.e., nonzero elements inA n (M) forn G 

Proof This result is also a consequence of Theorem 5.7.1. Notice that by 
Theorem 5.7.4, we know that 

(divX)v = di.vv + i xdv = di^v. 



Whence, we get that 



/ (divX)v = 
J D 




i, Y v. 



by Theorem 5.7.1. □ 

Then the Gauss’ theorem in R 3 is generalized on smoothly combinatorial man- 
ifolds in the following. 



Theorem 5.7.6 Let (M,g) be a homogenously combinatorial Riemannian manifold 
carrying a outward-pointing unit normal along dM and X a vector field on 
(M, g) with a compact support. Then 



(divX)dv^ = / (X, n aS ) dv aS , 

J M J dM 

where v and are volume form on M , i.e., nonzero elements in A n ^ M \M), and 
(X, n a jg) the inner product of matrixes X and n g ^. 
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Proof Let v,^ be the volume element on dM induced by the Riemannian vol- 
ume element G A n ( M \M), i.e. , for any positively oriented basis Vi, ■ ■ • , v n (M)_i e 
Tp(dM), we have that 

_ _ d _ _ 

^dM\ X )\ V 1’ ‘ ‘ ‘ > V n(M)- 1) = T 5 Vl ’ ‘ " ’ U n(M)-l)- 

UX n(M) 

Now since 

_ _ d _ _ 

1, • ■ = v S{a;) (A: i (x)v i - X ra(S) (a;)— — -,ni, • ■ ■ 

UX n(M) 

= X n(M)( X ) V dM( X )(^r--,K { M ) . 1 ) 

and X,^ = (A, n^), we get this result by Theorem 5.7.5. □ 

Particularly, if m = 1 in M(ni, • • • , n m ), i.e., a manifold, we know the following. 



Corollary 5.7.4 Let ( M,g ) 6e a Riemannian n-manifold with a outward-pointing 
unit normal n 9M along dM and X a vector field on it with a compact support. Then 



(di vX)dv M = / (X, n 9M ) dv 9M , 






I dM 



where v and \ 9 m are volume form on M . 



§5.8 COMBINATORIAL FINSLER GEOMETRY 

5.8.1 Combinatorial Minkowskian Norm. A Minkowskian norm on a vector 
space V is defined in the following definition, which can be also generalized to 
smoothly combinatorial manifolds. 

Definition 5.8.1 A Minkowskian norm on a vector space V is a function F : V — > R 
such that 

(1) F is smooth on F\{0} and F(v) > 0 for \/v G V; 

(2) F is 1-homogenous, i.e., F(\v) = A F(v) for MX > 0; 

(3) for all y G E\{0}, the symmetric bilinear form g y : V x V — > R with 

V- d 2 F(y ) 
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is positive definite for u, v G V. 
Denoted by TM = (J T P M . 



p&M 



5.8.2 Combinatorial Finsler Geometry. A combinatorial Finsler geometries 
on a Minkowskian norm is defined on TM following. 

Definition 5.8.2 A combinatorial Finsler geometry is a smoothly combinatorial 
manifold M endowed with a Minkowskian norm F on TM, denoted by (M; F). 

Then we get the following result. 

Theorem 5.8.1 There are combinatorial Finsler geometries. 

Proof Let M ( 77 , 1 , 77 . 2 , • • • ,n m ) be a smoothly combinatorial manifold. We con- 
struct Minkowskian norms on TM{n \ , 772 , • ■ • , n m ). Let R n i+" 2 +-+n m p e a Euclidean 
space. Then there exists a Minkowskian norm F(x) = |x| in R n i+n 2 + -+n m a j. East, 
in here |x| denotes the Euclidean norm on R ni+n2+ "' +nm . According to Theorem 
5.1.3, T p M(ni, 77,2, • • • , n m ) is homeomorphic to s h , ) s (p)+ n * 1 + +r S>(p). Whence 

there are Minkowskian norms on T p M(ni, n 2 , • • • , n m ) for p G U p , where (U p , [<p p ]) is 
a local chart. 

Notice that the number of manifolds are finite in a smoothly combinatorial 
manifold M(n±, n 2 , ■ ■ ■ , n m ) and each manifold has a finite cover {(U a ] ^ a )\a G /}, 
where I is a finite index set. We know that there is a finite cover 



By the decomposition theorem for unit, we know that there are smooth functions 
h Mai a G Im such that 





MeV(G L [M(ni,m,-,n m )]) 



JC I] h Mo = 1 With 0 < h Ma < I. 

M£V(G l [M(ni,n 2 ,-,n m )]) a&I M 

Now we choose a Minkowskian norm F Ma on T p M a for Vp G Um q - Define 




P ^ U Mai 
P U M a 



for Vp G M . Now let 
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F= E E F Ma . 

M£V(G l [M (ni ,n 2 , ■ ■ ■ ,n m )] ) 

Then F is a Minkowskian norm on TM{ji\, ri 2 , ■ ■ ■ , n m ) since it can be checked 
immediately that all conditions (1) — (3) in Definition 5.8.1 hold. □ 

5.8.3 Inclusion in Combinatorial Finsler Geometry. For the relation of 
combinatorial Finsler geometries with these Smarandache multi-spaces, we obtain 
the next consequence. 

Theorem 5.8.2 A combinatorial Finsler geometry (M(n±, n 2 , • ■ ■ , n m ); F) is a Smaran- 
dache geometry if m > 2. 

Proof Notice that if m > 2, then M(ni,n 2 , ■ ■ • ,n m ) is combined by at least 
two manifolds M ni and M n2 with n± ^ 7z 2 - By definition, we know that 

M ni \ M n2 ft 0 and M 712 \ M ni ± 0. 

Now the axiom there is an integer n such that there exists a neighborhood homeo- 
morphic to a open ball B n for any point in this space is Smarandachely denied, since 
for points in M ni \ M n2 , each has a neighborhood homeomorphic to B ni , but each 
point in M n2 \ M ni has a neighborhood homeomorphic to B n2 . □ 

Theorems 5.8.1 and 5.8.2 imply inclusions in Smarandache multi-spaces for 
classical geometries in the following. 

Corollary 5.8.1 There are inclusions among Smarandache multi-spaces, Finsler 
geometry, Riemannian geometry and Weyl geometry: 

{Smarandache geometries} D {combinatorial Finsler geometries} 

D {Finsler geometry} and {combinatorial Riemannian geometries} 

D {Riemannian geometry} D {Weyl geometry} . 

Proof Let m — 1. Then a combinatorial Finsler geometry (M(rii, n 2 , ■ ■ ■ , n m ); F ) 
is nothing but just a Finsler geometry. Applying Theorems 5.8.1 and 5.8.2 to this 
special case, we get these inclusions as expected. □ 

Corollary 5.8.2 There are inclusions among Smarandache geometries, combinato- 
rial Riemannian geometries and Kahler geometry: 

{Smarandache geometries} D {combinatorial Riemannian geometries} 
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D {Riemannian geometry} 

D { K abler geometry} . 

Proof Let m— 1 in a combinatorial manifold M(ni, ri 2 , ■ ■ ■ , n m ) and applies 
Theorems 5.3.4 and 5.8.2, we get inclusions 

{Smarandache geometries} D (combinatorial Riemannian geometries} 

D { Riemannian geometry}. 

For the Kahler geometry, notice that any complex manifold Mf is equal to a 
smoothly real manifold M 2n with a natural base { 777-- 777 } for T p Mf at each point 
p G Mf. Whence, we get 

(Riemannian geometry} D (Kahler geometry}. 

□ 



§5.9 REMARKS 

5.9.1 Combinatorial Speculation. This chapter is essentially an application 
of the combinatorial notion in Section 2.1 of Chapter 2 to differential geometry. 
Materials in this chapter are mainly extract from references [Maoll]-[Maol5] and 
[Maol8], also combined with fundamental results in classical differential geometry, 
particularly, the Riemannian geometry. 



5.9.2 .D-dimensional holes For these closed 2-manifolds S, it is well-known that 



X(S) 



2 — 2 p(S), if S is orientable, 

2 — q(S). if S is non — orientable. 



with p(S) or q(S) the orientable genus or non-orientable genus of S, namely 2- 
dimensional holes adjacent to S. For general case of n-manifolds M, we know that 

OO 

X(M) = ^(-l) fc dim H k (M), 

k= 0 

where dim is the rank of these k- dimensional homolopy groups Hk(M) in 
iff, namely the number of /c- dimensional holes adjacent to the manifold M. By 
the definition of combinatorial manifolds, some fc-dimensional holes adjacent to a 
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combinatorial manifold are increased. Then what is the relation between the Euler- 
Poincare characteristic of a combinatorial manifold M and the i-dimensional holes 
adjacent to Ml Wether can we find a formula likewise the Euler- Poincare formulal 
Calculation shows that even for the case of n — 2, the situation is complex. For 
example, choose n different orientable 2-manifolds Si, S 2 , • • • , S n and let them inter- 
sects one after another at n different points in R 3 . We get a combinatorial manifold 
M. Calculation shows that 

X(M) = (x(Si) + x(S 2 ) + • • • + x(S n )) ~ n 



by Theorem 4.2.9. But it only increases one 2-holes. What is the relation of 2- 
dimensional holes adjacent to Ml 

5.9.3 Local properties Although a finitely combinatorial manifold M is not ho- 
mogenous in general, namely the dimension of local charts of two points in M maybe 
different, we have still constructed global operators such as those of exterior differ- 
entiation d and connection D on TfM. A operator D is said to be local on a subset 
W C TfM if for any local chart (U p , of a point p G W, 

Q\ Up (W)=Q(W) Up . 

Of course, nearly all existent operators with local properties on TfM in Finsler 
or Riemannian geometries can be reconstructed in these combinatorial Finsler or 
Riemannian geometries and find the local forms similar to those in Finsler or Rie- 
mannian geometries. 



5.9.4 Global properties To find global properties on manifolds is a central task 
in classical differential geometry. The same is true for combinatorial manifolds. 
In classical geometry on manifolds, some global results, such as those of de Rham 
theorem and Atiyah- Singer index theorem,..., etc. are well-known. Remember that 
the p th de Rham cohomology group on a manifold M and the index IndD of a 
Fredholm operator ~D : H k (M, E) — »■ L 2 (M, F ) are defined to be a quotient space 

Kerjd : A-(M) -> A” +1 (M)) 
l ' ' Im(d : hP~ l (M) -> hr{M)) ' 



and an integer 



IndP = dim Ker{T>) — dim( 



L 2 (M, F) 



) 



ImD 
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respectively. The de Rham theorem and the Atiyah-Singer index theorem respec- 
tively conclude that 

for any manifold M, a mapping ip : A P (M) — > Hom(H p (M), R) induces a 
natural isomorphism ip* : H P (M ) — > H n (M ; R) of cohomology groups, where U P (M) 
is the free Abelian group generated by the set of all p-simplexes in M 

and 

ImYD = /nd T (a(T ) )), 

where cr(V)) : T*M —> Hom(E, F) and IndT(cr(V)) is the topological index of 
o’(fD). Now the questions for these finitely combinatorial manifolds are given in the 
following. 

(1) Is the de Rham theorem and Atiyah-Singer index theorem still true for 
finitely combinatorial manifolds? If not, what is its modified forms? 

(2) Check other global results for manifolds whether true or get their new mod- 
ified forms for finitely combinatorial manifolds. 

5.9.5 Combinatorial Gauss-Bonnet Theorem. We have know the Gauss- 
Bonnet formula in the final section of Chapter 3. Then what is its counterpart 
in combinatorial differential geometry? Particularly, wether can we generalize the 
Gauss- Binnet-Chern result 

[ n = x (M 2p ) 

Jm 2 p 

for an oriently compact Riemannian manifold (M 2p ,g), where 

O — ch,-,i2 P Q A. aQ. 

2 2p ir p p\ ^ A A “*2 P -n 2p ; 

and Qij is the curvature form under the natural chart {e*} of M 2p and 

{ 1, if permutation A • • • i 2p is even, 

— 1, if permutation A • • -Ap is odd, 

0, otherwise. 

to combinatorial Riemannian manifolds (M, g , D) such that 
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with 



n = 



-i) f 



2 2n 7 T n n\ 



E rU,'",*2KQ a a Q 

°l,-,2 n l)(M2I^) /X ' ' ' /X Si (*2n-lj2n-l)(A‘2n» , 2ri)> 



» 1 ,* 2 , 



'5^2ri 



{ 1, if permutation (zjji) • • • (i-mjzn) is even, 
-1, if permutation (iiji) • • • (i 2 nj 2 n) is odd, 
0, otherwise. 



for some integers n G J^(n, m ) 9 



CHAPTER 6. 



Combinatorial Riemannian Submanifolds with 
Principal Fibre Bundles 

No object is mysterious. The mystery is your eye. 

By Elizabeth, a British female writer. 

For the limitation of human beings, one can only observes parts of the 
WORLD. Even so, the Whitney’s result asserted that one can recognizes the 
whole WORLD in a Euclidean space. The same thing also happens to combi- 
natorial manifolds, i.e., how do we realize multi-spaces or combinatorial man- 
ifolds ? how do we apply them to physics ? This chapter presents elementary 
answers for the two questions in mathematics. Analogous to the classical geom- 
etry, these Gauss's, Codazzi's and Ricci's formulae or fundamental equations 
are established for combinatorial Riemannian submanifolds Sections 6.1 — 6.2. 
Section 6.3 considers the embedded problem of combinatorial manifolds and 
shows that any combinatorial Riemannian manifold can be isometrically em- 
bedded into combinatorial Euclidean spaces. Section 6.4 generalizes classical 
topological or Lie groups to topological or Lie multi-groups, which settles the 
applications of combinatorial manifolds. This section also considers Lie alge- 
bras of Lie multi-groups. Different from the classical case, we establish more 
than 1 Lie algebra in the multiple case. Section 6.5 concentrates on generaliz- 
ing classical principal fiber bundles to a multiple one. By applying the voltage 
assignment technique in topological graph theory, this section presents a com- 
binatorial construction for principal fiber bundles on combinatorial manifolds. 
It is worth to note that on this kind of principal fiber bundles, local or global 
connection, local or global curvature form can be introduced, and these struc- 
tural equations or Bianchi identity can be also established on combinatorial 
manifolds. This enables us to apply the combinatorial differential theory to 
multi-spaces, particularly to theoretical physics. 
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§6.1 COMBINATORIAL RIEMANNIAN SUBMANIFOLDS 

6.1.1 Fundamental Formulae of Submanifold. We have introduced topolog- 
ically combinatorial submanifolds in Section 4.2, i.e. , a combinatorial submanifold 
or combinatorial combinatorial Riemannian submanifold S' is a subset combinatorial 
manifold or a combinatorial Riemannian manifold M such that it is itself a combina- 
torial manifold or a combinatorial Riemannian manifold. In this and the following 
section, we generalize conditions on differentiable submanifolds, such as those of 
the Gauss’ s, the Codazzi’ s and the Ricci’s formulae or fundamental equations for 
handling the behavior of submanifolds of a Riemannian manifold to combinatorial 
Riemannian manifolds. 

Let (z, M) be a smoothly combinatorial submanifold of a Riemannian manifold 
(A, (yfjy, D). For \/p G M, we can directly decompose the tangent vector space T P N 
into 

T P N = T P M © T^M 

on the Riemannian metric at the point p. i.e., choice the metric of T P M and 
TpM to be gft\ Tv M or 9n\t- l mi respectively. Then we get a tangent vector space 
T p M and a orthogonal complement T^M of T p M in T p N , i.e., 

T^M = {v G T p N\ (v, u) = 0 for Mu G T p M}. 

We call T p M , T^~M the tangent space and normal space of (z, M ) at the point p in 
(A, gjy, D), respectively. They both have the Riemannian structure, particularly, M 
is a combinatorial Riemannian manifold under the induced metric g = i*g^. 
Therefore, a vector v G T p N can be directly decomposed into 

v = v T + u -1 , 

where u T G T p M , v L G T^~M are the tangent component and the normal component 
of v at the point p in (A , g^, D). All such vectors v L in TN are denoted by T ± M, 

i.e., 

T X M = U T^M. 

p£M 

Whence, for VA, Y G 9Hf (M), we know that 

D X Y = DJ X Y + DfY, 
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called the Gauss formula on the combinatorial Riemannian submanifold ( M,g ), 
where D T X Y = ( D X Y) T and D X Y = (. D X Y ) L . 

Theorem 6.1.1 Let (i, M) be a combinatorial Riemannian submanifold of(N, g x , D ) 
with an induced metric g = i*g x . Then forWX,Y,Z, D T : JT(M) x 3T(M) — > 
&(M) determined by D T (Y,X ) = D X Y is a combinatorial Riemannian connection 
on ( M,g ) and D ^ : 3f(M) x JT(M) — > T ± (M) is a symmetrically coinvariant 
tensor field of order 2, i.e., 

( 1 ) Dj c+Y Z = D^Z + DfZ ] 

(2) Df x Y = XD x Y for VA G 

(3) z^y = z^Ar. 

Proof By definition, there exists an inclusion mapping i : M — » IV such that 
(i,M) is a combinatorial Riemannian submanifold of (N,g x ,D) with a metric g = 
i* g N- _ 

For VA", Y, Z G (M) , we know that 

-Dx+y-Z" = DxZ + HyZ 

= (5Jz + 5Jz) + (5iz + 5iz) 

by properties of the combinatorial Riemannian connection D. Thereby, we find that 
D x+y Z = D\Z + Dj-Z, D x+y Z = D X Z + DyZ. 

Similarly, we also find that 

d t x (y + z) = d\y + b\z , + z) = 5^y + d£z. 

Now for VA G C°°(M), since 

D XX Y = XD x Y, D x {XY) = X(X) + A D X Y, 

we find that 

DJ X Y = A 5jy, Bj(AK) = X(A) + A5jy 

and 

Di(AV) = ADir. 
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Thereafter, the mapping D T : SC (M) x SC (. M ) — > SC (. M ) is a combinatorial con- 
nection on ( M,g ) and D 1 : SC{M) x ^C(M) — > T X (M) have properties (1) and 
( 2). 

By the torsion-free of the Riemannian connection D, i.e., 

5 x y - d y x = [x, y] g sc(m) 

for VX, y G SC (M ) , we get that 

D t x Y - 5jx = (. D X Y - D y X) t = [X, Y] 

and 

D^Y - DyX = ( D X Y - D y X ) x = 0, 

i.e., DjfY = Df-X. Whence, D T is also torsion-free on ( M,g ) and the property (3) 
on holds. Applying the compatibility of D with in (X, g^, D ), we finally get 
that 

z(x,y) = (i) 7 x.y)-(x.i) z y^ 

= (5Jx,y) + (x,5Jy), 

which implies that D T is also compatible with ( M,g ), namely D J : SC(M) x 
SC(M) — > SC(M) is a combinatorial Riemannian connection on ( M,g ). □ 

Now for VX G SC(M) and Y L G T L M, we know that DxY 1 - G TX. Whence, 
we can directly decompose it into 

D x Y l = DlY L + DfY L , 

called the Weingarten formula on the combinatorial Riemannian submanifold (M, g), 
where D\Y l = (D X Y ± ) T and DfY 1 - = (DxY 1 -)- 1 . 

Theorem 6.1.2 Let (i, M) be a combinatorial Riemannian submanifold of(N, g^, D ) 
with an induced metric g = i*g x . Then the mapping D L : T L M x (M) — > T^M 

determined by D{Y ± ,X) = D\Y l is a combinatorial Riemannian connection on 

T l M. 

Proof By definition, we have known that there is an inclusion mapping i : M — > 
X such that ( i,M ) is a combinatorial Riemannian submanifold of (N,g^,D) with 
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a metric g = i*g For VX, Y E XX ( M ) and VY- 1 , Zf, Zf E T ± M, we know that 
= Dj^Z 1 - + DfZ ± , D x (Zf + Z 2 X ) = 
similar to the proof of Theorem 6.1.4. For VA E C°°(M), we know that 
D XX Z L = XD x Z ± , D x {XZ x ) = X(A )Z ± + XDxZ^. 

Whence, we find that 

Di x z ± = (xd x z- l ) ± = x(d x z- l ) ± = xb x z L , 

DxiXZ^) = X(A )Z ± + X (DxZ 1 ) 1 = X(X)Z ± + XD x Z ± . 

Therefore, the mapping D L : T ± M x XX (M) — > T L M is a combinatorial connection 
on T l M. Applying the compatibility of D with g x in (N,g x ,D), we finally get 
that 

X (Zf, Zf) = (p x zf, Zf) + (zt, D x Zi) = (pjtZf, Zt) + (zf, D^Zf) , 

which implies that D L : XX (M) x XX (M) — > XX (M) is a combinatorial Riemannian 
connection on T ± M. □ 

Definition 6.1.1 Let ( i,M ) be a smoothly combinatorial submanifold of a Rie- 
mannian manifold (N, g x , D) . The two mappings D T , D L are called the induced 
Riemannian connection on M and the normal Riemannian connection on T^M, 
respectively. 

Theorem 6.1.3 Let the ( i,M ) be a combinatorial Riemannian submanifold of 
(. N,g x ,D ) with an induced metric g = i*g x . Then for any chosen Z 1 - E T ± M, 
the mapping D T Z± : XX (M) — > StX(M) determined by Dj ± (X) = DfZ 1 forX/X E 
XX (M) is a tensor field of type (1,1). Besides, if D~^ ± is treated as a smoothly 
linear transformation on M , then DX, ± : T p M — > T p M at any point p E M is a 
self- conjugate transformation on g, i.e., the equality following hold 

( D T Z± (X ), Y) = (D^Y), Z ^ , VX, Y E T p M. (6 - 1) 

Proof First, we establish the equality (6—1). By applying equalities X (Z 1 , Y) = 
(p x Z x , Y ^ + (z±, D X Y ^ and (Z ± , Y) = 0 for VX, Y E XX (M) and VY X E T^M, 
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we find that 

( d t z Rx ),y) = ( d x z l ,y ) 

= X(Z\Y)-^Z\D x Y) = ^Dj t Y,Z ± y 

Thereafter, the equality (6 — 1) holds. 

Now according to Theorem 6.1.1, D\Y posses tensor properties for X, Y G 
T p M. Combining this fact with the equality (6 — 1), D^ ± (X) is a tensor field of type 
(1, 1). Whence, D~^ ± determines a linear transformation D~^ ± : T p M — > T p M at any 
point p G M. Besides, we can also show that Dj, ± (X) posses the tensor properties 
for MZ L G T ± M. For example, for any A G C°°(M ) we know that 

(dI z ^x),y) = (5iy,AZ ± ) = A(5ir,z ± ) 

= ^AI)Ji(X),r^, VA'.Ve .T(M) 

by applying the equality (6 — 1) again. Therefore, we finally get that D X z±{X) = 
A D Z ±(X). 

Combining the symmetry of D\Y with the equality (6 — 1) enables us to know 
that the linear transformation D~^ ± : T p M —a T p M at a point p 6 Mis self-conjugate. 
In fact, for \/X, Y G T p M , we get that 

(sypo.y) = (piY,z L ) = (Di.x,z 1 -) 

= (lT z ^y),x) = {x,d1^y)). 

Whence, D^ ± is self-conjugate. This completes the proof. □ 

6.1.2 Local Form of Fundamental Formula. Now we look for local forms 
for D t and D L . Let (M , g, D T ) be a combinatorial Riemannian submanifold of 
(N, g^, D ). For Vp G M, let 



{&ab\^ < A < dfr(p), 1 < B < n A 


and 


&AiB — C4 2 Bj 




for 


1<A 1: A 2 < d„(p) if 1 < B < dfi(p)} 


be an orthogonal frame with a dual 


{u AB \l < A < dfj(p), 1 < B < tia 


and 


u AlB = u i MB , 




for 


1 < All, A 2 < dfi(p) if 1 < B < (%(p)} 
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at the point p in T N abbreviated to { } and u AB . Choose indexes (AB), (CD), ■ ■ -, 
(ab) , (cd) , ■ ■ ■ and (aft), ('yd), ■ ■ ■ satisfying 1 < A, C < d^(p), 1 < B < tia , 
1 < D < nc, ■ ■ •, 1 < a, c < d^(p), 1 < b < n a , 1 < d < n c , ■ ■ ■ and a, 7 > dj^(p) + 1 
or ft, 6 > rii + 1 for 1 < i < dj^(p). For getting local forms of D T and D 1 , we can 
even assume that {eAs},{e a fe} and {e a p} are the orthogonal frame of the point in 
the tangent vector space TN ,TM and the normal vector space T L M by Theorems 
3.1 — 3.3. Then the Gauss’s and Weingarten’s formula can be expressed by 

De a b e cd ~ ^e ab e cd + D e ab e cd i 
De a b e a0 = ^e ab e a0 + ^e ab e a0- 

When p is varied in M , we know that a ) ab = i*(u ab ) and a ) ab = 0, iv af3 = 0. Whence, 
{iv ab } is the dual of {e a b} at the point p e TM . Notice that 

duj ab = UJ Cd A U!%%, + UJab = 0 



in (M, g, D T ) and 



du AB = 



~ , , CD a , ,AB 
— LU A L 0 CD , 



, ,CD 1 AB _ n 
10 AB + “ U > 



a/3 

Alb 



ab 
' a/3 



= 0, 



7 <5 1 ad 
U af3 + 5 



= 0 



in (N,g^,D) by the structural equations and 



Dcab — w AB e CD 



by definition. We finally get that 

Dc a b ^ab^cd T ^ a b &a 0 i Dc a g lV a ^ 6 c d T IV 0,^676 • 

Since dtv m = iv ab A uj% b = 0, div 1/3 = iv ab A iv l f b = 0, by the Cartan's Lemma, i.e., 
Theorem 5.2.3, we know that 

. Lai , .cd . ip lAp , .cd 

U ab ~ n {ab){cd) UJ > U ab ~ ' l {ab){cd) UJ 

with h (ab)(cd) = h td){ab) and h tb )(cd) = ^(ab)' Thereafter, we get that 

De ab e cd = UJ c di e ab) e a0 = ^(ift)( c d) e a/A 
^e ab e oi0 ~ UJ a pi. e ab) e cd ~ ^(ab)(cd) e ^P- 

Whence, we get local forms of D T and D A in the following. 
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Theorem 6.1.4 Let (M , g, D T ) be a combinatorial Riemannian submanifold of 
D ). Then for ip £ M with locally orthogonal frames {cab}, {e a ft} and their 
dual {a > AB }, {w ab } in TN, TM, 

D e ob e cd = ai a p(e a b)e c di D^ ab e c d = d^ b ^ cd ^e a g, 

D e ab e al3 — h(ab)(cd) ea P’ ^e ab e ag = aTf^{e a b)0^. □ 

Corollary 6.1.1 Let (M,g,D T ) be a Riemannian submanifold of (N, g N , D) . Then 
for 'ip £ M with locally orthogonal frames {e^}, {e a } and their dual {u; j4 },{u; a } in 
TN, TM, 

-Dg^e;, = LO a (e a )eb, D^eb = h ab e a , 

Dj a e a = h a ab e a , D±e a = {e a )e p . 



§6.2 FUNDAMENTAL EQUATIONS ON 
COMBINATORIAL SUBMANIFOLDS 

6.2.1 Gauss Equation. Applications of these Gauss’ s and Weingarten’s for- 
mulae enable one to get fundamental equations such as the Gauss’ s, Codazzi’s and 
Ricci’s equations on curvature tensors for characterizing combinatorial Riemannian 
submanifolds. 

Theorem 6.2.1(Gauss equation) Let (M , g, D T ) be a combinatorial Riemannian 
submanifold of (N,g^,D) with the induced metric g = i*g ^ and R,R^ curvature 
tensors on M and N , respectively. Then for VA, Y, Z, W £ SC (M), 

R{X, Y, Z, W) = R S {X, Y, Z, W) + (DjtZ, Dfw) - (pfZ, D^w) . 

Proof By definition, we know that 

Y)Z = D X D Y Z - DyD x Z - D [XX] Z. 



Applying the Gauss formula, we find that 

n^(X,Y)Z = D x {DyZ + DyZ) — D y (DxZ + D^Z) 
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(D[x ,y]Z + D[x,y}Z) 



dZdZz + dZdZz + DyDZZ 



'X^Y d 
UnT 



'X^y* 
iT 



DfD\Z 



—D y D x Z - DyD x Z - D [xx] z - D [xx] z 
R(X, Y)Z + (D x DyZ - DfDlZ) 
~{R[x,y}^ — DxDyZ + DyDjtZ). (6 — 2) 



By the Weingarten formula, 

D x DfZ = D x DfZ + D x DfZ, D Y D X Z = Dj-D^Z + DfD x Z. 



Therefore, we get that 

(R(X, Y)Z, w) = (%(X, Y)Z, w) + (DjtZ, Dfw) - (d$Z, Dfw) 

by applying the equality (6 — 1) in Theorem 6.1.3, i.e., 

R(X, Y, Z, W) = R x (X, Y, Z, W) + (DjtZ, Djw) - (p$Z, D^w) . 

□ 

6.2.2 Codazzi Equation. For VX, Y, Z <E X’ (M), define the covariant differential 
D x on DfZ by 

( DxDCyZ = Djc(DfZ) - D±r Y Z - Df(D T x Z). 

Then we get the Codazzi equation in the following. 

Theorem 6.2.2 (Codazzi equation) Let (M , g, D T ) be a combinatorial Riemannian 
submanifold of (N,g x ,D) with the induced metric g = i*g x and R, R x curvature 
tensors on M and N, respectively. Then for VX, Y, Z e ZC (M), 

(- D X D L )vZ - ( DybCxZ = R\X,Y)Z 



Proof Decompose the curvature tensor R x (X,Y)Z into 
Rfr(X, Y)Z = RZ{X, Y)Z + £±(X, Y)Z. 

Notice that 

DlY-DiZ=[X,Y\. 
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By the formula (6 — 2), we know that 

R~{X, Y)Z = D x DyZ - DyDjrZ - D{~ x y] Z + D x DfZ - Df-D^Z 

= D x Df-Z - bfb\z - D 5 t y Z + DfD x Z - D^Df-Z - D 5 r x Z 
= (DxD^yZ-ibybCxZ. 

□ 

6.2.3 Ricci Equation. For \/X,Y G Z L G T X (M), the curvature tensor 

R L determined by D L in T ± M is defined by 

R ± (X,Y)Z ± = D^DfZ 1 - - DfD x Z x - D^ xy] Z L . 

Similarly, we get the next result. 

Theorem 6.2.3 (Ricci equation) Let (M , g, D T ) be a combinatorial Riemannian 
submanifold of (N,g x ,D) with the induced metric g = i*g x and R, R x curvature 
tensors on M and N , respectively. Then for\/X,Y G M ), Z 1 - G TM, 

R l (X,Y)Z l = Rj~(X, Y)Z ± + (D x D^)yZ ± - (D Y D^) X Z L ). 

Proof Similar to the proof of Theorem 6.2.1, we know that 



R x (X,Y)Z ± = D x byZ ± -Dyb x Z ± -b [x ,y ] Z ± 

= R^X, Y)Z ± + DjsDjsZ 1 - - Dfb] c z ± 

+D x bfZ ± - DyDfZ 1 - 

= (. R l {X , Y)Z ± + (D x DCyZ ± - {b Y D^) x Z L ) 
+D] c Dj?Z ± - Df-Dj c Z ± . 

Whence, we get that 

R x (X, Y)Z ± = R±(X, Y)Z ± + {D^yZ 1 - - {b Y DR) x Z L ). □ 

6.2.4 Local Form of Fundamental Equation. We can also find local forms for 
these Gauss’ s, Codazzi ’ s and Ricci’s equations in a locally orthogonal frames {Lab}, 
{e a b} of TN and TM at a point p G M. 



Sec. 6. 2 Fundamental Equations on Combinatorial Submanifolds 



299 



Theorem 6.2.4 Let (M, g, Dj^) be a combinatorial combinatorial Riemannian sub- 
manifold of (N,g^,D) with g = i*g ^ and for p E M, let {cab}, {e a &} be locally 
orthogonal frames ofTN and TM at p with dual {a ) AB }, {co ab }. Then 

R{ab){cd){ef){gh) = {Rfr) {ab)(cd)(ef)(gh) ~^^O l {ab){ef) ^(cd)(gh) ^^{ab){gh) ^(cd)(e/) ) ( GaUSS ), 

a,/3 



, a/3 _ , a/3 

n {ab)(cd)(ef) n (ab)(ef)(cd) 



(^/v)(a/3)(a&)(cd)(e/) ( C odaZZi ) 



and 



R(aP)('yS)(ab)(cd) 



{Rn) (a/3)(7<5)(a&)(cd) 



h< (ab)(ef) h Jcd)(gh ) h ^cd){ef) h lab){gh)) ( RlCCl ) 

e,/ 



with R(^ a g^-yS) (ab) (cd) ~ \R( e ab, ^cd) e aPi e -fs) an d 



h a P , , e f — rth a d — , , e fh a d — , , e fh a P 4 _ / , a ^h^ S 

, \ab){cd)(ef) UJ ~ an (ab)(cd) U ab'\ef){cd) u} cd n (ab)(ef) u jS '\ab)(cd)- 



Proof Let 12 and 12^ be curvature forms in M and N. Then by the structural 
equations in (N, g^, D), we know that 

n)aB = d^AB - U AB A U EF = 7j(RN) (AB)(CD)(EF)(GH)U EF A UJ GH 

and R(cab, cco/cef = ^cd)^gh- Let i : M — > N be an embedding 

mapping. Applying i* action on the above equations, we find that 




cd 

ab 



~ <1 A u-3 - w J A uf. 



% cd 



a/3 



cd 



o cd 

“ ab 



+ h (ab)(ef) h (^l)(gh) UJ 



a/3 

ef A u 9h . 



a,/3 



Whence, we get that 



« ab 



= (12 



N 



\cd 
1 ab 






h a d 

b)(ef) n (cd)(gh) 



,a/3 ,af 3 

n (ab)(gh) n (cd)(ef )J 



)ui ef A a; 






a,/3 



This is the Gauss' s equation 



R(ab) (cd) (ef)(gh) 



(Rn) i.o,b)(cd)(ef)(gh) 






h a d 

( ab)(ef) U (cd)(gh ) 



- k 



a/3 



h 



a/3 



( a b)(gh ) ( cd)(ef ) 



0- 



a, /3 
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Similarly, we also know that 

fe)2f = -u,%Au,% -u,* A u,$ 

= A iSt - A 



and 



(dh(ab)(cd) t l (ab)(ef) UJ cd ) ^(e/)(cd) tt; ab + ^ (aft Hcd) 6 ^) ^ U 



cd 



(ab)(cd) ( ab)(ef ) 

= CxcOWl^A^ 



(ab)(cd) 



— -<h a P — h a P V, e/ A :,i cd 

2 ^ n (ab)(cd) (e/) a (ab)(ef)(cd) > 



(%)5 = 

= + 2 EN/)(Ab)(crf) ~ hiefiicdfhJefXab))^ A ^ 

e,/ 

These equalities enables us to get 

fyaft)(cd)(e/) ~ ^{ab){ef){cd) ~ ( -^Tv) (c*P)(ab)(cd){ef ) , 



and 



-^(a/3)(7<5)(aft)(eci) ~ (-^jv) (aP)(^8){ab){cd) ^j^(ab)(ef)^{cd)(gh) ^ (fd)(ef)^Jab)(gh) / 

e,/ 

These are just the Codazzi’s or Riccts equations. 



□ 



§ 6.3 EMBEDDED COMBINATORIAL SUBMANIFOLDS 

6.3.1 Embedded Combinatorial Submanifold. Let M, N be two combinato- 
rial manifolds, F : M —> N a smooth mapping and p E M. For Vu E T p M , define a 
tangent vector F*(w) E Tp(p)N by 

F*(u)=u(/oF), V/6C” (p) , 

called the differentiation of F at the point p. Its dual F* : T^ p ,N ^ T*M deter- 
mined by 

(F*u)(y) = u;(F*(u)) for Vo; E Tp^N and Vn E T p M 
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is called a pull-back mapping. We know that mappings F* and F* are linear. 

For a smooth mapping F : M — > N and p G M, if F* p : T p M — > Tp(p)N is one- 
to-one, we call it an immersion mapping. Besides, if F* p is onto and F : M — >• F(M) 
is a homoeomorphism with the relative topology of N, then we call it an embedding 
mapping and (F, M) a combinatorial embedded submanifold. Usually, we replace the 
inclusion mapping i : M — » N and denoted by (i, M) a combinatorial submanifold 
of N. 

Now let M = M(ni, n 2 , • • • , n m ), N = N(ki, k 2 , ■ ■ ■ , kf) be two finitely combi- 
natorial manifolds and F : M — > A r a smooth mapping. For Vp G M, let (U p , <p p ) 
and (Vp (p ), V ; F(p)) be local charts of p in M and F(p) in N, respectively. Denoted by 

f)F KX 

hA F m = lg^} 

the Jacobi matrix of F at p. Then we find that 

Theorem 6.3.1 Let F : M — > N be a smooth mapping from M to N . Then F is 
an immersion mapping if and only if 



ranh(J x -y{F)(p )) = d^(p) 



for Vp G M . 

Proof Assume the coordinate matrixes of points p G M and F(p) G N are 
[x lJ ] s {p}xn s(p) and [y ZJ ]s(F(p))xn a(F(p)y respectively. Notice that 

TpM = lp ’ 11 - * - 1 - •?> - + 1 < J2 < n^j 

and 



-Id s F(p)) q 

T n P ) N = ({^ 1%). 1 < h < s{F(p))} U {—\ f(p) ,s(F{p)) + 1 < .72 < ki} 

for any integer i 0 , 1 < i 0 < min{s(p), s(F(p))}. By definition, F* p is a linear map- 
ping. We only need to prove that F* p : T p M — > T p N is an injection for Vp G M. For 
V/ G 3F P , calculation shows that 



F* p ( 



d 

dx 13 



)(/) 



d(foF) 



dx i3 



E 



dF ^ df 
dx 13 dy lw 
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Whence, we find that 



F* p ( 



d 



dx % ' J ' 



E 






dF' JL/ d 
dx i: > dy^ 



(6-3) 



According to a fundamental result on linear equation systems, these exist solu- 
tions in the equation system (6 — 3) if and only if 



rank(J X ; Y (F)(p )) = rank(J x . Y (F)(p )), 



where 



j'x, r(F)M = 



F ( 9 ) 

r *P\dx 11 / 



F ( ? 

± *P\dx ln i 



Jx;y(F)( P ) 



F 



d 



*P\dx s (p ’> 1 ■ 



F< 



* Py dx S(P)n *(P) ‘ 



We have known that 



rank(J X;Y (F)(p )) = d^(p). 



Therefore, F is an immersion mapping if and only if 



r ank(J x -y(F)(p)) = d^(p) 

for Vp G M. □ 

Applying Theorem 5.6.2, namely the partition of unity for smoothly combinato- 
rial manifold, we get criterions for embedded combinatorial submanifolds following. 

Theorem 6.3.2 Let M be a smoothly combinatorial manifold and N a manifold. 
If for VM G V(G L [M]), there exists an embedding F M : M ^ N, then M can be 
embedded into N. 

Proof By assumption, there exists an embedding F M : M — > N for VM G 
V ( G L [M ]). For p G M, let V p be the intersection of s(p) manifolds M x , M 2 , • • • , M ^ 
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with functions , 1 < i < s(p) in Lemma 2.1 existed. Define a mapping F : M 
N at p by 

s(p) 



F(p) = Y.fM,FM r 



2—1 

Then F is smooth at each point in M for the smooth of each F^. and F* p : T p M — > 
T P N is one-to-one since each (FmJ* p is one-to-one at the point p. Whence, M can 
be embedded into the manifold N. □ 



Theorem 6.3.3 Let M and N be smoothly combinatorial manifolds. If for VM G 
V(G L [M]), there exists an embedding Fm : M N, then M can be embedded into 

N. 

Proof Applying Theorem 5.6.2, we can get a mapping F : M — > N defined by 

s(p) 

Fh>) = Y.lM‘ Fu ‘ 

2—1 

at Vp G M. Similar to the proof of Theorem 2.2, we know that F is smooth and 
F* p : T p M — > TpN is one-to-one. Whence, M can be embedded into N. □ 



6.3.2 Embedded in Combinatorial Euclidean Space. For a given integer 
sequence ki, n 2 , • • • , ki, l > 1 with 0 < ki < k 2 < ■ ■ ■ < h, a combinatorial Eu- 

__ i 

clidean space R(fci, ■■■,![) is a union of finitely Euclidean spaces (J H ki such that 

2—1 

~ l ^ l 

for Vp G R(£q, • • • ,ki), p G f| K ki with l = dim( f] R/ 1 ' 1 ) a constant. For a given 

2 — 1 2 — 1 

combinatorial manifold M(n l5 n 2 , • • • , n m ), wether it can be realized in a combina- 
torial Euclidean space R(fci, ■ • ■ , kf) ? We consider this problem with twofold in 
this section, i.e. , topological or isometry embedding of a combinatorial manifold in 
combinatorial Euclidean spaces. 

Given two topological spaces and ^ 2 , a topological embedding of ^ in is 
a one-to-one continuous map 

/ : ^1 — >■ ^2- 



When / : M(ni, n 2 , • • • , n m ) — > R(fci, ■ ■ ■ ,ki) maps each manifold of M to an Eu- 
clidean space of R(fci, • • • , ki), we say that M is in-embedded into R(fci, • • • ,ki). 

Whitney had proved once that any n-manifold can be topological embedded as 
a closed submanifold of R 2n+1 with a sharply minimum dimension 2n + 1 in 1936 
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([AbMl]) . Applying Whitney’s result enables us to find conditions of a finitely com- 
binatorial manifold embedded into a combinatorial Euclidean space R(fci, • • • ,ki). 

Theorem 6.3.4 Any finitely combinatorial manifold M(ni, n 2 , • • • , n m ) can be em- 
bedded into R 2 " m+1 . 

Proof According to Whitney’s result, each manifold M ni , 1 < i < m, in 
M(ni, n 2 , • • • , n m ) can be topological embedded into a Euclidean space R ?/ for any 
rj > 2ni + 1. By assumption, n± < n 2 < ■ ■ ■ < n m . Whence, any manifold in 
M(ni, 77-2, • • • , n m ) can be embedded into R 2?lm+1 . Applying Theorem 6.3.2, we know 
that M(ni, n 2 , ■ • • , n m ) can be embedded into R 2n ™ +1 . □ 

For in-embedding a finitely combinatorial manifold M(ni,n 2 , ■ • • , n m ) into com- 
binatorial Euclidean spaces R(fci, • • • , ki), we get the next result. 

Theorem 6.3.5 Any finitely combinatorial manifold M(n\, n 2 , • • • , n m ) can be in- 
embedded into a combinatorial Euclidean space R(/ci, ■ ■ ■ ,k{) if there is an injection 

w : {ni, n 2 , ■ ■ ■ , n m } -»■ {A*, k 2 , ■ ■ ■ , k t } 



such that 



w{nf) > max{2e + 1| Ve G w 1 ('07(nj))} 



and 

dim( R ro(ni) p| R ro ^)) > 2 dim{M n ’ Q M nj ) + 1 
for any integer i,j, 1 < i, j < m with M ni n M nj 0. 

Proof Notice that if 

w(rii) > max{2e + 1| Ve G w _1 (w(nj))} 



for any integer i, 1 < i < m, then each manifold M e ,Ve G w^^wirii)) can be 
embedded into R ro ( n d and for Vei G Cf7 _1 (nj), Ve 2 G M ei fl M £2 can be 

in-embedded into R OT ( n d n R ro ( n J') if M ei fl M 62 0 by Whitney’s result. In this 

case, a few manifolds in M(ni, n 2 , ■ ■ ■ , n m ) may be in-embedded into one Euclidean 
space R ro ( n d for any integer i, 1 < i < m. Therefore, by applying Theorem 2.3 we 
know that M(n\, n 2 , • • • , n m ) can be in-embedded into a combinatorial Euclidean 
space R(fci, • • • , k{). □ 
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If / = 1 in Theorem 6.3.5, then we obtain Theorem 6.3.4 once more since w(rii ) 
is a constant in this case. But on a classical viewpoint, Theorem 6.3.4 is more 
accepted for it presents the appearances of a combinatorial manifold in a classical 
space. Certainly, we can also get concrete conclusions for practical usefulness by 
Theorem 6.3.5, such as the next result. 

Corollary 6.3.1 Any finitely combinatorial manifold M(ni, 77 , 2 , • • • , n m ) can be in- 
embedded into a combinatorial Euclidean space R(fci, ■ • ■ ,k{) if 

(i) l > m; 

(ii) there exists m different integers k tll ki 2 , • • • , ki m 6 {ki, k 2 , • • • , k{\ such that 

ki j > 2 nj + 1 

and 

dim( R fc h p| RW) > 2 dim{M n > p| M Ur ) + 1 
for any integer i,j , 1 < i, j < m with M nj D M nr 0. 

Proof Choose an injection 



71 : {m, n 2 , ■ ■ ■ , n m } — > {h, k 2 , ■ ■ • , h} 

by 7T (rij) = k %;> for 1 < j < m. Then conditions (i) and (ii) implies that 7 r is an 
injection satisfying conditions in Theorem 5.2. Whence, M(n\, n 2 , ■ ■ ■ , n m ) can be 
in-embedded into R(&i, • • • ,k{). □ 

For two given combinatorial Riemannian CT-manifolds (M,g,D^) and (N , g^, D), 
an isometry embedding 

is an embedding with g = i*g^. By those discussions in Sections 6.1 and 6.2, let the 
local charts of M, N be (U, [x]), (V, [?/]) and the metrics in M, N to be respective 

9n= Y g N { < T)W d y' T 9= Y 9u^){K\)dx^ ® dx K \ 

then an isometry embedding i form M to N need us to determine wether there are 
functions 



y KX = i KX [x^], 1 < n < s(p), 1 < v < n s(p ) 
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for \/p G M such that 

R(ab)(cd)(ef)(gh) = (Rfi) (ab)(cd)(ef)(gh) ~ ^^X^tabMef^tcdMah) ~ ^(ab){gh)^{cd)(ef)^ 



a,/3 



ab)(cd)(ef ) ab)(ef)(cd ) ~ (Rn) (a/ 3 )(ab){cd)(ef) , 



R(aP)(j 8 )(ab)(cd) 



( Rn ) («/3) (7<b ( ab)(cd ) 






h 1& 

(ab)(ef) \cd)(gh) 



e,/ 



7 a/3/3 7 7(5 

n (cd)(ef)' l (ab)(gh) 



) 



with R 



_L 

(a/ 3 )( 7 ( 5 )(afe)(cd) 



Ri^-abi ('cd')&a0i 



; 



h(ab)(cd)(ef) UjCj ~ dh'(ab)(cd) U ab ^ 1 (ef)(cd) U 'cd ^ 1 (ab)(ef) + ‘^'yS ^Jab)(cd) 



and 

_ ^cr di® b 

For embedding a combinatorial manifold into a combinatorial Euclidean space 
R(&q, • • • ,ki), the last equation can be replaced by 

^ dF T dF T _ ^ LJ 

(w) 

since a combinatorial Euclidean space R(Aq, • ■ ■ , kj) is equivalent to a Euclidean 

~ ^ 1 (p) ~ 

space R fc with a constant k = l(p) + Jf(ky — l(p )) for Vp E R fc but not dependent 

i= 1 

on p (see [9] for details) and the metric of a Euclidean space R A to be 

(?r — Z d ^ l “’ ® d v !M ■ 

These combined with additional conditions enable us to find necessary and sufficient 
conditions for existing particular combinatorial Riemannian submanifolds. 

Similar to Theorems 6.3.4 and 6.3.5, we can also get sufficient conditions on 
isometry embedding by applying Theorem 5.6.2, i.e., the partition of unity. Firstly, 
we need two important lemmas following. 



Lemma 6.3.1([ChLl]) For any integer n > 1, a Riemannian C r -manifold of di- 
mensional n with 2 < r < 00 can be isometrically embedded into the Euclidean space 

j^n 2 +10n+3 
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Lemma 6.3.2 Let and (N,g^,D) be combinatorial Riemannian man- 

ifolds. If for VM E V(G L [M]), there exists an isometry embedding F M : M — > N, 
then M can be isometrically embedded into N . 

Proof Similar to the proof of Theorems 6.3.2 and 6.3.3, we only need to prove 
that the mapping F : M — > N defined by 

sip) 

i= 1 

is an isometry embedding. In fact, for p E M we have already known that 



9 N((F Mi )*{v),(F Mi )*{w)) — g(v, w) 



for Vn, w E T p M and i, 1 < i < s(p). By definition we know that 



9n( F *(v),F*(w)) 



sip) s(p) 

9n( fMi(F Mi )(v), 22 f Mj(F M .){w)) 

i= 1 3 = 1 

s(p) ?(p) 

T^9MF Mi )(v), f Mj {F Mj )(w ))) 

i= 1 i=l 

s(p) s(p) 

V V 9 (/„,(P m ,)(«). fM,{F Ui ){w))) 

i = 1 i=l 

s(p) s(p) 

fMiV, 22 fMjW) 
i = 1 j=l 

g(v,w). 



Therefore, F is an isometry embedding. □ 

Applying Lemmas 6.3.1 and 6.3.2, we get results on isometry embedding of a 
combinatorial manifolds into combinatorial Euclidean spaces following. 

Theorem 6.3.6 Any combinatorial Riemannian manifold M(n\, ri 2 , ■ ■ ■ , n m ) can be 
isometrically embedded into R n m+ 10n ™-+ 3 . 

Proof According to Lemma 6.3.1, each manifold M n \ 1 < i < m, in M(n±,n 2 , 
• • • , n m ) can be isometrically embedded into a Euclidean space Rd for any rj > 
nf + lOn* + 3. By assumption, n± < n 2 < ■ ■ ■ < n m . Thereafter, each manifold in 
M(ni,ri 2 , ■ ■ ■ ,n m ) can be embedded into R r '™' +10nm+3 . Applying Lemma 6.3.2, we 
know that M(ni, n 2 , ■ • • , n m ) can be isometrically embedded into R n m+ 10nm + 3 . □ 
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Theorem 6.3.7 A combinatorial Riemannian manifold M(n\, n 2 , ■ ■ ■ , n m ) can be 
isometrically embedded into a combinatorial Euclidean space R(fci, • • • , kf) if there 
is an injection 

w : {n i, n 2 , ■ ■ ■ , n m } — > {h, k 2 , ■ ■ ■ , h} 



such that 



w{ni ) > max{e 2 + lOe + 3| Ve G w 1 {w{n i ))} 



and 



dim( R ro ( n 0 f|R ro(r ^) > dim 2 {M n < p| M nj ) + 10 dim(M n ' Q M n p + 3 

for any integer i,j , 1 < i, j < m with M ni n M nj ^ 0. 

Proof If 

wfnf) > max{e 2 + lOe + 3| Ve G w -1 (w(nj))} 

for any integer i, 1 < i < m, then each manifold MpVe G w _1 (w(np) can be 
isometrically embedded into R ra ^ and for Vei G zu 1 {nf), Ve 2 Gw 1 (n J ), M ei P\M e2 
can be isometrically embedded into R ro ( ni )nR OT ( n jO if M ei fl M 62 ^ 0 by Lemma 6.3.1. 
Notice that in this case, serval manifolds in M(ni, n 2 , • ■ ■ , n m ) may be isometrically 
embedded into one Euclidean space R^^O f or an y integer i,l < i < m. Now 
applying Lemma 5.2 we know that M(ni, n 2 , • • • , n m ) can be isometrically embedded 
into a combinatorial Euclidean space R(fci, • • • ,kf). □ 

Similar to the proof of Corollary 6.3.1, we can get a more clearly condition 
for isometry embedding of combinatorial Riemannian manifolds into combinatorial 
Euclidean spaces. 

Corollary 6.3.2 A combinatorial Riemannian manifold M(ni,n 2 , ■ ■■ ,n m ) can be 
isometry embedded into a combinatorial Euclidean space R(/ci, ■ ■ ■ ,kf) if 

(i) l > m; 

(ii) there exists m different integers k it , k i2 , • • • , k im G {ki, k 2 , ■ ■ ■ , ki} such that 

ki . >n 2 + 10 n,- + 3 

3 J J 

and 

dim( R fc h p| R fci r) > dim 2 (M nj f] M nr ) + 10dim(M nj f) M Ur ) + 3 
for any integer i,j , 1 < i, j < m with M nj fl M Ur ^ 0. 



Sec. 6. 4 Topological Multi-Groups 



309 



§6.4 TOPOLOGICAL MULTI-GROUPS 

6.4.1 Topological Multi-Group. An algebraic multi-system (srf\ G) with srf = 

m m 

U and G = U {°i} is called a topological multi- group if 

i= 1 i = 1 

(i) (Jtfp Oj) is a group for each integer i, 1 < i < m, namely, (Jif, G) is a 
multi-group; 

(ii) stf is a combinatorial topological space 

(in) the mapping (a, b) —> a o 6" 1 is continuous for Va, b G Vo g (9,;, 
1 < i < m. 

Denoted by (5^g\ G) a topological multi-group. Particularly, if m — 1 in ; €?), 
i.e. , ^ = 9^, G = {o} with conditions following hold, 

(V) (9^; o) is a group; 

(ii') M' is a topological space; 

(in') the mapping (a, b) — > a o 6 _1 is continuous for Va, b G J# 5 , 

then ^ is nothing but a topological group in classical mathematics. The existence 
of topological multi-groups is shown in the following examples. 

Example 6.4.1 Let R"% 1 < i < m be Euclidean spaces with an additive operation 
+j and scalar multiplication • determined by 

(Ai ■ Xi, A 2 • x 2 , ■ ■ ■ , X ni ■ X ni ) +i (Cl • 2/1, C2 • 2/2, • • • , Crii ■ Uni) 

= (Ai • X\ + Cl • Vi, A2 • x 2 + C2 • 2/2, • • • , A m ■ X ni + Cn i ■ Vm) 



for VA 1 , C 1 G R, where 1 < A 1 , Q < rii. Then each R ni is a continuous group under +;. 
Whence, the algebraic multi-system (Gc( n \, • • • , n m ); G) is a topological multi-group 
with a underlying structure G by definition, where S J o{ri\ , • • • , n m ) is a combinatorial 

m 

Euclidean space defined in Section 4.1, and G = (J {+»}. Particularly, if m — 1, i.e., 

2=1 

an n-dimensional Euclidean space R n with the vector additive + and multiplication 
• is a topological group. 

2 

Example 6.4.2 Notice that there is function k : M nxn — > R" from real n x n- 
matrices M nxn to R determined by 
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^ an • 


^1 n ^ 










«21 ’ 


a 2n 


f 






\ 






— > ^ an • 


^lm 


* ? ^nl 


®nxn J 


\ ^nl 


^nxn / 











Denoted all n x n-matrices by M(n, R). Then the general linear group of degree n 
is defined by 

GL(n, R ) = {M e M(n, R) | det M ± 0 }, 

where detM is the determinant of M. It can be shown that GL(n, R) is a topological 
group. In fact, since the function det : M nxn — > R is continuous, det _1 R \ {0} is 
open in R n2 , and hence an open subset of R™ 2 . 

We show the mappings (f ) : GL(n, R xGL(n, R)) — > GL{n , R) and : GL(n, R) 
GL(n, R) determined by <j>(a,b) = ab and if {a) = a_1 are both continuous for 
a, b G GL(n, R). Let a = ( aij) nxn and b = ( bij) nxn G M(n, R). By definition, we 
know that 

n 

ab = (( ab)ij ) = C^a ik b kj ). 

k=\ 

Whence, cf(a,b ) = ab is continuous. Similarly, let if (a) = ( ifij) n xn ■ Then we know 
that 

a*- 

= dSJ 

is continuous, where a*- is the cofactor of a tJ in the determinant deta. Therefore, 
GL(n, R) is a topological group. 

Now for integers n±, n 2 , • ■ ■ , n m > 1, let S > c[GL ni , • • • , GL Urn ) be a multi-group 
consisting of GL(ni,R), GL(n 2 , R), • • •, GL(n m , R) underlying a combinatorial 
structure G. Then it is itself a combinatorial space. Whence, So{GL ni , • • • , GL nm ) 
is a topological multi-group. 

A topological space S is homogenous if for Va, b G S, there exists a continuous 
mapping / : S — > S such that f{b) = a. We have the next result. 

Theorem 6.4.1 If a topological multi-group 0) is arcwise connected and as- 
sociative, then it is homogenous. 

Proof Notice that is arcwise connected if and only if its underlying graph 
G is connected. For Va, b G A'g, without loss of generality, assume a G o and 
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b G M s and 

P(a,b)=M 0 M \---M s , s > 0, 

a path from M§ to M s in the graph G. Choose C\ G M$ D M\, c 2 G M[ fl M^r • 
c s G M s -\ D M s . Then 

a o 0 ci o 4 c' 1 o 2 c 2 ° 3 c 3 o 4 ■ • ■ o s _! c^ 1 o s b~ l 

is well-defined and 

a o 0 ci oi c" 1 ° 2 c 2 o 3 c 3 04 • ■ • o s _i cj 1 o s b~ l o s b = a. 

Let L = a o 0 ci 01 cf 1 °2 c 2 o 3 c 3 o 4 • • • o s _ 4 c~ l o s b~ x o s . Then L is continuous 
by the definition of topological multi-group. We finally get a continuous mapping 
L : M G — > M G such that L(b ) = Lb = a. Whence, (Me] G) is homogenous. □ 

Corollary 6.4.1 A topological group is homogenous if it is arewise connected. 

A multi-subsystem (Mu] O) of (M G \ G) is called a topological multi-subgroup 
if it itself is a topological multi-group. Denoted by Mu < M G . A criterion on 
topological multi-subgroups is shown in the following. 

Theorem 6.4.2 A multi-subsystem (Mu] Ci) is a topological multi-subgroup of 
(M G ] G), where 0\ C O if and only if it is a multi- subgroup of (M G \ G) in alge- 
bra. 

Proof The necessity is obvious. For the sufficiency, we only need to prove that 
for any operation o G 0 1, a o b~ 1 is continuous in Mu- Notice that the condition 
(Hi) in the definition of topological multi-group can be replaced by: 

for any neighborhood Ny c (aob~ l ) of aob~ l in M G , there always exist neighbor- 
hoods Ny c (a ) and Ny a (b~ 1 ) of a and b~ l such that Ny c (a ) o Ny c (b~ l ) C Ny G (a o 
b- 1 ), where Ny G (a ) ° Ny c (b- 1 ) = {xoy\\tx G Ny G (a),y G Ny G (b~ 1 )} 
by the definition of mapping continuity. Whence, we only need to show that for 
any neighborhood Ny H (x o y~ L ) in Mu, where x, y G Mu and o G Ci, there exist 
neighborhoods Ny H (x) and Ny H (y~ 1 ) such that Ny H (x)o Ny H (y~ 1 ) C Ny H (xoy~ l ) 
in Mu- hi fact, each neighborhood Ny H (x o y~ l ) of so y~ l can be represented by 
a form N y G (x o r/ _1 ) n Mu- By assumption, (M G \ G) is a topological multi-group, 
we know that there are neighborhoods N y G (x ), N y G (y~ l ) of x and y~ l in M G such 
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that Ny G (x) oNy G (y 1 )cNy G (xoy 1 ). Notice that Ny G {x) Ny G (y 1 )C\J£h 

are neighborhoods of x and y -1 in 2*?#. Now let Ny H (x) = Ny G (x) fl ££h and 
Ny H {y~ x ) = Ny^y-^n^n. Then we get that N y H (x) o N y H (y~ l ) C Ny H (xoy~ 1 ) 
in i.e., the mapping (x,y) — > x o y is continuous. Whence, Of) is a 
topological multi-subgroup. □ 

Particularly, for the topological groups, we know the following consequence. 

Corollary 6.4.2 A subset of a topological group (T;°) is a topological subgroup if 
and only if it is a subgroup of (T; o) in algebra. 

For two topological multi-groups [5A Gl \G i) and (e5^G 2 ; £? 2 ), a mapping u : 
(2?gF &i) (t?c 2 5 6 f) is a homomorphism if it satisfies the following conditions: 

(1) a; is a homomorphism from multi-groups (J'gF @i) to (^g 2 ] ^ 2 ), namely, 
for Va, b E J^Gi and o e 0 1 , u(a o b) = u;(a)u;(o)u;(&); 

(2) a; is a continuous mapping from topological spaces 5Aq 1 to i.e., for 

Vx G ^Gi and a neighborhood {7 of u>(x), <u _1 (t/) is a neighborhood of x. 

Furthermore, if u : (J^gF &i) C^c 2 \ @ 2 ) is an isomorphism in algebra and 
a homeomorphism in topology, then it is called an isomorphism , particularly, an 
automorphism A (25^gF @ 1 ) = (^G 2 j ^ 2 ) between topological multi-groups (J^gF ^ 1 ) 
and (^g 2 ; ^ 2 )- 

Let (y G ; @) be an associatively topological multi-subgroup and ; C) one of 

m m 

its topological multi-subgroups with 5A G = IJ 2zf// = U”= 1 ^ and * = UKK 

2=1 2=1 

According to Theorem 2.3.1 in Chapter 2, for any integer i, 1 < i < m, we get 

m 

a quotient group i.e., a multi-subgroup (.%/ O) = 011 

2=1 

algebraic multi-groups. 

Notice that for a topological space S with an equivalent relation ~ and a pro- 
jection Ti : S — > S/ {NIVy e [x],y ~ x}, we can introduce a topology on S/ ~ 

by defining its opened sets to be subsets V in S/ ~ such that 7 r _1 (V) is opened in 
S'. Such topological space S/ ~ is called a quotient space. Now define a relation in 
(A'g; by a ~ b for a, 6 G L/ G providing b = h o a for an element h E 2zf# and an 
operation o E O. It is easily to know that such relation is an equivalence. Whence, 
we also get an induced quotient space 5^g/ ^h- 

Theorem 6.4.3 Let a ; : (J^gF ^ 1 ) — ► (^gA & 2 ) be an opened onto homomor- 
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phism from associatively topological multi-groups (S^gL @i) t° (^g 2 j @ 2 ), he., it 
maps an opened set to an opened set. Then there are representation pairs (Pi, Pi) 
and {R 2 T 2 ) such that 

(^GT, @ 1 ) I _ ^ (^ g 2 ; ^ 2 ) I 

(Kero;; 0f) (i?1,Pl) “ (J (0 2 );0 2 ) (i?2,P2) ’ 
where V\ C ^ 1 , P 2 C @ 2 , 1{@2) = {1 0 , 0 G ^ 2 } 

Keru; = { a E | u;(a) = 1 Q E T(0 2 ) }• 



Proof According to Theorem 2.3.2 or Corollary 2.3.1, we know that there are 
representation pairs (Ri,V 1 ) and (R 2 T 2 ) such that 

(£c,;g 1 ) . _ 4 (Pcyep . 

(Keru;; <?i) <Rl,ft) (X(0 2 ); 0 2 ) (R3 ’ ft) 

in algebra, where cr(a o Kero;) = cr(a) o _1 Z(<^ 2 ) in the proof of Theorem 2.3.2. We 
only need to prove that cr and cr ^ 1 are continuous. 

On the First, for x = a(a) o _ 1 X(^ > 2 ) E (xid yd) l(fl 2 p 2 ) ^ ^ be a neighborhood 
of cr ” 1 (a;) in the space b p s where U is a union of a o Kero; for a in an 

v > P (Kernel) '(Pimi)’ 

opened set 1/ and o e Pi. Since u is opened, there is a neighborhood V of x such 
that u(U) D V, which enables us to find that cr _ 1 (C) C U. In fact, let y E V. Then 
there exists y E U such that u(y) = y. Whence, cr _ 1 (i/) = y o Kero; E U. Therefore, 
a ” 1 is continuous. 

On the other hand, let V be a neighborhood of a(x) o _1 I(0 2 ) hr the space 
[X(d 'yd ) I(fl 2 P 2 ) ^ or x 0 Keru;. By the continuity of u, we know that there is a 
neighborhood U of x such that u{U) C V. Denoted by U the union of all sets 
z o Kero; for z E U . Then <r(U) C V because of lu(U) C V. Whence, a is also 
continuous. Combining the continuity of <7 and its inverse cr x , we know that o is 
also a homeomorphism from topological spaces 1^) to {R2 ,P 2 y □ 

Corollary 6.4.3 Let tv : (= 5 ^; 0) — > {srf ; o) be a onto homomorphism from a topolog- 
ical multi-group {5 ?g\ &) 1° a topological group {srf ; o). Then there are representation 
pairs ( R,P ), P C 0 such that 



(Sk; 0) | 

(Kero;; 0) (R ’ P) 
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Particularly, if & = {•}, i.e., •) is a topological group, then 

^ G /Keru; = (srf]o). 

, , m m 

A distributive multi-system (g/] ^ with srf — (J Mi, and 

i — 1 i= 1 

m 

= U {+*} is called a topological multi-ring if 
1=1 

(i) (Mp, +i, -j) is a ring for each integer z, 1 < i < m, i.e., (M, G\ ■— > ^ 2 ) is a 
multi-ring; 

(zz) is a combinatorial topological space /fc] 

(in) the mappings (a, b) — >■ a - t 6 _1 , (a, h) — > a +j (— ib) are continuous for 
Va, b G 1 < z < m. 

Denoted by (=5^; ^ <^ 2 ) a topological multi-ring. A topological multi-ring 

(S^g'i @ 1 ^ ^ 2 ) is called a topological divisible multi-ring or multi-field if the previous 
condition (z) is replaced by (Mp +j, -f) zs a divisible ring or field for each integer 
1 < z < m. Particularly, if m — 1, then a topological multi-ring, divisible multi-ring 
or multi-field is nothing but a topological ring, divisible ring or field. Some examples 
of topological fields are presented in the following. 

Example 6.4.3 A 1-dimensional Euclidean space R is a topological field since R is 
itself a field under operations additive + and multiplication x . 

Example 6.4.4 A 2-dimensional Euclidean space R 2 is isomorphic to a topological 
field since for V(x, y ) G R 2 , it can be endowed with a unique complex number x + iy, 
where z 2 = — 1. It is well-known that all complex numbers form a field. 

Example 6.4.5 A 4-dimensional Euclidean space R 1 is isomorphic to a topolog- 
ical field since for each point (x, y, z, w) G R 4 , it can be endowed with a unique 
quaternion number x + iy + jz + kw, where 

ij = —ji = k, jk = — kj = z, ki — —ik = j, 

and 

z 2 = j 2 = k 2 = — 1. 

We know all such quaternion numbers form a field. 

For topological fields, we have known a classification theorem following. 
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Theorem 6.4.4 A locally compacted topological field is isomorphic to one of the 
following: 

(i) Euclidean real line R, the real number field; 

(ii) Euclidean plane R 2 , the complex number field; 

(in) Euclidean space R 4 , the quaternion number field. 

Proof The proof on this classification theorem is needed a careful analysis for 
the topological structure and finished by Pontrjagin in 1934. A complete proof on 
this theorem can be found in references [Ponl] or [Pon2], □ 

Applying Theorem 6.4.4 enables one to determine these topological multi-fields. 

Theorem 6.4.5 For any connected graph G, a locally compacted topological multi- 
field (S^g'i ^ ^2) is isomorphic to one of the following: 

(■ i ) Euclidean space R, R 2 or R 4 endowed respectively with the real, complex 
or quaternion number for each point if |G| = 1/ 

(ii) combinatorial Euclidean space <oq(2, • • • , 2, 4, • • • , 4) with coupling number, 
i.e., the dimensional number fj = 1,2 or 3 of an edge (R\R J ) G E(G) only if 
i = j = 4, otherwise l t] — 1 if |Gj > 2. 

Proof By the definition of topological multi-field (Mg’, G\ > Gf), f° r an integer 
i, 1 < i < m, (M[\ +», • i ) is itself a locally compacted topological field. Whence, 
(Mg', G 1 ^ ^2) is a topologically combinatorial multi-field consisting of locally 
compacted topological fields. According to Theorem 6.4.4, we know there must be 

(M?i, +i, -j) = R, R J , or R 1 

for each integer i, 1 < i < m. Let the coordinate system of R, R 2 , R 4 be x, (y\, yf) 
and (zi, Z 2 , Z 3 , Z 4 ). If |G| = 1, then it is just the classifying in Theorem 6.4.4. Now 
let |Gj >2. For V(R l , R J ) G E(G ), we know that R* \ R J 7^ 0 and R J \ R' 7^ 0 by 
the definition of combinatorial space. Whence, i, j = 2 or 4. If i — 2 or j = 2, then 
lij = 1 because of 1 < fj < 2, which means l l3 > 2 only if i = j = 4. This completes 
the proof. □ 

6.4.2 Lie Multi-Group. A Lie multi-group is a smoothly combinatorial 

m 

manifold M endowed with a multi-group (sA(££g)\ 0(A£g)), where sA(A£q) = U 

i= 1 
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and &(S£q) = U{°*} such that 

i = 1 

(i) Oj) is a group for each integer i, 1 < i < m; 

0 ii ) G L [M ] = G- 

(in) the mapping (a, b) — > a 6” 1 is C^-differentiable for any integer i, 1 < 
i < m and Va, b 6 

Notice that if m = 1, then a Lie multi-group is nothing but just the Lie 
group in classical differential geometry. For example, the topological multi-groups 
shown in Examples 6.4.1 and 6.4.2 are Lie multi-groups since it is easily to know the 
mapping (a, b) — > a o b~ l is C^-differentiable for a, b e providing the existence 
of a o ft -1 . Furthermore, we give an important example following. 

Example 6.4.6 An n-dimensional special linear group 

SL(n, R ) = {M e GL(n, R) | det M = 1} 

2 

is a Lie group. In fact, let det M : R" — > R be the determinant function. We need 
to show that for M G det _1 (l), d(detM) ^ 0. If so, then applying the implicit 
function theorem, i.e., Theorem 3.2.6, SL(n, R) is a smoothly manifold. 

Let M = (a nj ) nyn . Then 

det M = signvr a l7r{1) ■ ■ • a n7r(n) . 

7T6Sti 

whence, we get that 

n 

d(detM) ^ ^ ^ ^ sigll7T (Zl 7 r(l) • ■ • Oj — lTr(j — ' ' ' ®n 7 r(n)^®j 7 r(j)- 
j = l 7rG5n 

Notice that the coefficient in da^ of the (i,j) entry in this sum is the determi- 
nant of the cofactor of a, t j in M. Therefore, they can not vanish all at any point 
of det _1 (l). Now since {da^} is linearly independent, there must be d(detM) ^ 0. 
So applying the implicit function theorem, we know that SL(n , R) is a smoothly 
submanifold of GL(n, R). Now let M G be a combinatorial manifold consisting of 
GL(ni,H), GL(n 2 , R), • • •, GL(n m , R) underlying a structure G. Then it is a Lie 
multi-group. 

Definition 6.4.1 Let J£ G be a Lie multi-group with ^/(J^ G ) = (J J4? 0 and 0(Jif G ) = 
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m ^ 

UM- For g G and o g a left or right translation L g or R g of 

i— 1 

is a mapping L gi R g : G(AMc) x £/(JF G ) —> -x/ (J2?c) determined by 

L g { o, h) = goh, or R g (h, o) = ho g 
for \/h G . 5 / (j£? c ) and a o g G(JFg) provided goh exists. 

Definition 6.4.2 d. vector field X on a Lie multi-group FGq is called locally left- 
invariant for o g G(JFg) if 

dL g X(o,x ) = X(L ff (o,x)) 

holds for Mg,x G and globally left-invariant if it is locally left-invariant for 
Vo G G{J£g) and Mg G 

Theorem 6.4.6 d. vector field X on a Lie multi-group SGq is locally left-invariant 
for o g G{L£g) (or globally left-invariant) if and only if 

dL g X(o,l 0 )=X(g) 

holds for \/g G Jrf? 0 (or hold for Mg G sM (^ g) and Vo g G(JFg) )■ 

Proof In fact, let o g G(J?g) and 9 £ ( or 9 £ If W is locally 

left-invariant for o G G(JXg), then we know that 

dL g X(o } 1 D ) = X{L g { o, 1 0 )) = X{g o 1 0 ) = X{g) 

by definition. Conversely, if 

dL g X{o,l 0 )=X(g ) 

holds for Mg G and o g G(FFg), let x G We get hat 

X(L g (o,x)) = X(gox) = dL gox X(o,l 0 ) 

= dL g o L x {X{o, 1 0 )) = dL g (dL x (X( o, 1 0 ))) 

= dL g X(o,x). 

Whence, X is locally left-invariant for o G G(JFg)- 

Similarly, we know the conditions for L£g being globally left- invariant. □ 



Corollary 6.4.4 A vector field X on a Lie group is left-invariant if and only if 

dL g X(lcf) = X{g) 
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for Mg £ . 

Recall that a Lie algebra over a real field, R is a pair (Y, [ , ]), where Y is a 
vector space and [ , ] : Y x Y — > Y with ( X , Y) — > [ X , Y] a bilinear mapping such 
that 

[aA + a 2 Y 2 , Y] = afXi, Y] + a 2 [X 2l Y], 

[X, a{Yi + a 2 Y 2 ] = ai [X u W] + a 2 [X 2l Y 2 \ 
for Vai, a 2 £ R and X, Y, Ad, X 2 , Y\, Y 2 £ Y . By Theorem 5.1.2, we know that 

[A', Y] = 0, 

[[A', Y], Z] + [[y, Z], X] + [[Z, X],Y] = 0 

for X,Y,Z £ JT(2z?g). Notice that all vector fields in forms a Lie algebra 

over R, where, for e J (-&g), p £ Y'g, f £ YX P and A, p £ R, these X + Y, XX 
and [X, Y] £ are defined by ( X + Y)f = Xf + Yf, (XX) f = A (A if) and 

[X : Y}v = X(Yf)-Y(Xf). 

Now for a o g ^(2zf G ), define 

2)(o,j Y’g) = { X £ Y'(Y C ) | dL g u( o,x) = X(L g (o, x)), Mx £ Yf] 

and 

Zj(Jf G ) = {X £ 3L(^ G )\dL g X(o,x) = X(L g (o,x)),Wo £ G(& g ) and Mx £ JT 0 }, 

i.e., the sets of all locally left- invariant vector fields for an operation o on .Yf ; and of 
all globally left- invariant fields. We can easily check that 2)(o,J?g) is a Lie algebra. 
In fact, 

dig( XX + pY) = XdLgX + pdLgY = XX + /jY, 



and 



dL g [X,Y}( o,x) = dX(Y(gox))-dY(X(gox)) 

= dX(dY(gox)) - dY(d(X(gox))) 

= dX o dY(g ox ) — dY o dX(g o x) 

= [dZgX(o,x),dlgY(o,x)} = [dlgX,dLgY](o,x). 
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Therefore, 2}(°, JYg) is a Lie algebra. By definition, we know that 

Whence, 2 )(J&g) is also a Lie algebra by definition. 

Theorem 6.4.7 Let TYq be a Lie multi-group. Then the mapping 

oG^ o£0 

determined by $(2T) = X(l 0 ) if dL g X( o,x) = X(L g (o,x)) for Mx G J4? 0 Is an 
isomorphism of 0 2)(o,JZf G ) with direct sum ofT lo (J/? G ) to Jf G at identities 1 D for 

°e0(S? G ). 

Proof For an operation o G we show that $| : 2)(o ,Jf G ) — > T lo (JY G ) 

is an isomorphism. In fact, is linear by definition. If <t>\jg> 0 (X) = <f>| jp 0 (Y), then 
for Mg G we get that X(g) = dL g (X( o, 1 0 )) = dL g (Y( o, 1 D )) = Y(g). Hence, 
X = Y. We know $| ^ is injective. 

Let IF G T lo (Jf? 0 ). We can define a vector field X on L£ G by X : g — > 
L g (o, IF) = X(g) for every g G J4? 0 - Thus, X(l 0 ) = L lo W = W. Such vector 
field is left invariant. In fact, for g\ , g 2 G we have 

W(Z 91 (^ 2 )) = X{ gi g 2 ) = dl gig2 (W ) = dZ 9l o dZ 92 (W) = dL 9l X(g 2 ). 

Therefore, for IF G T lo (jY 0 ), there exists a vector field X G 2 )(o,Jz? G ) such that 
<F|jr o P0 = IF, i.e., is surjective. Whence, $|^ 0 : 2)(o,jgf G ) -> T lo (^ G ) is an 
isomorphism. 

Now extend linearly to 0 2 )(°)=^g)- We know that 

oG^ 

4>:®2)(o,^ G )^®T lo (J%) 

oG^ oG^ 

is an isomorphism. □ 

Corollary 6.4.5 Let & be a Lie group with an operation o. Then the mapping 
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determined, by $(^0 = -A(l^) if dL g X(o,x) = X(L g ( o,x)) for\/x £ Sf is an iso- 
morphism of 2)(o,£f) with Ti w (Sf) to Sf at identity 1 y. 



For finding local form of a vector field X 6 SE (Jz?g) of a Lie multi-group Jf G 
at a point p £ J? G , we have known that 



X 



“13 



(p)]s(p)> 



s(p) > 




d 

aij dfC' 



by Theorem 5.1.3, where x d = x jl for 1 < i, j < s(p), 1 < l < s{p). Generally, we 
have the following result. 



Theorem 6.4.8 Let JX G be a Lie multi-group. If a vector field X £ is 

locally left-invariant for an operation o £ €?(JF G ), then, 

s(p) n s(p) 

X p = X] aij ^dFJ 

i= 1 j = 1 



with _ 

a ij\^g\°iP )) ~ / , a ij(p) l«=p 

for g,p £ F£ G . Furthermore, X is globally left-invariant only if it is locally left- 
invariant for Vo g <?(2Sf G ). 



Proof According to Theorem 5.1.3, we know that 

df(y) ] 

dyi 



X{gop)f(y ) = ^a !j (go| ) )- 



|j/= ff op 



and 



(dL a X) p (°,f( V )) 



by definition. Notice that 



£>{f{L g )(o,y)) 

dip 



y=p 



Xp(fLg) (°Ly) 

d{fLg){°i y) I 

Z^ a h dy ij \v=p 

d(/(-£'s)(°>2/))i 

Z^ a h lw= 



E 

S 

E 

S 



df(g o i/) d(g o s/)“ 

d(g o ?/)* s dyL 



y=p 



df(y) i d(goy) is t 
dyis \y=9°v dy ii \y=p- 
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By assumption, X is locally left-invariant for o. We know that X(g °p)f(y) = 
(dLgX) p (o, f(y)), namely, 

2_^ a ij(gop) \y=gop - a is{p) Qy is I y=p) Q yis \y=gop- 

3 is 

Whence, we finally get that 

(j ^\\ t„\ dLg{°i y)^ | 

a ij\Lg{°iP)) ~ / j a ij\P) Qyij I y=p 

□ 

Example 6.4.7 Let R(ni, ■ ■ ■ , n m ) be a combinatorial Euclidean space consisting 
of R ni , • • ■ , R" m . It is a Lie multi-group by verifying each operation +j, 1 < i < m 
in Example 6.4.1 is C^-differentiable. For this combinatorial space, its locally left- 
invariant L g for +j is 

L g (+i,p) = 9 +iP- 

Whence, a locally left-invariant vector held X must has a form 

m rii rv 

i=i j= i 

In fact, by applying Theorem 6.4.8, we know that 

Cij(g +iP) = Y1 Cis ^ d %x^ = S Cis(j) ^ 

s s 

for Vg,p G R(ni, • • • , n m ). Then, each c G - (p) is a constant. Otherwise, by Theorem 
3.2.6, the implicit theorem we know that there must be a C'°°-mapping h such that 
g = h(p), a contradiction. 

6.4.3 Homomorphism on Lie Multi-Group. Let 22 ? Gl and 2z?c 2 be Lie 
multi-groups. A topological homomorphism oj : 22 ? Gl — > J 2 ? G2 is called a homo- 
morphism on Lie multi-group if uj is C°° differentiable. Particularly, if J 2 ? G2 = 
${GL{ni, R), GL{rt 2 , R), • ■ • , GL(n m , R)), then a homomorphism uj : J 2 ? Gl — > 2zf G2 
is called a multi-representation of a- 

Now let 2 )j be one Lie algebra of 22 f Gi for i=l or 2. A mapping w : 2)i — > 2) 2 
is a Lie algebra homomorphism if it is linear with 
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w[X,Y } = [w(X),w(Y)\ for MX, Y G 

Particularly, if 2)2 = %)(GL(n, R)) in case, then a Lie algebra homomorphism w is 
called a representation of the Lie algebra 2}i- Furthermore, if zzj : 2)i — ^ 2) 2 is an 

VJ 

isomorphism, then it is said that 2)i and 2)2 are isomorphic, denoted by 2}i — 2)2- 
Notice that if u : JY'c, — > is a homomorphism on Lie multi-group, then since 

u; maps an identity 1 0 of JXq, to an identity 1^( 0 ) of for an operation o e 
Whence, the differential du of u at 1 Q G LY > c l is a linear transformation of T\ 0 YYq x 
into T Uo) ^ G2 . By Theorem 6.4.7, du naturally induces a linear transformation 

du : 2)i — > 2} 2 

between Lie algebras on them. We know the following result. 



Theorem 6.4.9 The induced linear transformation du : %) 1 — > 2)2 a Lie algebra 

homomorphism. 

Proof For VX, he J (22f Gl ) and / G we know that 



(du[X,Y]f)u 



[X,Y](fu) = X(Y (fu)) - Y(X(fu)) 
X(dY(fu)) - Y(d(X(fu))) 
(duX(duYf) - duY{duXf))(u) 
[duX, duY](f). 



Whence, we know that du[X,Y\ = [duX, duY], □ 

Let 22?Gi be Lie multi-groups for i — 1 or 2. We say 2z? G i is locally C°°- 
isomorphic to 2zf G2 if for Vo g €?(2zf Gl ), there are open neighborhoods U} and Uf,, 
of the respective identity 1 D and l w ( 0 ) with an isomorphism u : U] — »■ Uf,, of C°°- 
diffeomorphism, i.e. , ifa,b G U], thenaob G Uf if and only ifu(a)u(o)u(b) G f7L 0 

UJ 

with u{aob) = u(a)u(o)u(b), denoted by 2*? G] = J£q 2 . Similarly, if a Lie algebra ho- 
momorphism G7 : 2)i — > 2)2 is an isomorphism, then it is said that 2)i is isomorphic 

ZU 

to 2)2, denoted by 2)i = 2)2- For Lie groups, we know the following result gotten 
by Sophus Lie himself. 



Theorem 6.4.10(Lie) Let 2), fee a Lie algebra of a Lie group for % — 1, 2. T/ien 

a; dco 

= f#/" if and only if 2)i = 2^2- 

This theorem is usually called the fundamental theorem of Lie, which enables 
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us knowing that a Lie algebra of a Lie group is a complete invariant of the local 
structure of this group. For its a proof, the reader is refereed to references, such as 
[Ponl] or [Varl] for examples. Then what is its revised form of Lie’s fundamental 
theorem on Lie multi- groups? We know its an extended form on Lie multi-groups 
following. 

Theorem 6.4.11 Let 2)(o,Jf Gi ) be a Lie algebra of a Lie multi-group Jz? Gi for a 

lj du 

O e i = 1,2. Then Jz?4 = 2Sf^ a if and only */2)( o,jgf Gl ) = 2)(a;(o),2gf G2 ) 

for Vo e <^(j£? Gl ). 

Proof By definition, if Jzfjj = 2z? Ga , then for o E ^(2zf Gl ), the mapping 
du; : 2)(o,J? Gl ) 2)(w(o),^f G2 ) 

duj 

is an isomorphism by Theorem 6.4.9. Whence, 2)(o,Jf Gl ) = %)(uj(o ),J? G2 ) for Vo e 
^Oi)- 

du 

Conversely, if 2 )(°,~^Gi) — 2)(u;(o), J 2 ? G2 ) for Vo e £?(.5f Gl ), by Theorem 6.4.10, 
there is an isomorphism uj : U' U‘^ o) of (7°°-diffeomorphism, where Uf and C//L n 
are the open neighborhoods of identities 1 D and l w ( 0 ), respectively. By definition, we 
know that Ok S?g 2 . D 

6 . 4.4 Adjoint Representation. For any operation o e <^(2zf G ), an adjoint 
representation on of a Lie multi-group J?f G is the representation ad°(a ) = di° a : 
2z? g — > L(2)(°, =2g), 2j(°> =^g)) with an inner automorphism i° a : L£ G — > Jzf G of 22 ? G 
defined by i° : Jz? G — > «J§f G ; x — > a o x o a” 1 for a E 22 ? G . If W, X 2 , • • • , X ( is a basis 
of 2}(°,2^ g ), then the matrix representation of ad°(a) = ( aij) sxs is given by 

S 

ad°(a)Xi = di° a Xi = ^ a ji{a) o X r 
i=i 

By Theorem 6.4.9, the differential of the mapping ad°(a ) : 22? G — > Aut(2)(o, 2§? G )) is 
an adjoint representation of 2)(o, 2?? G ), denoted by Ad° : 2)(o, J 2 ? G ) — > %)(GL(n, R)). 
Then we know that 

Ad°(X) o Y = X o Y - Y o X = [X, Y]\ 0 
in the references, for example [AbMl] or [Wesl]. 

6.4.5 Lie Multi-Subgroup. A Lie multi-group jSf# is called a Lie multi- subgroup 
of T£ g if 
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(i) is a smoothly combinatorial submanifold of 2 z?g, and 

(ii) JZ'h is a multi-subgroup of in algebra. 

Particularly, if is a Lie group, then we say it to be a Lie subgroup. The next 
well-known result is due to E. Cartan. 

Theorem 6.4.12(Cartan) A closed subgroup of a Lie group ia a lie group. 

The proof of this theorem can be found in references, for example, [Ponl] or 
[Varl], Based on this Cartan’s theorem, we know the following result for Lie multi- 
subgroups. 

Theorem 6.4.13 Let be a Lie multi-group with conditions in Theorem 5.1.1 

m m 

hold, where sY(JY’g) — U ^ an< ^ — U{°*}- Then a multi- subgroup (M 1 -, O) 

i= 1 i= 1 

of L£ g is a Lie multi- group if 

(i) (dYP\ CT) 1 0i is a closed subgroup of (stf ; &)\ Qi for any integer i , 1 < i < m. 

(ii) H is an induced subgraph of G. 

Proof By the condition (ii) , we know that (JiP\ O) is still a smoothly combina- 
torial manifold by Theorem 5.1.1. According to Cartan’s theorem, each (Jt?;0)\ 0i 
is a Lie group. Whence, (JY; O) is a Lie multi-group by definition. □ 

6.4.6 Exponential Mapping. Notice that (R; +) is a Lie group by Example 
6.4.1. Now let R be a Lie multi-groups with 

~ m 

sY (R) = (J R, and <^(R) = {+;, 1 <i< m}, 

1=1 

where Rj = R and +* = +. A homomorphism p : R —*■ T£ G on Lie multi-groups, 
i.e. , for an integer i, 1 < i < m and Vs, f 6 R, p(s+jt) = p(s)o i p(t), is called a one- 
parameter multi- group. Particularly, a homomorphism p : R — > £Y G is called a one- 
parameter subgroup, as usual. For example, if we chosen a o G &(L£g) firstly, then 
the one-parameter multi-subgroup of 2 z?g is nothing but a one parameter subgroup 
of (M'o, o). In this special case, for MX, Y E 3E (M) we can define the Lie derivative 
L X Y of Y with respect to X introduced in Definition 5.7.2 by 

L x Y(x) = lim^[p* t Y(p t (x)) -Y(x)] 

for x G M , where {pt} is the 1-parameter group generated by X. It can be shown 
that this definition is equivalent to Definition 5.7.2, i.e., L X Y = XY — YX = [X, Y]. 
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Notice that (R; +) is commutative. For any integer i, 1 < i < m, we know that 
(fit) o i<p(s) = ip(s+it) = <p(s) o i.e., {<p(t),t G R} is a commutative subgroup 
of (J% f ; Oj). Furthermore, since (^(O)oj^(t) = <^(0+jt) = <p(t), multiplying by pi^f. 1 
on the right, we get that 99 ( 0 ) = l Qi . Also, by (fit) o i (f(—it) = (fi—{t ) if ft) = 
<£>(* -j £+*) = <^(0 +i ) = l Qi , we have that (f^(t) = c p{~it ). 

Notice that we can not conclude that l Ql = 1 02 = • • • = l 0m by <^(0 +1 ) = 
<f( 0 +2 ) = • • • = <^(0 +m ) in the real field R. In fact, we should have the inequalities 
<^(0 +1 ) 7 ^ <^(0+ 2 ) 7 ^ • • • 7 ^ <^(0 +m ) in the multi-space R by definition. Hence, it 
should be lo^ / lo 2 ~f~ * * * ~f~ lo m . 

The existence of one-parameter multi-subgroups and one-parameter subgroup 
of Lie multi-groups is obvious because of the existent one-parameter subgroups of 
Lie groups. I 11 such case, each one-parameter subgroup ip : R — > Sf is associated 
with a unique left-invariant vector field X G 2)(Sf) on a Lie group by 



X(1 



df(<f(t)) 



Therefore, we characterize the combinatorial behavior on one-parameter multi- 
subgroups and one-parameter subgroups of Lie multi-groups. 

, m 

Theorem 6.4.15 Let J£ G be a Lie multi-groups with srf ( 2 &f G ) = (J ^ and i^( 2 z? g ) = 

i— 1 
m 

U{ 0 *}- Then, 

2=1 

(i) if <P ■ R — > L£q is a one-parameter multi- subgroup, then G[(^(R)] is a 
subgraph of G, and G[y?(R)] = G if and only if for any integers i,j, 1 < i, j < m, 
J4?i fl M’j 7 ^ 0 implies that there exist integers s,t such that ip{s), ipit) G <^(R; +*) D 
<^(R; +j) with ipit) Oj (f[s) = if ft) Oj ip(s) holds; 

(ii) if if : R — > T£ G is a one-parameter subgroup, i.e., R = R, then there is an 
integer i 0 , 1 < i 0 < m such that y?(R) -< o io ). 

Proof By definition, each <^(R, +j) is a commutative subgroup of {Jiff, of) for 
any integer 1 < i < m. Consequently, <^(R) is a commutative multi-subgroup of 
22 ?g. Whence, G[^(R)] is a subgraph of G by Theorem 2.1.1. 

Now if G[yj(R)] = G , then for integers i,j, M'iOM’j 7 ^ 0 implies that y?(R; +*) fl 
<^(R; +j) 7 ^ 0. Let <f(s), <p(t) G <^(R; +*) fl yp(R; +j). Then there must be <p(s) o i 
(fit) = if is +i t) = ipis + t) — if is +j t) = if is) Oj (fit). That is the conclusion (z). 
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The conclusion (ii) is obvious by definition. In fact, o io = <p(+). □ 

Let <p : R — > 2zf G be a one-parameter multi-subgroup of TY G . According to 
Theorem 6.4.15, we can introduce an exponential mapping exp following: 

exp: 0 2)(o ,se G )xe{<e G )^& G 

OG e{se G ) 

determined by 

exp(W,o) = cp x ( 1 0 ). 

We have the following result on the exponential mapping. 

Theorem 6.4.16 Let ip : R — > S£q be a one-parameter multi-subgroup. Then for 
o g &{££g) with <p(+) = o, 

(*) <Px(t) = exp (At, o); 

(ii) (exp^JY, o)) o (exp(t 2 A", o)) = exp((f! + t 2 )X, o) and, 
exp(f^ 1 W, o) = exp -1 (AY, o). 

Proof Notice that s — > p>x(st ), s,t G R is a one-parameter subgroup of Jzf G . 
Whence, there is a vector field Y G 2)(o,J? G ) such that 

<Py(s) = <px(st) with Y = dipy(-r )■ 

ds 

Furthermore, we know that dip t x(j;) = tX. Therefore, ip t x = Tx(st). Particularly, 
let s = 1, we finally get that 

exp (AY, o) = (p tx ( 1 0 ) = <px(t), 

which is the equality (*). 

For (ii), by the definition of one-parameter subgroup, we know that 

(exp(tiX, o)) o (exp(t 2 X, o)) = ip x (ti) ° ip x (t 2 ) = <Px(ti + t 2 ) 

= exp((t 1 + t 2 )X,o) 

and 

exp(f“ 1 X, o) = ipxitf 1 ) = feW ); 1 = exp -1 (AY, o). 

□ 
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For an n-dimensional R- vector space V, A?g is just a Lie group GL(n, R). In 
this case, we can show that 

(txy 



exp (tX, o) = e‘ x = W 



i=0 



n\ 



where X 1 — X o • • • o X for X E 2 )(GL(n, R) ) . To see it make sense, namely the 
righthand side converges, we show it converges uniformly for X in a bounded region 
of GL(n , R). In fact, for a given bounded region A, by definition there is a number 
N > 0 such that for any matrix A = (xij(A)) nXn in this region, there are must be 
|x^(A)| < N. Whence, \xij(A k )\ < n k ~ 1 N k . Thus, by the Weierstrass M- test, each 
of the series 

x i:j (A k ) 



E 

fc= o 

is converges uniformly to e Xij . Whence, 



k\ 



pA — (p x ijA)\ — \ 

c Jnxn — / 

Example 6.4.8 Let the matrix X to be 



k = 0 



w 

k\ 



x = 



0-10 
1 0 0 

0 0 0 



A direct calculation shows that 
tx 



e = 



r t 2 X 2 t 3 X 3 

-^3x3 + H — h 



2 ! 



3! 



+ 





0 


-1 


0 












t 2 


-^3x3 + t 


1 


0 


0 


+ 2! 




0 


0 


0 






+ • 




-(t 


+ 

1 


(*-f 


+ • 




(1- 


t 2 

2! 



0 

0 



0 0 

-1 0 

0 0 



t 3 


1 

O 


1 


1 

o 


+ 3! 


-1 


0 


0 




0 


0 


1 

o 



H 



0 

cos t — sin t 0 
sin t cos t 0 

0 0 1 



0 

0 

1 
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For a Lie multi-group homomorphism uj : «^b 2 > there is a relation 

between u ;, cLu and exp on a o g J£g x following. 

Theorem 6.4.17 Let uo : T£g x — > T£g 2 be a Lie multi-group homomorphism with 
u( o) = • e G(J^ G2 ) f or ° £ G(J?Gi)- Then the following diagram 

C/> G) CS) 

~&G\ ** ^C' 2 

exp exp 

9(°,^c,) — 



zs commutative. 

Proof Let X G 2)(°,-^Gi)- Then t — > cn(exp(tX, o)) is a differentiable curve in 
2 z?g 2 whose tangent vector at 0 G R is gLAT( 1 0 ). Notice it is also a one-parameter 
subgroup of 2z?g 2 because of u; a Lie multi-group homomorphism. Notice that t — > 
exp (tcLu(X), o) is the unique one-parameter subgroup of L£q 2 with a tangent vector 
dcn(A")(l 0 ). Consequently, cn(exp(fX, o)) = exp(tdu;(X), o) for Vi G R. Whence, 
a;(exp(X, o)) = exp(da;(X), o). □ 

6.4.7 Action of Lie Multi-Group. We have discussed the action of permutation 
multi-groups on finite multi-sets in Section 2.5. The same idea can be also applied 
to infinite multi-sets. 

Let M be a smoothly combinatorial manifold consisting of manifolds of Mi, M2, 

m 

■ ■ ■ , M m and SGq a Lie multi-group with (^(JzfcO; G(Jfc)), where £^{T£g) = IJ 

i= 1 

m , 

and = (J {oj}. The Lie multi-group 2 z?g is called an action on M if there is a 

1=1 

differentiable mapping <f> : ££ G x M x G(J^g) M determined by f>(g, x, of) = go t x 
for g G x G M h 1 < i < m such that 

(z) for Vx, y G Mi and g G g Oj x, g Oj y G g Oj Mj a manifold; 

(**) (,9 i °* 92 ) °i x = gi 0^ (.92 Oj x) for g 1: g 2 e 
(zzz) 1 Q . Oj X = X. 

In this case, the mapping x — > g o x for o g €?(2z?g) is a differentiable mapping 
on M. By definition, we know that 9” 1 0(9 ox) = go(g~ 1 ox) = l c ox = x. Whence, 
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x — > gox is a diffeomorphism on M . We say 22 ?g is a faithful acting on M if gox = x 
for Vx G implies that g — 1 Q . It is an easy exercise for the reader that there are 
no fixed elements in the intersection of manifolds in M for a faithful action of 
on M. We say 2 z?g is a freely acting on M if g o x — x only hold for g — 1 0 . 

Define (SFg) Xo = {g G SFc\g ° xq = xo}. Then (22 ?g)£ 0 f° rms a subgroup of 
(Jzfc)- I 11 fact; if g ° x 0 = x 0 , we hnd that g” 1 o (g o x 0 ) = g^ 1 o x 0 . Because of 
g~ l o (g o xq) = (g” 1 o g) o x 0 = 1 0 o x 0 = x 0 , one obtains that gf l o x 0 = x 0 . Whence, 
& 1 G (J? G )° 0 . Now if g,h e (Sf G )° 0 , then (50/1)0x0 = g o (h o x 0 ) = x 0 , i.e., 
g o h G (Jfc)xo- Whence, (S?g)° Xo * s a subgroup of Jf G . 

Theorem 6.4.18 For Vo g 6{& g ), (^h)gox = 9° (^g)° x ° &T 1 - 

Proof Let h G (=S?g)k- Then we know that g o h o g~ l ogox = gohox = 
go(hox) = gox, which implies that go (S^g)%° gff 1 C (Sfa)gox- Similarly, the same 
argument enables us to hnd gf l o(J£ G )° gox og c (Sf G )°, i.e., (Sf G )° ox c 9 °(^g) x °9o 1 - 
Therefore, (St ? G )° g o X =9° (&g)% 0 9f l - □ 

Corollary 6.4.6 Let & be a Lie group, x G . Then & gx = g^g” 1 

Analogous to the finite case, we say that S£q acts transitively on M if for 
Vx,y G M, there exist elements g G 2 z?g and o G @(S?g) such that y = g ox. A 
smoothly combinatorial manifold M is called a homogeneous combinatorial manifold 
if there is a Lie multi-group 2 z?g acting transitively on M. If M is just a manifold, a 
homogeneous combinatorial manifold is also called a homogeneous manifold. Then 
we have a structural result on homogeneous combinatorial manifolds following. 

Theorem 6.4.19 Let M be a smoothly combinatorial manifold on which a Lie 
multi-group 2 z?g acts. Then M is homogeneous if and only if each manifold in M is 
homogeneous. 

Proof If M is homogeneous, by definition we know that 2 £?g acts transitively 
on M, i.e., for Vx,y G M, there exist g G SF G and an integer i,l < i < m such 
that y = 9 Oj x. Particularly, let x, y G M % . Then we know that g G Whence, 
2 z?g|j^ = Oj) is transitive on Mi, i.e., Mj is a homogeneous manifold. 

Conversely, if each manifold M in M is homogeneous, i.e. a Lie group acts 
transitively M, let x, y G M. If x and y are in one manifold Mj, by assumption 
there exists g £ ^ Mi with g : x — > g o t x differentiable such that g Oj x = y. Now if 
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x G Mi but y G Mj with % j, 1 < i, j < m, remember that G L [M] is connected, 
there is a path 

P(Mi, Mj) = M ko M kl M k2 • • • M kl M kl+1 

connecting Mi and Mj in G L [M], where M ko = Mi, M kl+1 = Mj. Choose x t G 
M k . D M ki+1 , 0 < i < l. By assumption, there are elements gi G ^M k . such that 
9i °ki = %i+ 1 - Now let g G and h G such that g 0 o t x = x 0 and h o j xi = y. 
Then we hnd that 



(h o j gi o kl gi _ x o fci _ i ■ • • g 2 o k2 gi o kl g 0 ) o { x = y. 



Choose g = tiOj g x o kl g^ o kli • • • g 2 o k2 g x o kl g 0 G JSf G . lt is differentiable by 
dehnition. Therefore, M is homogeneous. □ 

If Jz?g acts transitively on a differentiable M, then M can be obtained if knowing 
Jz?G and stabilizers (J?g)x, ° £ G(M'g) of JCg at x G M in advance. In fact, we have 
the following result. 

Theorem 6.4.20 Let M be a differentiable combinatorial manifold consisting of 
manifolds M 0i , 1 < i < m, < S 0i a Lie group acting differentiably and transitively 
on M 0 .. Chosen x^ G M 0 ., a projection 7T* : £f 0i — * then the mapping 

: @oi —■ > M 0 . determined by qfg) = g o { x for g G < S 0i induces a diffeomorphism 

m m 

V® ».,/(%,)* -®M OI 

i— 1 i=l 

with q — • • • ,9 m ) an d 9i^i = 9i- Furthermore, q is a diffeomorphism 

9 : C£g! (CCg)a — > M, 

where A = {x*, 1 < i < m} and Xi G M, \ (M \ Mi), 1 < i < m. 

Proof For a given integer i,l < i < m, let g G £f 0i . Then for \/g’ G {fS 0 f) x , we 
have that g °i g' £ g °i (& 0i )x and q(g g') = q(g). See the following diagram on the 
relation among these mappings q t , 7Tj and q t . 
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M 0 . 



*)* 

Thus the mapping 7 x^g) = goi(& 0 .) x q^g) determines a mapping q t : (t? 0i ) x — > 

M 0 . with q^fg) = qfg). Notice that 7 t* : £f 0 . — > ^ 0 J(f^ 0 .) x induces the identification 
topology on Sf 0i /(^ 0i ) x by 

U C ojx open if and only if -Kf l {U) is open in £f 0i . 

Then we know that 7; and are differentiably bijections. Whence, ^ is a diffeo- 
morphism 

- M or 

m 

Extending such diffeomorphisms linearly on (££)£f 0 ./(^ ' 0 .) x , we know that 

i= 1 

m m 

7:03 ;,/(%,), 

2=1 2=1 

771 771 

is a diffeomorphism. Let Xj G A. Notice that — U ^o 4 , (^g)x = U (^°,.)x, 

2=1 2=1 

, m 

M = [J Mi and 
2=1 

m 

*g/{#g ) a = U VotW '<J.- 

2=1 

Therefore, we get a diffeomorphism 

S : ^g/(^g) a -► M. □ 

Corollary 6.4.7 Let M be a differentiable manifold on which a Lie group acts 
differentiably and transitively. Then for x E M , a projection tt : i/ie 

mapping q : — > M determined by q(g) = gx for g E induces a diffeomorphism 

q : -> M 

with qn = q. 

We present some examples for the action of linear mappings on the complex 
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plane C, which is isomorphic to R 2 . 

Example 6.4.9 Let C be a complex plane and the group £} of C consisting of 
/ : C — > C by f(z ) = az + b, a, b G C and a ^ 0 for z G C. Calculation shows that 

i?o = { az | a 7 ^ 0 }, 

where O = (0, 0). 

Example 6.4.10 Consider that action of the linear group SL( 2, R) on the upper 
half plane 



C + = { x + iy e C I y > 0 }. 



Notice that an element / G SL(n , R) has a form 
/ = [ 

c 

with a transitive action 

on a point z G C + . Let z — i G C + . We determine the stabilizer SL( 2, R)j. In fact, 

az + b . . . 

= z implies that az + b = — c + at. 

cz + d 

Whence, a = d and b = —c. Consequently, we know that ad — be == a 2 + b 2 = 1, 
which means that 



b 

d 



, a, b, c, d G R, ad — be = 1 



/(*) = 



a^ + b 
cz + d 



a b 




cos 0 


— sin 6 


c d 




sin 6 


cos 6 



i.e., a rigid rotation on R 2 . Therefore, R), = S'0(2, R), the rigid rotation 

group consisting of all 2 x 2 real orthogonal matrices of determinant 1 . 



§6.5 PRINCIPAL FIBRE BUNDLES 

6.5.1 Principal Fiber Bundle. Let P, M be a differentiably combinatorial 
manifolds and a Lie multi-group ^(=^g)) with 

ms m m 

P = U Pi, M = U Mi, ^ V G ) = 1J C^g) = U{°*}- 

i=l 2—1 i=l i= 1 
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A differentiable principal fiber bundle over M with group T£ G consists of a dif- 
ferentiably combinatorial manifold P, an action of on P satisfying following 
conditions PFB1-PFB3: 

PFB1. For any integer i, 1 < i < m, M > 0i acts differ entiably on P, to the 
right without fixed point, i.e., 



(x, g) G P{ x — > x Oj g g Pi and x o t g = x implies that g = l 0i ; 



PFB2. For any integer i, 1 < i < m, M 0i is the quotient space of a covering 
manifold P G II _1 (M 0i ) by the equivalence relation R induced by M" 0i : 



Pi = {{x,y) G P Qi x P 0i \3g G J4? 0i => x o t g = y}, 

written by M 0 . = P 0 ./Jj? 0i , i.e., an orbit space of P Q . under the action of 
These is a canonical projection II : P — ► M such that II,; = n|p o . : P Q . — > M 0 . 
is differentiable and each fiber II^ 1 (x) = {p Oj g\g G M^^Tlfip) = x} is a closed 
submanifold of P Qi and coincides with an equivalence class of R,; 

PFB3. For any integer i, 1 < i < m, P G n _ 1 (M 0i ) is locally trivial over 
M 0 ., i.e., any x G M 0 . has a neighborhood U x and a diffeomorphism T : II -1 (CA) — > 
U x x with 



UUx) = Tf : n f\U x ) ^U x x JKp, X 



ln r (t/*) 



rj 10. 



X. 



= (lid 



x 



(*)), 



called a local trivialization (abbreviated to LT) such that e(x o t g) = e(x) o i g for 
\/g G e(x) e 

We denote such a principal fibre bundle by P(M, T£g) ■ If m — 1, then P(M, J %q) 
P(M,Jjf), the common principal hber bundle on a manifold ill. Whence, the exis- 
tence of P(M, Jz? G ) is obvious at least for m = 1. 

For an integer i, 1 < i < m, let Tf : Ylf x {U u ) — » U u x Tf : n^ 1 (P y ) — > 
U v x M > 0i be two LTs of a principal hber bundle P(M, TFg). The transition function 
from Tf to Tf is a mapping l g uv : U u nU v — > J^ 0i dehned by l g uv (x ) = e u {jp) °iej l (p) 
for Vx = II,; (p) G U u r)U v . 

Notice that l g uv {x) is independent of the choice p G II^x) because of 



£u(p°ig)°ie v 1 (p°ig) = e u (p) o ig0i (e„(p) o ig ) 1 

= e u (p) 0 ^ g 0i gf 1 o* e" 1 ^) = e u (p) o { effip). 
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Whence, these equalities following are obvious. 

(*) l 9uu(z) = lo i for Vz G U u \ 

(ii) l 9vu{z) = l 9uvi z ) for V 2 e U u n U v ] 

(in) l 9uv(z) °i l g V w(z) °i l 9wu(z ) = l Di for Vz G f/ n D fl U w . 

A mapping A : [/ — > P for any opened set U G M is called a local section of a 
principal fiber bundle P(M, ££q) if 

IIA(x) = II(A(x)) = x for Vx G U, 

i.e. , the composition mapping flA fixes every point in U. Particularly, if U = M, a 
local section A : U — ■> P is called a global section. Similarly, if U = if for a local 
trivialization T : fl _1 (f/) — > U x then T is called a global trivialization. A 
relation between local sections and local trivializations is shown in the following. 

Theorem 6.5.1 There is a natural correspondence between local sections and local 
trivializations. 

Proof If A : U — > P is a local section, then we define T : II~ 1 (f/) — > U x J£q 

for integers 1 < i < m by Tf(A(x) o t g) = (x, g) for x G U x C M t . 

Conversely, if T : II _1 ([/) — > U x is a local trivialization, define a local 

section A : U — ■> P by A(x) = (T i n ) _1 (x, l 0i ) for x G U x C M t . □ 

6.5.2 Combinatorial Principal Fiber Bundle. A general way for constructing 
principal fiber bundles P(M, Jz?g) over a differently combinatorial manifold M is 
by a combinatorial technique, i.e., the voltage assignment a : G L [M] — » 0 over a 
finite group 0. In Section 4.5.4, we have introduced combinatorial fiber bundles 
(M*, M,p, 0) consisting of a covering combinatorial manifold M*, a finite group 0, 
a combinatorial manifold M and a projection p : M* — > M by the voltage assignment 
a : G L [M ] — > 0. Consider the actions of Lie multi-groups on combinatorial mani- 
folds, we find a natural construction way for principal fiber bundles on a smoothly 
combinatorial manifold M following. 

Construction 6.5.1 For a family of principal fiber bundles over manifolds M 1; M 2 , • • • , 
Mi, such as those shown in Fig. 6.5.1, 
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tXC/02 

I I 




l 

\ 







Fig. 6. 5.1 



where Jt? 0i is a Lie group acting on PM t for 1 < i < l satisfying conditions PFB1- 
PFB3, let M be a differentiably combinatorial manifold consisting of Mi, 1 < i < l 
and ( G L [M],a ) a voltage graph with a voltage assignment a : G L [M } — > 0 over 
a finite group 0, which naturally induced a projection tt : G L [P] — > G L [M], For 
VM G V(G L [M}), if tt(Pm) = M, place Pm on each lifting vertex M La in the fiber 
7 r -1 (M) of G La [M], such as those shown in Fig. 6.5.2. 

® c T$) ■ ■ • ® 

v V ' 

7 T~\M) 



Cm) 

Fig.6.5.2 



Let II = ttYImti ^ 1 for MM G V(G L [M]). Then P = jj Pm is a smoothly 

M&V(G L [M]) 

combinatorial manifold and — U a Lie multi-group by definition. 

MeV(G L [M]) 

Such a constructed combinatorial fiber bundle is denoted by P l °‘(M,JZ'g)- 



For example, let 0 = Z 2 and G L [M } = C 3 . A voltage assignment a : G L [M ] 
Z 2 and its induced combinatorial fiber bundle are shown in Fig. 6. 5. 3. 
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Fig. 6. 5. 3 

We search for and research on principal fiber bundles in such constructed com- 
binatorial fiber bundles P l °‘(M 1 J£’g) hi this book only. For this objective, a simple 
criterion for principal fiber bundle is found following. 

Theorem 6.5.2 A combinatorial fiber bundle P a (M,J^G) a principal fiber bun- 
dle if and only if for V(M', M") G E(G L [M ]) and (P m >,Pm») = (M', M") La G 
E(G l [P}), U M ' \p M ,nP M „ = A M "\p M ,rP M „- 

Proof By Construction 6.5.1, if II^p : P M > — > M' and II M // : P M » — > M", then 
II m'(Pm'OPm”) = M 1 AM" and A Pm") = M' AM" . But fl mi = fI|p M , and 

If m" = hl|p M „. We must have that Hm'\Pm' C Pm" — n|p M ,nP M „ = H Pm"- 

Conversely, if for V(M', M") G E{G L [M ]) and {P M >,P M ») = (M', M") La G 
E(G L [P]), II M /| p M ,np M „ = n-M"\p M ,nP M „ hi P a (M, 2z?g), then II = 7rII M 7r -1 : P — > 
M is a well-defined mapping. Other conditions of a principal fiber bundle can be 
verified immediately by Construction 6.5.1. □ 

6.5.3 Automorphism of Principal Fiber Bundle. In the following part of 
this book, we always assume P“(M, 22?^) satisfying conditions in Theorem 6.5.1, 
i.e. , it is a principal fiber bundle over M. An automorphism of P° 1 (M,J£ > g) is a 
diffeomorphism u : P — ► P such that u(p o t g) = ca(p) Oj g for g G J$? 0i and 

p G (J P , where 1 < i < l. 

Pen- 1 (Mi) 

Particularly, if l — 1, an automorphism of P a (M , S£q) with an voltage assignment 
a : G L [M] — > Z 0 degenerates to an automorphism of a principal fiber bundle over 
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a manifold. Certainly, all automorphisms of P"(M, Jfo) forms a group, denoted by 
AutP"(M, Jzf G ). 

An automorphism of a general principal fiber bundle P(M, A? G ) can be intro- 
duced similarly. For example, if u>i : Pm, — 1 ► Pm, is an automorphisms over the 
manifold M, : for 1 < z < / with uJi\p M .r\P M - = ^‘ | p M .nP M . f° r 1 A < l, then by the 
Gluing Lemma, there is a differentiable mapping oj : P — > P such that oj\p m . = a y 
for 1 < i < l. Such a ; is an automorphism of P(M, J?f G ) by definition. But we 
concentrate our attention on the automorphism of P“(M, Jz? G ) because it can be 
combinatorially characterized. 

Theorem 6.5.3 Let P a (M , ££q) be a principal fiber bundle. Then 

AutP a (M, T£ g ) > (£) , 

w/iere £ = { | h : P Mi — > Pm, is lp M . determined by h((Mi) g ) = ( Mi) go . h for h G 

0 and g t G Aut P M fiMi, M j Qi ) , 1 < i < /}. 

Proof It is only needed to prove that each element cn in © is an automorphism 
of P Q (M, j£f G ). We verify u; = hu;* is an automorphism of P a (M , J 2 ? G ) for cu; G 
Aut PMi{Mi, J4? 0i ) and /iG ® with h((Mi) g ) = ( Mi) g0i h . In fact, we get that 

Oj p) = hufip Oj g) = h(ui(p) Oj p) = ^(p) Oj p) 



for p G IJ P and g G Whence, a; is an automorphism of P"(M, j 2 f G ). d 
Pen- 1 (Mi) 

A principal fiber bundle P(M, Jz? G ) is called to be normal if for Vu, uGP, there 
exists anu G AutP(M, Jzf G ) such that u;(w) = n. We get the necessary and sufficient 
conditions of normally principal fiber bundles P“(M, Jz? G ) following. 

Theorem 6.5.4 P a (M, j 2 f G ) is normal if and only if Pm^Mi, J4f 0i ) is normal, 
i) = (e^ 9 ; o) for 1 < i < l and G La [M } is transitive by diffeomorphic au- 
tomorphisms in AutG L “ [M\ . 

Proof If P“(M, J 2 ? G ) is normal, then for \/u,v G P, there exists an w G 
Aut P“(M,J 2 ? G ) such that a ;(u) = v. Particularly, let u,v G M 1 for an integer 
i, 1 < i < l or G La [M]. Consider the actions of AutP a (M, ^G)\p M -(Mi,jp 0i ) and 
AutP a (M , J^ g )\glc[m\i we know that PwfiMi, J(? 0i ) for 1 < i < l and G La [M] are 
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normal, and particularly, G La [M] is a transitive graph by diffeomorphic automor- 
phisms in AutG ia [M] . 

Now choose u E M t and v E Mj \ M,, 1 < i,j < l. By definition, there is 
an automorphism u E Aut P“(M, JzfcO such that u(u) = v. Whence, c v(u g) = 
u(u) Oj g = v Oj g by definition. But this equality is well-defined only if °i) = 
Applying the normality of P a (M, Jz?g), we find that (^.;oj) = 
for any integer 1 < i < l. 

Conversely, if is normal, o^) = (J^; o) for 1 < i < l and 

G L " [M ] is transitive by diffeomorphic automorphisms in Aut G La [M], let u,Uq E Mi , 
v,Vq E Mj and g{uf) = Vq for a diffeomorphic automorphism g E Aut G La [M]. Then 
we know that there exist cu* G Aut Pm, ( M t , M J 0;i ) and ujj E Aut Pm. t (Mj , ) such 

that a )i(u) = u 0 , u>j(v 0 ) = v. Therefore, we know that 

ujguiiu) = cjj(g(u 0 )) = Wj(v 0 ) = v. 

Notice that and g are diffeomorphisms. We know that ujjguji is also a 

diffeomorphism. □ 

Application of Theorem 4.5.6 enables us to get the following consequence. 

Corollary 6.5.1 Let G L [M ] be a transitive labeled graph by diffeomorphic automor- 
phisms in Aut G L [M], a : G L [M } — > 0 a locally f -invariant voltage assignment and 
P(M, Jtf) a normal principal fiber bundle. Then the constructed P a (M, Jz? G ) replac- 
ing each P M .(Mi, J4? 0 .), 1 < i < l by P(M,J{f) in Construction 6.5.1 is normal. 

Proof By Theorem 4.5.6, a diffeomorphic automorphism of G L [M ] is lifted to 
G La [M]. According to Theorems 6.5.3 and 6.5.4, we know that P a (M, is a 
normally principal fiber bundle. □ 

6.5.4 Gauge Transformation. An automorphism u of P“(M,J 2 ?g) naturally 
induces a diffeomorphism uJ : M — > M determined by uJ(II(p)) = II (a; (p)). Applica- 
tion of uJ motivates us to raise the conception of gauge transformation important in 
theoretical physics. A gauge transformation of a principal fiber bundle P a (M , ££q) 
is such an automorphism uj : P — > P with ZJ =identity transformation on M, i.e. , 
n(p) = II(u;(p)) for p E P. Similarly, all gauge transformations also forms a group, 
denoted by GA(P). 
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There are many gauge transformations on principal fiber bundles. For example, 
the identity transformations lp M . induced by the right action of 0 on vertices in 
G L "[M], i.e., h((Mi) g ) = ( M. f) g0ih for Vh £ 0, 1 < i < l are all such transformations. 

Let P a (M , ££q) be a principal fiber bundle and (Jt? 0i ',°i) act on a manifold 
Fi to the left, i.e., for each g £ J4? 0i , there is a C' 00 -mapping l L g : x Fj -> 

Fi such that l L u .(u, of) = u and l L gi0ig2 (u, of) =* Lg 1 o j l L g2 {u,of) for Vn £ ip. 
Particularly, let F, be a vector space R ni and l L g a linear mapping on R/' . In this 
case, a homomorphism — * GL{rti , R) determined by g — > for g £ is a 

representation of Two such representations g —> L g and g — > L' g are called 

to be equivalent if there is a linear mapping T : GL(nj,R) — > GL(ni, R) such that 
L'g = T Oi L g Oj T" 1 for Vg £ 1 <i <1. 

For an integer i, 1 < i < l, define a mapping space 

Ci(P M i, Fi) = { w : P Mi Fi | Oj g) = g- 1 Oj m(u), Vw £ P Mi , S' e ^ }. 

Particularly, if / = 1 with a trivial voltage group, i.e., P a (M, Jz?g) is a principal 

fiber bundle over a manifold M, C^Pm,, Ff) is abbreviated to C(Pm,F). We have 

a result on gauge transformations of P a (M, J£g) following. 

Theorem 6.5.5 Let F“(M, L£q) be a principal fiber bundle with a voltage assignment 
a : G L [M } — > 0 and CfiPui, drf? 0i ) with an action g(g') = g °i g’ °; gfi 1 of on 
itself, 1 < i < l. Then 

i 

GA(P) ^F(0)(g)((g)C'j(F Mi ,^ Oi )), 

i= 1 

where F(0) denotes all identity transformations lp M . , 1 < i < l induced by the right 
action of 0 on vertices in G La [M], 

Proof For any w £ C^Pm,, dFG 0 f), define to : Pm* — > Pm* by to(n) = u o j co(n) 
for u £ PMi • Notice that to(n Oj g) = u Oj g Oj w(n Oj g) = u Oj g Oj g“ 1 co(n) Oj g = 
u Oj zz7(w) Oj g = to(n) Oj g. It follows that to £ GA(P M .). 

Conversely, if to £ GA(P Mi ), define zz; : P M . — > by the relation to(n) = 

u Oj w(n). Then n Oj g o tr7(n Oj g) = to(n Oj g) = to(n) Oj g = n Oj trj(n) Oj g. Whence, 
Oj g) = g” 1 Oj w(u) Oj g and it follows that w £ CfiPui, drf? 0i ) ■ Furthermore, 
if to, to' £ GA(P m .) with to(u) = u Oj w(n) and to'(n) = u o t w'{u), then toto'(n) = 
u Oj (r(n)r'(n)). We know that GA(P M .) = CfiP Mi , 
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Extend such isomorphisms L t : GA(Pm,) —■ > C^Pm,, J^f) linearly to P a (M, 2z?g)- 
Notice that all identity transformations 1 p M induced by the right action of © on 
vertices in G La [M] induce gauge transformations of P a (M, 2??g) by definition, we 
get that 

i 

GA(P) 2 R(8) (g)((g ) 

1=1 

Besides, each gauge transformation u of P a (M, 2z?g) with fl(p) = fl ( cg ( p) ) 
can be decomposed into a form c o = 1 M; °i^i °i 1 M; by Construction 6.5.1, where 
c Oi E Ci(PMi, J^oi) for an integer i, 1 < i < l. We finally get that 

i 

ga(p) = fl(e)0(0c,(p Mi , jes,)). 

i= 1 

□ 

Corollary 6.5.2 Let P(M, Jrff) be a principal fiber bundle over a manifold M . Then 

GA(P) = C(P m ,JT). 

For any integer i, 1 < i < l, let °i) be a Lie algebra of P a (M, JCg) with 

an adjoint representation ad 0i : J4f 0i — > GL(JT)(ATg, °i)) given by g — > ad 0i ( g ) for Mg E 
J%, r Then the space CfiPMi, 2)(2^g> °;)) is called a gauge algebra of P M .(Mi, 

If CfPui-, 2 )(22?g> °i) ) has be defined for all integers 1 < i < l, then the union 

i 

U cfp Mi M^G,°i)) 

i= 1 

is called a gauge multi-algebra of P a (M, 2) (A?g)), denoted by C(P,JCg). 

Theorem 6.5.6 For an integer i, 1 < i < l, if Hi, H- E ^(4?g> °i)) , 

let [Hi,H-] : Pm, —■ ► be a mapping defined by [H tl H-] (u) = [Hfiu), H'fiu)} for 
Mu E P Mi . Then [H %1 H[] E Ci(P Mi , 2)(Jf G , °i)), he., Ci(P Mi , 2)(^g, °;)) has a Lie 
algebra structure. Consequently, C(P,JCg) has a Lie multi-algebra structure. 

Proof By definition, we know that 

i H i, H i](u Oi g) = [H i (uo i g),H[(uo i g)] 

= [ad 0i (g^)Hi(u), ad 0i (g^)H[(u)} 

= ad°figf 1 )lH(u),H>(u)}=ad°figf 1 )[H,H'}(u) 
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for Vu G Pm v Whence, C^Pm^ %)(JOg, °i)) inherits a Lie algebra structure, and 
C*(P, J^g) has a Lie multi- algebra structure. □ 

6.5.5 Connection on Principal Fiber Bundle. A local connection on a princi- 
pal fiber bundle P a (M, Jz?g) is a linear mapping T„ : T X (M ) — » T U (P) for an integer 
i, 1 < i < l and u G LI” 1 (a;) = l F x , x G M;, enjoys the following properties: 

(i) (dhij)T u = identity mapping on T X (M ); 

(if) = d l R g Oj T u , where *F g denotes the right translation on 

(Hi) the mapping u — > T n is C°°. 

Similarly, a global connection on a principal fiber bundle P a (M, J?g) is a linear 
mapping : T X (M ) — > T U (P ) for a u G LB 1 (a;) = F x , x E M with conditions 
following hold: 

(i) (dhl)r u = identity mapping on T X (M ); 

(ii) r Rg0n = dR g o r u for Wg G Afc and Vo g &(££g), where R g denotes the 
right translation on P; 

(Hi) the mapping u — > is C°°. 

Certainly, there exist closed relations between the local and global connections 
on principal fiber bundles. A local or global connection on a principal fiber bundle 
P“(M, Jz?g) are distinguished by or not by indexes i for 1 < i < l in this subsec- 
tion. We consider the local connections first, and then the global connections in the 
following. 

Let l H u = l Y u (T x (M)) and l V u = T u (fF x ) the space of vectors tangent to the 
fiber *F X , x G Mj at u G Pm, with Lfj(-u) = x. Notice that dll; : T u ( l F x ) — > 
T x ({x}) = {0}. For \/X G l V u , there must be dflj(X) = 0. These spaces l H u and l V u 
are called horizontal or vertical space of the connection T u at u G P, respectively. 

Theorem 6.5.7 For an integer i, 1 < i < l, a local connection T in P is an 
assignment l H : u — > l FL u C T U (P), of a subspace l Fd u of T U (P) to each u G l F x with 

(i) T U (P) = l H u V u , u G 'F x ; 

(ii) (d l R g ) l H u = l H UOig for \/u G l F x and Wg G 

(Hi) ’if is a C°° -distribution on P. 

Proof By the linearity of the mapping T u , u G l F x for x G M, , l H u is a linear 
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subspace of the tangent space T U (P). Since (dIIj)T u = identity mapping on T X (M), 
we know that dll,; is one-to-one. Whence, rfllj : l H u — > Tn( n )(M) is an isomorphism, 
which alludes that l H u n l V u = {0}. In fact, if l H u n l V u {0}, let X G l H u D l V u , 
I/O. Then dUiX = 0 and dU t X G T X (M) . Because dlii : L H U — > T U {M) is an 
isomorphism, we know that Kerdllj = {0}, which contradicts that 0 X G Kerdfl*. 

Therefore, for \/X G T U (P), there is an unique decomposition X = X h + X v , 
Xh £ 1 H u , X v G l V u , i.e., 

T U {P ) = l H u © V tt . 

Notice that 

l H UOig = T iRg0iU (T x (M)) = (d l R a ) T U (T X (M)) = (d % ) l H u . 

So the property (ii) holds. Finally, the C'°°-differentiable of 'H is implied by the 
C ,00 -differentiable of the mapping u — > T M . 

Conversely, if l H : u l H u is a such C°° distribution on P, we can define a 
local connection to be a linear mapping T u : T X (M) — > T U (P ) for u G II^ 1 (x) = l F x , 
x £ Mi by T U (T U (M)) = l H u , which is a connection on P“(M, Jz? G ). □ 

Theorem 6.5.7(f) gives a projection of T U (P) onto the tangent space T u ( l F x ) of 
l F x with x G Mi and Ilj(w) = x by 

l v : T U (P) T U CF X ); X = X v + X h *vX = X v . 

Moreover, there is an isomorphism from to T u ( l F x ) by the next result, 

which enables us to know that a local connection on a principal fiber bundle can be 
also in terms of a 2)-valued 1-forms. 

Theorem 6.5.8 Let P a (M,J£c) be a principal fiber bundle. Then for any integer 

i, 1 < i < l, 

(i) there exists an isomorphism i t : 2 — > T u (fF x ) forWu ^ Fm % with 
II; (u) = x; 

(ii) ifti(X) = X v G °»), then if(d l R g )X ) = ad° i (g~ 1 )X v G 2)(^, °;). 

Proof First, any left-invariant vector field X G 3f(Jt? 0i ) gives rise to a vector 
field IG f (P M J such that the mapping o;) — > P M . determined by X — > X 

is a homomorphism, which is injective. If X u = 0 G Pm { f° r some u G P Mi i then 
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X = 0 Oi G 2 o j). Notice that iio,g = l R g u = wojexpfFA), g G lies on the 
same fiber as u by definition of the principal fiber bundle and Construction 6.5.1. 
Whence, the mapping : 2)(J^., of) — >■ T u (fF x ) is an injection into the tangent 
space at u to the fiber l F x with the same dimension as of. Therefore, for 

VF G T u ( l F x ), there exists a unique X u G 2 )(^ i ,o i ) such that = F, i.e. , an 

isomorphism. That is the assertion of (f). 

Notice that if X v generates a 1-parameter subgroup % <p t , then ( d L R g )X v gen- 
erates the 1 -parameter group l R g l ip t l R g 1 - Let 7 ft) : R — > J4? 0i the 1 -parameter 
subgroup of generated by X G of and l <p(t) = *i?, 7?: ( t ). Then 

ip ip i p— 1 ip 

rtg -O-y(t) -tt-g — 

Whence, the element of 2 )^, 7 ) corresponding to ( d l R g )X v generates the 1- 
parameter subgroup g _1 7 ft) Oj g of i.e., g ^ 1 7 j(t) Oj g is the 1 -paranreter 

subgroup generated by ( ad 0i (g~ l ))X v such as those shown in Fig.6.5.4, 




Fig. 6. 5. 4 

where 7 ft) = expfX„, g _1 o, 7 (t) o t g = g _1 o ?; expfA„ o j g = expt(ad° i g' 1 A 7 "„) and 
A' = (ad 0 i g _ 1 )X„), X V ,X' V G 2 ) 0 ^, °i). □ 

Application of Theorem 6.5.8 enables us to get a linear mapping T U (P ) — > 
which defines a Oj)-valued 1-form l u) u = ifv on P , where <.* and are shown 

in the following diagram. 

T u {P)^T u ( l F x )^V)(Jtf 0i ,of 

Theorem 6.5.9 For any integer i , 1 < i < l, let T be a local connection on 
P a (M,J? G ). Then there exists a f -valued 1-form l u on P Mi , i.e., the con- 

nection form satisfying conditions following: 
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( i ) *u;(X) is vertical, i.e., 1 uj(X) = % u(X v ) = X v , where X v G l V u C T U (P) 
and z ca(X) = 0 if and only if X G l H u ; 

(ii) ku((d i R g )X ) = ad° i g~ li Lu(X) for\/g G andMX G &(P Mi )- 

Proof Let l u ; = tfr. Then z co(X) = q*w(X) = ii(X v ) = X v G 2)(J^.,Oj). 
Moreover, X G 1 H U if and only if l v(X) = 0, i.e., 1 uj(X) = 0, which is equivalent to 
(X) = 0. 

By Theorem 6.5.8(ii), we know that 

^((d i R g )X) = ku([(d i Rg)X] v ) = l u ;((d i R g )X v ) = ad° i (g~ 1 ) i uj(X). 

For showing that depends differentiably on u, it suffices to show that for 
any C°°-vector field IgP, ku(X) is a differentiable Oj)- valued mapping. In 

fact, X is C°° implies that l v(X) : u — ■> ( l vX) u and l h(X) : u — ■» (fhX) u are of class 
C°° and since l vX is differentiable at u, so is X v = l u(X). 

Conversely, given a differentiable 2)( e ^., °j)-valued 1-form l uo on P with con- 
ditions (i)-(ii) hold, define the distribution 

l H u = { X G T U (P) |ku(X)=0}. 

Then the assignment u — > l H u defines a local connection with its connection form 
l u. In fact, for MX G l V u , l co(X) 7^ 0 implies X £ l H u . Therefore, l H u n % V U = {0} 
and T U (P) = l H u + l V u . In fact, let l u>( X) = X v . But we know that l u(X v ) = X v . 
Let Z = X — X v . We find that l co(Z) = l u>{ X) — l u(X v ) = 0. Hence, Z G l H u , 
which implies that T U (P) = l H u ©* V u . That is the condition (i) in Theorem 6.5.7. 

Now for any X G l H u , we have that l uj((d l R g )X) = ( ad 0i g~ l ) V>(X) = 0. 
Whence, (d l R g )X is horizontal, i.e., (d l R g ) l H u C l H uo . g . 

Let X UOig G l H U o ig with X UOig = (d l R g )X u for some X u G T U (P). We show 
that X u G l H u . Notice that X UOig = (d l R g )X u is equivalent to X u = (d l R g -i)X UOig . 
We get that 

MXu) =* u((d %-i)X UOi g) = (ad^g- 1 ) MXuo ig ) = 0, 

which implies that X u is horizontal. Furthermore, since u — > 1 uj{u) is of class C°°, 
and A" is a C°°- vector field, so is l vX and therefore u — > l H u is of class C°°. □ 

Now we turn our attention to the global connections on principal fiber bundles. 
Notice the proofs of Theorems 6.5.7 and 6.5.9 are directly by the definition of local 
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connection. Whence, the same arguments can also establishes the following results 
on global connections. 

Theorem 6.5.10 A global connectionT in P is an assignment H : u — > H u C T U {P), 
of a subspace H u of T U {P) to each u G F x with 

{ i ) T U (P) = H u © V u , u G F x ; 

{ii) ( dR g )H u = H uog for Vu G F x , Vg G ££ G and o g 
{iii) H is a C°° -distribution on P . 

Theorem 6.5.11 Let T be a global connection on P a {M, 2?f G ). Then there exists 
a %)(Jfa) -valued 1-form uj on P, i.e., the connection form satisfying conditions fol- 
lowing: 

(i) u j{X) is vertical, i.e., u ;{X) = u:{X v ) = X v , where X v G V u C T U {P ) and 
oj{X) =0 if and only if X G F[ u ; 

{ii) uj{{dR g )X) = ad° g~ l uj{X) forVg € Jz? G , VX G 3F{P) and o g G{T£g)- 

Certainly, all local connections on a principal fiber bundle exist if a global 
connection on this principal fiber bundle exist first. But the converse is not obvious. 
So it is interesting to find conditions under which a global connection exists. We 
know the following result on this question. 

Theorem 6.5.12 Let T be a local connections on P a {M,^c) for 1 <i <1. Then 
a global connection on P a {M, 22? G ) exists if and only if (J^.; of) = {M*\ o), i.e., 
is a group and T| M . nM . = J T\ M . nM . for {Mi, Mf) e E{G L [M}), 1 < i, j < l. 

Proof If there exists a global connection F on a principal hber bundle P a {M, JFg), 
then r| M ., 1 < i < Z are local connections on P a {M , Jz? G ) with l T\ Mi nM j = J T\ M . nMj 
for {Mi, Mj) e E{G L [M}), 1 < i, j < l. 

Furthermore, by the condition {ii) in the definition of global connection, R g ou = 
u o g is well-defined for Vg e Jzf G , Vo e G{FFg), be., g acts on all u e P. Whence, 
{J'F’oP, of) = {Jff] o) if g £ J4f 0 ., 1 < i < l, which means that Jz? G = {J4f] o) is a group. 

Conversely, if S£ G is a group and T| Mi nMj = J T\ Mi n m 3 for {M u Mj) G E{G L [M ]), 

1 G i,j < l, we can define a linear mapping r u : T X {M) — > T U {P) by = T u for 
a«G n~ 1 (x) = F x , x G Mj. Then it is easily to know that the mapping T satisfies 
conditions of a global connection. In fact, by definition, we know that 
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(1) (dU)T u = (rfllj) T = identity mapping on T x (Mi) for 1 < i < l. Hence, 
{dU)T u = identity mapping on T X (M); 

(2) r KgOU = T R gOU = dR g o T u if x G 1 < i < l. That is T RgOU = dR g o l Y u 
for \/g G JSf G ; 

(3) the mapping u — ■» T„ is C°° if x G M i: 1 < i < l. Whence, u — > T u is C°°. 

This completes the proof. □ 

We have known there exists a connection on a common principal fiber bun- 
dle P(M, J4?) in classical differential geometry. For example, the references [Bell] 
or [Wesl]. Combining this fact with Theorems 6.5.4 and 6.5.12, we get the next 
consequence. 

Corollary 6.5.3 There are always exist global connections on a normally principal 
fiber bundle P a (M,J^ G )- 

6.5.6 Curvature Form on Principal Fiber Bundle. Let P a (M , J?q) be a 
principal fiber bundle associated with local connection form kn, 1 < i < l or a 
global connection form to. A curvature form of a local or global connection form is 
a of) or 2}(-^b)-valued 2-form 



= (d l uj)h , or Q = ( du)h , 



where 

(d Y) = d 'uihX, hY ), {du)h{X, Y) = duo(hX , hY) 

for X,Y G (Pap) or X,Y G 3P(P). Notice that a 1-form u:h(Xi,X 2 ) = 0 if and 
only if L h(X i) = 0 or l h(X i2) = 0. We have the following structural equation on 
principal fiber bundles. 

Theorem 6.5.13(E.Cartan) Let l u ), 1 < i < l and u ; be local or global connection 
forms on a principal fiber bundle P a (M 1 PPc)- Then 

{d i u)(X 1 Y) = -[ i uj(X)fuj(Y)}+ T2(X,T) 

and 

du(X,Y) = -[o;(X),o;(y)] + 0(X,T) 
for vector fields X, Y G SP (PmJ or PP (P) . 
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Proof We only prove the structural equation for local connections, i.e., the 
equation 

(d \ n)(X, Y) = -[ kn(X)>(Y)] + *0(X, Y). 

The proof for the structural equation of global connections is similar. We 
consider three cases following. 

Case 1. X, Y G l H u 

In this case, X, Y are horizontal. Whence, l u( X) = *o;(Y) = 0. By definition, 
we know that (d i uu) (X, Y) =* Q(X, Y) = -[ i u(X)fu(Y)] + *0(X, Y). 

Case 2. X, Y G l V u 

Applying the equation in Theorem 5.2.5, we know that 

(d *u;)(X, Y) — X kn(Y) - Y i oj{X) - ^([X, Y]). 

Notice that *u ;(X) = l u>(X v ) = X is a constant function. We get that X l u(Y) = 
Y l u(X) = 0. Hence, 

{d i uj)(X v , Y v ) = - 4 a ;([X„, Y„]) = - ^([X, Y]„) = [XfY]v = ~[X,Y], 
which means that the structural equation holds. 

Case 3. X G l V u and Y G l H u 

Notice that l u ;(Y) = 0 and Y = 0 with the same reason as in Case 2. 

One can shows that [X, Y] G l H u in this case. In fact, let X is induced by r R ipt . l 
where Lp t is the 1-parameter subgroup of e Xf 0i generated by X v . Then 

[X, Y] = L X Y = lim - -(d l R Vt Y - Y) 

implies that [X, Y] G l H u since Y and (d l R ipt )Y are horizontal by Theorem 
6.5.10(ii). Whence, l u([X, Y]) = 0. Therefore, (d *o;)(X, Y) = 0, which consis- 
tent with the right hand side of the structure equation. □ 

Notice that the structural equation can be also written as 

l Q = d + -[ l u, hu], and O = du + -[u,u\ 

since [u;,u;](X, Y) = 2[uj(X),uj(Y)\ for any 1-form lu. Using the structural equation, 
we can also establish the Bianchi’s identity for principal fiber bundles P a (M ,J£ g) 
following. 
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Theorem 6.5.14(Bianchi) Let 1 uj, 1 < i < l and u ; be local or global connection 
forms on a principal fiber bundle P a (M,JZ > G)- Then 

(d l Q)h = 0, and ( dtl)h = 0. 

Proof We only check that (d l Q)h = 0 since the proof for ( dCt)h = 0 is similar, 
applying Theorem 6.5.13, by definition, we now that 

{d Y, Z) = dd 'whiX, Y, Z ) + ^d[ i cu, i u}h(X, Y, Z) = 0 

because of 

dd l uh(X, Y, Z) = 0, and d[ l u, l cu]h(X, Y, Z) = 0 
by applying Theorem 5.2.4 and *u ; vanishes on horizontal vectors. □ 



§6.6 REMARKS 

6.6.1 Combinatorial Riemannian Submanifold. A combinatorial manifold 
is a combination of manifolds underlying a connected graph G. So it is natural 
to characterize its combinatorial submanifolds by properties of its graph and sub- 
manifolds. In fact, a special kind of combinatorial submanifolds, i.e., combinato- 
rial in-submanifolds are characterized by such way, for example, the Theorem 4.2.5 
etc. in Section 4.2.2. Similarly, not like these Gauss' s, Codazzi’s or Ricci’s formu- 
lae in Section 6.1, we can also describe combinatorial Riemannian submanifolds in 
such way by formulae on submanifolds of Riemannian manifolds and subgraphs of 
a connected graph. This will enables us to find new characters on combinatorial 
Riemannian submanifolds. 

6.6.2 Fundamental Equations. The discussion in Section 6.2 shows that we 
can also establish these fundamental equations, such as the Gauss’s, the Codazzi s 
or the Ricci’s for combinatorial Riemannian submanifold in global or local forms. 
But in fact, to solve these partially differential equations, even for Riemannian sub- 
manifolds of the Euclidean space R n , is very difficult. In references, we can only 
find a few solutions for special cases, i.e., additional conditions added. So the classi- 
cal techniques for solving these partially differential equations is not effective. New 
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solving techniques for functional equations, particularly, the partially differential 
equations should be produced. Even through, these Gauss’s, Codazzi’s or Ricci’s 
equations can be also seen as a kind of geometrical equations of fields. So they are 
important in physics. 

6.6.3 Embedding. By the Whitney’s result on embedding a smooth manifold in a 
Euclidean space, any manifold is a submanifold of a Euclidean space. Theorem 6.3.6 
generalizes this result to combinatorial Riemannian submanifolds, which definitely 
answers a question in [Maol2], Certainly, a combinatorial Riemannian submani- 
fold can be embedded into some combinatorial Euclidean spaces, i.e. , the result in 
Theorem 6.3.7 with its corollary. Even through, there are many research problems 
on embedding a combinatorial Riemannian manifold or generally, a combinatorial 
manifold into a combinatorial Riemannian manifold or a smoothly combinatorial 
manifold. But the fundamental is to embed a smoothly combinatorial manifold 
into a combinatorial Euclidean space. For this objective, Theorem 6.3.7 is only an 
elementary such result. 

6.6.4 Topological Multi-Group. In modern view point, a topological group is 
a union of a topological space and a group, i.e., a Smarandache multi-space with 
multiple 2. That is the motivation introducing topological multi-groups, topolog- 
ical multi-rings or topological multi-fields. The classification of locally compacted 
topological fields, i.e., Theorem 6.4.4 is a wonderful result obtained by a Russian 
mathematician Pontrjagin in 1930s. This result can be generalized to topological 
multi-spaces, i.e., Theorem 6.4.5. 

In topological groups, a topological subgroup of a topological group is a sub- 
group of this topological group in algebra. The same is hold for topological multi- 
group. Besides, the most fancy thing on topological multi-groups is the appearance 
of homomorphism theorem, i.e., the Theorem 6.4.3 which is as the same as Theorem 
2.3.2 for homomorphism theorems in multi-groups. 

6.6.5 Lie Multi-Group. Topological groups were gotten attention after S.Lie 
introducing the conception of Lie group, which is a union of a manifold and a group 
with group operation differentiable. Today, Lie group has become a fundamental 
tool in theoretical physics, particularly, in mechanics and gauge theory. Analogy, for 
dealing with combinatorial fields in the following chapters, we therefore introduce Lie 
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multi-groups, which is a union of a combinatorial manifold and a multi-group with 
group operations differentiable. Certainly, it has similar properties as the Lie group, 
also combinatorial behaviors. Elementary results on Lie groups and Lie algebra are 
generalized to Lie multi-groups in Section 6.4. But there are still many valuable 
works on Lie multi-groups should be done, for example, the representation theory 
for Lie multi-groups, the classification of Lie algebras on Lie multi-groups, • • •, etc.. 

6.6.6 Principal Fiber Bundle. A classical principal fiber bundle is essentially a 
combining of a manifold, its covering manifold associated with a Lie group. Today, 
it has been a fundamental conception in modern differential geometry and physics. 
The principal fiber bundle discussed in Section 6.5 is an extended one of the clas- 
sical, which is a Smarandachely principal fiber bundle underlying a combinatorial 
structure G , i.e., a combinatorial principal fiber bundle. 

The voltage assignment technique a : G L — > 0 is widely used in the topological 
graph theory for find a regular covering of a graph G, particularly, to get the genus 
of a graph in [GrTl], Certainly, this kind of regular covering G La of G L posses many 
automorphisms, particularly, the right action R(<&) on vertices of G La . More results 
can be found in references, such as those of [GrTl], [MNS1], [Maol] and [Whil]. 

Combining the voltage assignment technique a : G L — > 0 with l classical prin- 
cipal fiber bundles Pm 2 (M 2 , • ■ •, Pmi(Mi, Jt? 0l ) produces the 

combinatorial principal fiber bundles P a (M,^fa) in Construction 6.5.1 in Section 
6.5 analogous to classical principal fiber bundles. For example, their gauge transfor- 
mations are completely determined in Theorem 6.5.5. The behavior of P a (M , Jfc) 
likewise to classical principal fiber bundles enables us to introduce those of local 
or global Ehresmann connections, to determine those of local or global curvature 
forms, and to find structure equations or Bianchi identity on such principal fiber 
bundles. All of these are important in combinatorial fields of Chapter 8. 



CHAPTER 7. 



Fields with Dynamics 



Nature never deceives us; it is we who deceive ourselves. 

Rousseau, a French thinker. 



All known matters are made of atoms and sub-atomic particles, held together 
by four fundamental forces: gravity, electro-magnetism, strong nuclear force 
and weak force, partially explained by the Relativity Theory and Quantum 
Field Theory. The former is characterized by actions in external fields, the 
later by actions in internal fields under the dynamics. Both of these fields 
can be established by the Least Action Principle. For this objective, we in- 
troduce variational principle, Lagrangian equations, Euler-Lagrange equations 
and Hamiltonian equations in Section 7.1. In section 7.2, the gravitational field 
and Einstein gravitational field equations are presented, also show the Newto- 
nian field to be that of a limitation of Einstein’s. Applying the Schwarzschild 
metric, spherical symmetric solutions of Einstein gravitational field equations 
can be found in this section. This section also discussed the singularity of 
Schwarzschild geometry. For a preparation of the interaction, we discuss elec- 
tromagnetism, such as those of electrostatic, magnetostatic and electromag- 
netic fields in Section 7.3. The Maxwell equations can be found in this section. 
Section 7.4 is devoted to the interaction, i.e. , the gauge fields including Abelian 
and non- Abelian gauge fields ( Yang-Mills fields ) with Higgs mechanisms and 
C, P, T transformations in details. This section also presents the differential 
geometry of gauge fields and its mathematical meaning of spontaneous sym- 
metry broken in gauge fields. It should be noted that an Greek index /i usually 
denote the scope 0, 1, 2, • • •, but an arabic i only the scope 1, 2, • • ■, i.e., without 
0 in the context. 
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§7.1 MECHANICAL FIELDS 

7.1.1 Particle Dynamic. The phase of a physical particle A of quality m is 
determined by a pair {x, v} of its position x and directed velocity v at x in its 
geometrical space P , such as those shown in Fig. 7.1.1. 




Fig. 7.1.1 

If A is moving in a conservative held R" with potential energy U (x) , then x = 
Oi(f), x 2 (t), • • • , x n (t)) = 7 (t) and 



v = •",»!.) = ~ u = 0*1, *2, •",*») 



(7-1) 



at t. In other words, v is a tangent vector at v G R n , i.e. , v G T(R n ). In this held, 
the force acting on A is 



F = 



dU_ 

<9x 



, dU dU dU . 

.w — ei + — — e 2 + • • • + -r — e n ). 

OX i C/X2 



By the second law of Newton, we know the force F acting on A is 

t? rf2x 
I = m—— = mx 



dt 2 



that is 



(- 



dU dU 



dU 



) = (mxi,mx 2 , • • • , mx n ). 



dx\ ' dx 2 ’ ’ 9a;,; 

By definition, its momentum and moving energy are respective 



(7-2) 



(7-3) 



(7-4) 



p = mv = mx 



rn 1 2,1 2 I ,1 2 1 2 

T = -mv l + -mn 2 H h -mv n = -mv , 



and 
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where v = |v|. Furthermore, if the particle A moves from times t\ to t 2l then 

rt2 

/ F • dt = p\ t2 - p| fl = mv 2 - mvi 
J t\ 

by the momentum theorem in undergraduate physics. 

We deduce the Lagrange equations for the particle A. First, inner multiply both 
sides of (7 — 4) by dx = (dx i, dx 2 , • • • , dx n ) on, we find that 



dU 



— — dxi = mxjdxj. 

OXi 



(7-5) 



i= 1 1 i = 1 

Let q = (gi, q 2 , ■ ■ ■ , q n ) be its generalized coordinates of A at t. Then we know 



that 



Xi = Xi(qi, q 2 ,--',q n ), i = 1,2,- ■ ■ ,n. 



(7-6) 



Differentiating (7 — 6), we get that 



dxi = V ^Adq k 
^ dq k 



k = 1 



for i = 1, 2, ■ • • , n. Therefore, we know that 

dx 



i — 1 



mxi- . 

. , , . oq k 

i=l k = 1 fc= 






Y,mXidx i = Y J Y, mXiT^dq k = EE mXi-^-dq k . 



Notice that 



?=i 1 fc=i ^ 

Substitute (7 — 8) and (7 — 9) into (7 — 5), we get that 

n n P) n P)TT 

BE^al^^-E ag dqk ' 

k= 1 i=l i=l 

Since dq k , k — 1,2 ,■■■ ,n are independent, there must be 

> = - — , K = l,2,---,n. 

“ 

Calculation shows that 

E ax; d cbm d OXi 

-Z^rnx, 



“ dqk dt dqk “ dt dqk 



(7-7) 



(7-8) 



(7-9) 



(7-10) 



(7-11) 
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Substitute (7 — 11) into (7 — 10), we know that 



d dx is ZZ d dxi 

X, mXi dfJ ~ Z- mXi 



dt 



dt dq k 






(7 - 12) 



1=1 1=1 

for k — 1,2, ■ ■ • ,n. For simplifying (7 — 12), we need the differentiations of Xi and 
dxi/dqk with respect to t following. 



dxi \ -» dxi . 

*= dr = Esr«‘- 



fe 9 ® 



d dx, 



TL ryO ry TL r\ ry 

E o Xi . o GXi . o 

777777 7 ' — 777 E 



(7-13) 



(7-14) 



dt dq k dq k dq, dqi j^dq, dq k 

Notice that dxi/d q k is independent on q k . Differentiating (7 — 13) with respect to 
q k , we get that 

dii dxi 
dq k dq k ‘ 

Substitute (7 — 14) and (7 — 15) into (7 — 12), we have that 



(7-15) 



1 TL ry • TL ry • TL Ott 

d GXi GXi ou 

s(E^ s )-E^ay = -g^ 



dq k ' 



dq k 



(7-16) 



1=1 i= 1 

for k — 1,2 ,n. Because of the moving energy of A 



1 n 1 
rp 2 \ ^ • 2 

i = -mv = > -nix , , 
9 9 * ’ 



Z— 1 



partially differentiating it with respect to q k and q k , we hnd that 
dT CZ . dii dT -AA . dii 



dq k dq k 



dq k 



(7-17) 



i = 1 z=l 

Comparing (7 — 16) with (7 — 17), we can rewrite (7 — 16) as follows. 
d dT dT dU 



-, k = 1,2, ■ • -,n. 



(7-18) 



dt dq k dq k dq k : 

Since A is moving in a conservative field, f/(x) is independent on q k . We have that 
dU/dq k — 0 for k — 1, 2, ■ • • , n. By moving the right side to the left in (7 — 18), we 
consequently get the Lagrange equations for the particle A following. 

d dC dC 



dt dq k dq k 



= 0, k — 1,2,---, n, 



(7-19) 
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where C = T — U is called the Lagrangian of A and 



„ dC dC , 

Jk= o— , Pk = w k = 1,2, 

oqk OQk 



n 



(7-20) 

the respective generalized force and generalized momentum in this conservative held. 



7.1.2 Variational Principle. Let J?T be a closed set of a norrned space 33 with 
a norm || ■ || and C(JF) the family of functions on J3 . A functional J on JF is a 
mapping J : — ► R, denoted by J[F] for F G C(JF). For a chosen function 

F 0 (AF) € C7(J^),the difference F(JF) — F 0 (J, F) is called the variation of F(JF) at 
F 0 (JF), denoted by 

5F{JT) = F(JtT) -Fo(JT). 

For example, let = [x 0 ,Xi], then we know that 5f = /(x) — / 0 (x) for / G 

C[xo,Xi],x G [xo,Xi] and d/(x o) = d/(xo) = 0, particularly, Sx = 0. By definition, 
we furthermore know that 

s df_ = _ dfo _ 

dx dx dx dx ’ 

i.e. , [d, A] — o. In mechanical helds, the following linear functionals 

J [yi x )}= I F(x,y(x),y'(x))dx ( 7 - 21 ) 

J XQ 

are fundamental, where y' = dy/dx. So we concentrate our attention on such func- 
tionals and their variations. Assuming F G C[x o,xi] is 2-differentiable and applying 
Taylor’s formula, then 



AJ = J[y(x) + 5y ] - J[y{x)} 



"X\ 



rxi 



F(x,y(x) + Sy,y'(x) + Sy')dx — / F(x,y(x),y\x))dx 



' XQ 
r x i 



f XQ 



(F(x, y(x) + 5y, y\x) + 6y')dx - F(x, y(x), y\x)))dx 



J XQ 
XI 



BF BF 

= J ^~dy Sy+ Q^ Sy ^ dx + °^ D ^ y ( x ^ + Sy,y(x)]). (7-22) 

XQ 



The first term in (7—22) is called the first order variation or just variation of J[y(x)\, 
denoted by 



6J = / i^j 6 y + ^7 5y, ) dx - ( 7 - 23 ) 

XQ 
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By calculus, if F(x,y(x),y'(x)) is C°°-difTerentiable, then 



Whence, 



AF = F(x, y(x) + 8y(x), y'(x) + 8y'(x)) — F(x, y(x), y\x)) 

dF _ dF c . 

— + ■ ■ ■ • 
dy dy' 



srn OF . <9F r , 
SF = —8y + —8y . 
oy oy' 



We can rewrite (7 — 23) as follows. 



f*xi 



f>Xl 



5J = 5 F(x, y(x), y\x))dx = / 5F(x } y(x) } y'(x))dx. 



' XQ 



F XQ 



Similarly, if the functional 



rx i 



J[yi,y 2 ,- ■ ■ ,y n ] = F(x,y l ,y 2 ,- ■ ■ ,y n ,y[,y' 2 ,- ■ ■ ,y' n )dx (7-24) 



f XQ 



and F, y t , y\ for 1 < i < n are differentiable, then 



rx i 

8J = 8Fdx = 

J XQ 



f x '"dF. ^dF.,^ 

/ (Y,foM+Y,w Sv ‘ )dx - 

Jxo i=1 u y% i=1 u !Ji 



(7 — 25) 



The following properties of variation are immediately gotten by definition. 

(i) 8(F 1 + F 2 ) = 8F 1 +8F 2 ; 

(ii) 5(FxF 2 ) = F 1 5F 2 + F 2 5F ] , particularly, 8(F n ) = nF^SF- 

(in) 5(f) = F * SF yf^ -, 

(iv) 8FM = (5F)( fc ), where f ^ = d k F/Dx k ; 

(n) 5 f xi Fdx = [ X1 8Fdx. 

For example, let F = F(x,y(x),y'(x)). Then 

dFiFo d F, F> 

™ = 1^ + ^ 






dy 

dF\ 

dy 

= F 1 8F 2 + F 2 8F 1 . 



dF) 

dy' 



d f, dF-, dF, dF, 

- F ^ + W w+F ^ y+ W 6y,) 
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Let F 0 (Jf) E C(Jf). If forVF(JT) e C(JfT), J[F(dF)\- J[F 0 (JF)] > 0 or < 0, 
then Fo(JfT) is called the global maximum or minimum value of J[F(JF)\ in JfT. If 
J[F(JF)\ — J[F 0 (JF)\ > 0 or < 0 hold in a e-neighborhood of F 0 (Jf), then F 0 (JF) is 
called the maximal or minimal value of J[F(JF)\ in JF. For such functional values, 
we have a simple criterion following. 



Theorem 7.1.1 The functional J[y(x)\ in (7-21) has maximal or minimal value at 
y{x) only if dJ = 0. 

Proof Let e be a small parameter. We define a function 

rx i 

<L(e) = J[y(x) + edy] = / F(x,y(x ) + edy,y'(x) + edy')dx. 

J XQ 

Then J[y(x)\ = <L(0) and 



= 



. F(x, y(x) + e6y, y'(x) + edy') F(x, y{x) + e5y, y'{x) + edy') , 

-dy H — dy )dx. 



’ XQ 



dy 



dy' 



Whence, 

r x 1 QF dF 

^riW^w Sy,)dx ^ J - 

For a given y{x) and dy, <!>(e) is a function on the variable e. By the assumption, 
J[y(x)\ attains its maximal or minimal value at y(x), i.e. , e = 0. By Fermat theorem 
in calculus, there must be $'(0) = 0. Therefore, dJ — 0. □ 



7.1.3 Hamiltonian principle. A mechanical field is defined to be a particle family 
£ constraint on a physical law i.e., each particle in £ is abided by a mechanical 
law J?f, where £ maybe discrete or continuous. Usually, can be represented by 
a system of functional equations in a properly chosen reference system. So we can 
also describe a mechanical field to be all solving particles of a system of functional 
equations, particularly, partially differential equations. Whence, a geometrical way 
for representing a mechanical field £ is by a manifold M consisting of elements 
following: 



(i) A configuration space M of n-differentiable manifold, where n is the free- 
dom of the mechanical field; 

(ii) A chosen geometrical structure hi on the vector field TM and a differ- 
entiable energy function T : M x TM — > R, i.e., the Riemannian metric on TM 
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determined by 




(Hi) A force field given by a 1-form 



n 




Denoted by T (M,u) a mechanical field. For determining states of mechani- 
cal fields, there is a universal principle in physics, i.e., the Hamiltonian principle 
presented in the following. 

Hamiltonian Principle Let T(M,u>) be a mechanical field. Then there exists a 
variational S : T(M,u) — > R action on T(M,u) whose true colors appears at the 
minimum value of S[(T(M, a;)], i.e., <5S = 0 by Theorem 7.1.1. 

In philosophy, the Hamiltonian principle reflects a harmonizing ruler for all 
things developing in the universe, i.e., a minimum consuming for the developing of 
universe. In fact, all mechanical systems known by human beings are abided this 
principle. Applying this principle, we can establish classical mechanical fields, such 
as those of Lagrange’s, Hamiltonian, the gravitational fields,- • -, etc. in this chapter. 

7.1.4 Lagrange Field. Let q (t) = (gi(t), (pfit), ■ • • , q n (t)) be a generalized coor- 
dinate system for a mechanical field T(M,ui). A Lagrange field is a mechanical field 
with a differentiable Lagrangian L : TM —* R, C = C(t, q(i), q(£)), i.e., T — C. 
Notice the least action is independent on evolving time of a mechanical field. In a 
Lagrange field, the variational action is usually determined by 



In fact, this variational action is as the same as (7 — 24). 

Theorem 7.1.2 Let T(M,u>) be a Lagrange field with a Lagrangian C(t , q(i), q(f)). 



S= £(t,q(t),q(t))dt 



(7-26) 



Then 



d£ _ d_d£ 
dqi dt dfi 



for i = 1, 2, • ■ • , n. 

Proof By (7 — 25), we know that 




(7-27) 
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Notice that dqi = 4:5qi and 



f t2 dC _ . , , dC . , to f h d dC 

J tl dqi Ql 1 d<ji Ql h J tl dt dqi 



dqidt 



Because of Sq(ti) = <5g(t 2 ) = 0, we get that 



f t2 dC c . , , f t2 d DC c , 

/ F oqedt = ~ / -r-^-oqidt 

Iti d( li Jt! dt dqi 



(7-28) 



for i — 1, 2, • • • , n. Substituting (7 — 28) into (7 — 27), we find that 



eo f t2 ^,dc ddC , 

SS = L 



(7-29) 



Applying the Hamiltonian principle, there must be 5S = 0 for arbitrary 5qi, 
i = 1, 2, • • • , n. But this can be only happens if each coefficient of Sq t is 0 in (7 — 29), 
that is, 



dC d_dC 
dqi dt dqi 



0, i — 1, 2, • • • , n. 



□ 



These Lagrange equations can be used to determine the motion equations of 
mechanical holds, particularly, a particle system in practice. In such cases, a La- 
grangian is determined by C = T — U, where T and U are respective the moving 
energy and potential energy. 

Example 7.1.1 A simple pendulum with arm length / (neglect its mass) and a 
mass m of vibrating ram. Such as those shown in Fig. 7.1. 2, where 6 is the angle 
between its plumb and arm. Then we know that 

T = i m(W ) 2 , U = — mgl cos 6 



C = T-U 



-m(W) 2 + mgl cos 6. 



and 
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Fig. 7.1. 2 

Applying Theorem 7.1.2, we know that 

+ mgl cos 0} - ^--^[^?n(l9) 2 + mglcosd] = 0. 
uu z at of) z 

That is, 

9 + y sin 9 = 0. 

7.1.5 Hamiltonian Field. A Hamiltonian field, is a mechanical held with a 
differentiable Hamiltonian H : TM — > R determined by 

n 

- £(t,q(t),q(t)), (7-30) 

i= 1 

where pi = dC/dfi is the generalized momentum of field. A Hamiltonian is usually 
denoted by H(t, q(i), p(t)). In a Hamiltonian field, the variational action is 

A 2 . n ' 

S=/ “ £(t,q(t),ii(t)))dt. (7-31) 

i = i 

Applying the Hamiltonian principle, we can find equations of a Hamiltonian 
field following. 

Theorem 7.1.3 LetT(M, to) be a Hamiltonian field with a Hamiltonian H{t , q(i), p(i)). 
Then 

dqi dll dpi dll 

dt dpi ’ dt dqi 



for i = 1, 2, • • • , n. 
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Proof Consider the variation of S in (7-31). Notice that <jidt = dqi and pidt = 
dpi. Applying (7-25), we know that 



n rt2 f)M 

SS = V] / [dpidqi +Piddqi - —Sqidt - — Spidt ]. 
i=1 Jti uqi opi 



Since 



rt2 



rt2 



/ Piddqi = pidqfh - / Sqppi 

Jti Jt i 

by integration of parts and Sqi(ti ) = Sqi(t 2 ) = 0, we find that 



r»£ 2 



r»i 2 



Piddqi = - dqidpi. 



Substituting (7 — 33) into (7 — 32), we finally get that 

d Pd . dh 

— — dt)dpi — (dpi + — 
OPi (sQ, 



n ft2 f)M 

SS = / [(dq i -—dt)8pi-(dp i +—dt)8q i \. 



=i 



2—1 



(7-32) 



(7-33) 



(7-34) 



According to the Hamiltonian principle, there must be 5S = 0 for arbitrary 
5qi, 5pi, i — 1, 2, • ■ • , n. This can be only happens when each coefficient of 5qi, dpi is 
0 for i = 1 , 2, • ■ • , n, i.e. , 

dqi dH 
dt dpi 
dpi dH 

dt dqi 

This completes the proof. □ 

n 

By definition, the Lagrangian and Hamiltonian are related by H + C = p%q%- 

2—1 

We can also directly deduce these Hamiltonian equations as follows. 

For a fixed time t, we know that 



Notice that 



by (7 — 20). Therefore, 



22 r\ /■» 22 r\ /-» 

7 /-» 7 oL . 

P dip 1 + A aip 



dC , dC , . 

77 = Pi and — = f i= pi 
u(ji oqi 



22 22 

dC = ^ Pidqt + y pjdqi. 
2 — 1 2—1 



(7-35) 
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Calculation shows that 

n n n 

dC^ydi) = (pdpi + y 'pidqi- 

2 = 1 2=1 2=1 

Subtracting the equation (7 — 35) from (7 — 36), we get that 



i.e., 



d(Y,Pi<ii - £) = Y, Qidpi - Y^Pidqi, 

2=1 2=1 2=1 



<777 = ^ didpi ~ ^2 Pid( li 



2=1 



2=1 



By definition, we also know that 



di q ' + h w*” 1 - 



(7-36) 



(7-37) 



(7-38) 



Comparing (7 — 37) with (7 — 38), we then get these Hamiltonian equations 
dqi dH dpi dH 



dt dpi ’ dt dqi 



, i — 1, 2, • • • , n. 



7.1.6 Conservation Law. A functional F(t, q(t), p(t)) on a mechanical field 
T (M,u) is conservative if it is invariable at all times, i.e., dF/dt = 0. Calculation 
shows that 



dF _ dF 
dt dt 

Substitute Hamiltonian equations into (7 — 39). We find that 

dF _ dF 
dt dt 

Define the Poisson bracket {77, F} of 77, F to be 



£ 

2=1 



dFdH dF dll 



dq { dpt dpi dqi 



dF dqj dF dpi 

yy dqi dt dpi dt 



Then we have 



{H 1 F} pb = 



£< 



dF dH 
dqi dpi 



dF dH 

dpi dqi 



dF 

dt 



dF 

~dt 



+ {77, F} pb . 



(7-39) 



(7-40) 



(7-41) 



(7-42) 
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Theorem 7.1.4 Let T(M, u) be a Hamiltonian mechanical field. Then 

dqi -[Un\ dpi -iTTr>\ 

— -{H, qi } PB , — _{ H ,p,} PB 

for i = 1, 2, • • • , n. 



Proof Let F = q q in (7 — 41). Then we have that 



{H, qi}pB — 



v - '', dqi dH 
“ % dpk 



dqj dH 
dpk dq k 



Notice that g* and p,, i — 1, 2, • ■ ■ , n are independent. There are must be 

dq { dqi 

TT — 6, — — O ik 

dpk dq k 

for k = 1,2, Whence, {77, qi}FB = dH/dpi. Similarly, {77, Pi}fb = dH/dqi. 

According to Theorem 7.1.3, we finally get that 

dqi -fHn\ dPi 

Hi ~ {H ' q<)pB ' - {H ' P<}fb 



for i = 1, 2, • • • , n. 



□ 



If F is not self-evidently dependent on t, i.e. , F = F(q(t), p(t)), the formula 
(7 — 42) comes to be 

(IF 

— = {H 1 F} PB . (7-43) 

Therefore, F is conservative if and only if {77, F} PB = 0 in this case. Furthermore, 
if 77 is not self-evidently dependent on t, because of pi = dL/dfi and p* = dC/dqi, 
we find that 



dH 

dt 



^EM-£(q(t),q(t))] 



1=1 



71 7~l r\ s* q 

E f . . ..x . ojL .. x 

(ft* + + 7^) 

n n 

+ Pifi) ~ ^{Pifi + 

7—1 1=1 

0, 



i.e., 77 is conservative. Usually, 77 is called the mechanical energy of such fields 
T(A7, u>), denoted by E. Whence, we have 
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Theorem 7.1.5 If the Hamiltonian H of a mechanical field T(M, cu) is not self- 
evidently dependent on t, then T (M,u) is conservative of mechanical energy. 

7.1.7 Euler-Lagrange Equation. All of the above are finite freedom systems 
with Lagrangian. For infinite freedom systems such as those of gauge fields in 
Section 7.4 characterized by a field variable 4>(x) with infinite freedoms, we need to 
generalize Lagrange equations in Section 7.1.4 with Lagrange density. In this case, 
the Lagrangian is chosen to be an integration over the space as follows: 

C= I d 3 xJz?(0,c^), (7-44) 

where J?f (0, <9^0) is called the Lagrange density of field. Applying the Lagrange 
density, the Lagrange equations are generalized to the Euler-Lagrange equations 
following. 

Theorem 7.1.6 Let 4>(t,x) be a field with a Lagrangian C defined by (7 — 44). Then 

d x py () 

M d<f> 



Proof Now the action / is an integration of C over time x°, i.e. , 

I — — J d 4 xJzf (0, 

Whence, we know that 



61 




d & d se 

dfi + <9(<9 m </>) 

(--3 ^ 

v dfi ''' dd l ,(p / 



<5(9, ,f>) 

) 8<f> + 




0 



by the Hamiltonian principle. The last term can be turned into a surface integral 
over the boundary of region of this integration in which 8<f> = 0. Whence, the surface 
integral vanishes. We get that 



61 



d A x 






6fi 



0 



for arbitrary 8<f. Therefore, we must have 
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§7.2 GRAVITATIONAL FIELD 

7.2.1 Newtonian Gravitational Field. Newton’s gravitational theory is a R 3 
field theory, independent on the time t E R, or an absolute time t. In Newton’s 
mechanics, he assumed that the action between particles is action at a distance, 
which means the interaction take place instantly. Certainly, this assumption is 
contradicted to the notion of modern physics, in which one assumes the interactions 
are carrying through intermediate particles. Even so, we would like to begin the 
discussion at it since it is the fundamental of modern gravitational theory. 

The universal gravitational law of Newton determines the gravitation F between 
masses M and n of distance r to be 



F = 



GMm 



with G = 6.673 x 10” 8 cm 3 /g,s 2 , which is the fundamental of Newtonian gravitational 
field. Let p(x) be the mass density of the Newtonian gravitational field at a point 
x = (x, y, z ) G R 3 . Then its potential energy <l>(x) at x is defined to be 

Gp(x') 



Then 



<9<L(x) 

dx 



<L(x) = — 

SliKil 



-d 3 x’. 



\x — X 



dx 



d 6 x’ = 



Gp(x')(x~x'j 3 , 



\x — X 



-'ll 3 



d 6 x’ = — F,. 



Similarly, 



d$(x) 

dy 

d$(x) 

dz 






\x — x'll 3 



Gp( X ')(z-z'l d3 _, = _ F 



lx — x'll 3 



Whence, the force acting on a particle with mass m is 

.d<h(x) <9<L(x) d<h(x). 
m dxi 1 dx 2 1 dx 3 

These gravitational forces are very weak compared with other forces. For example, 
the ratio of the gravitational force to the electric force between two electrons are 
gravitation /^electricity = 0.24 x 10 _42 . Calculation also shows that $(x) satisfies the 
Poisson equation following: 

<9 2< L(x) <9 2< L(x) <9 2< h(x) 



dx 



dy 



dz 



= AnGp(x), 
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i.e. , the potential energy <h(x) is a solution of the Poisson equation at x. 

7.2.2 Einstein’s Spacetime. A Minkowskian spacetime is a flat-space with the 
square of line element 

d 2 s = rj^dx^dx" = —c 2 dt 2 + dx 2 + dy 2 + dz 2 

where c is the speed of light and is the Minkowskian metrics following, 

0 0 0 " 

1 0 0 
0 1 0 
0 0 1 _ 

For a particle moving in a gravitational field, there are two kinds of forces 
acting on it. One is the inertial force. Another is the gravitational force. Besides, 
any reference frame for the gravitational field is selected by the observer, as we have 
shown in Section 7.1. Wether there are relation among them? The answer is YES 
by principles of equivalence and covariance following presented by Einstein in 1915 
after a ten years speculation. 

[Principle of Equivalence] These gravitational forces and inertial forces acting 
on a particle in a gravitational field are equivalent and indistinguishable from each 
other. 

[Principle of Covariance] An equation describing the law of physics should have 
the same form in all reference frame. 

The Einstein’s spacetime is in fact a curved R 4 spacetime (x 0 , aq, x 2 , x 3 ), i.e., a 
Riemannian space with the square of line element 

ds 2 = g, w {x)dx l:l dx v 

for p, v = 0, 1,2,3, where g^fx) are ten functions of the space and time coordi- 
nates, called Riemannian metrics. According to the principle of equivalence, one 
can introduce inertial coordinate system in Einstein’s spacetime which enables it flat 
locally, i.e., transfer these Riemannian metrics to Minkowskian ones and eliminate 
the gravitational forces locally. That is, one entry is positive and other three are 
negative in the diagonal of the matrix [g^]. Whence, 



Vi* 



-1 

0 

0 

0 
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Iswl — 



goo 


9 oi 


902 


903 


gw 


gu 


.912 


913 


#20 


92 1 


922 


923 


930 


. 9.31 


932 


933 



< 0. 



For a given spacetime, let (x°, x 1 , x 2 , x 3 ) be its coordinate system and 

x' il = f^(x°,x\x 2 ,x 3 ) 

another coordinate transformation, where ji— 0, 1, 2 and 3. If the Jacobian 



9 = 



dx' 



dx 





dfl 




dx° 


dA 


df 3 


dx 3 


dx 3 



7 ~ o, 



then we can invert the coordinate transformation by 

x 11 = g M (V°, x n , x' 2 , x /3 ), 

and the differential of the two coordinate system are related by 

, /u dx d / M 
dx^ = — — dx = — — : dx , 






cte 1 ' 



, dx M , 

dx M = — — dx = — dx . 

dx' v dx'v 

The principle of covariance means that are tensors, which means we should 
apply the materials in Chapters 5 — 6 to characterize laws of physics. For example, 
the transformation ruler for an ordinary covariant tensor T a p of order 2 can be seen 
as a matrix equation 

dx M dx v 

«/3 = faJJ 

Applying the rule for the determinants of a product of matrices, we know that 

2 

\TcLp\ , 



T' — 
| J af3 | ~ 



dx 



dx' 



particularly, let be the metric tensor g^, we get that 

2 



g = 



dx 

dx' 



g - 



(7-45) 
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Besides, by calculus we have 

d^x! = 



dx 

dx' 



(fix. 



(7 - 46) 



Combining the equation (7 — 45) with (7 — 46), we get a relation following for volume 
elements: 



\J —g'cfix' = fi^gd^x, (7 — 47) 

which means that the expression y—gd A x is an invariant volume element. 

7.2.3 Einstein Gravitational Field. By the discussion of Section 7.2.2, these 
gravitational field equations should be constrained on principles of equivalence and 
covariance, which will go over into the Poisson equation 

V 2 $(T) = 4vr Gp{x), 



i.e. , Newtonian field equation in a certain limit, where 

2 d 2 d 2 d 2 

dx dy dz 

In fact, Einstein gave his gravitation field equations as follows: 

R»» - T^g^R = ( 7 _ 48 ) 

where R^ v = R* av = g a 0 R a n 0 v, R = g^R^ are the respective Ricci tensor , Ricci 
scalar curvature and 



8v tG 



K = 



= 2.08 x 10 -48 cmT 1 • g~ x ■ s 2 . 



The Einstein gravitational equations (7 — 48) can be also deduced by the Hamil- 
tonian principle. Choose the variational action of gravitational field to be 



I = j V^g(L G - 2nL F )d i x, 



(7-49) 



where L g = R is the Lagrangian for the gravitational filed and Lp = Lp^g ^ , g^fi) 
the Lagrangian for all other fields with f tCC = d/dx a for a function /. Define the 
energy-momentum tensor T^ u to be 



T = 

± fils 



2 f dfi^gLp d_ 

C—g 1 dg^ v dx c 



dV^gLi 

dgfi u 
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Then we have 

Theorem 7.2.1 51 = 0 is equivalent to equations (7 — 48). 

Proof We prove that 

51 = j mm - \g^R - Krpsg^x. (7 - 50) 

Varying the first part of the integral (7 — 49), we find that 

<5 J V=gRd A x = 5 J y/^g^R^x 

= f V-gg^SR^x + J R llu 5{^f^gg llu )d A x (7-51) 

Notice that 

f dT p dT p I 

^ = Naf- + 

= 5 ( _ 5 f + ^(p 7 r p ) - <5(r CT r p ) 

\dx p ) V dx v ) K pv pa> 1 pp vc> 

d{ST%) djsrp 

dx p dx v 

Consequently, the integrand of the first integral on the right-hand side of (7—51) 
can be written to 



V^gg^Rr 






mp 

dx p 



m 

m 



d(g p "5 rp 
dx p 

8(g"^r;j 

dx° 






m%,) ) 

dx v J 

d^srej ) 

dx v J 

d(sr5T%) 1 

dx a J 



where V a = g pa 5 F p — g pa 5 T p LD is a contravariant vector and 



VP 



dV a 

V„V“ = — + T“ V p , 



dx c 



™ _ n au r = = 1 d m 

pa 9 um 2 gdx" \p~g dx" ' 



where 
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Applying the Gauss theorem, we know that 



y/^gg^SRuwdPx = 



d{^-gV° 

dx a 



-d A x = 0 



for the first integral on the right-hand side of (7 — 51). 

Now the second integral on the right-hand side of (7 — 51) gives 

J R,AV=ggnd 4 x = J V=gR»J(gnd 4 x + J R^d(V=g)d 4 x 

= I V=gR»J(gnd A x + f R5{^)d A x. (7 - 52) 



Notice that 



1 1 



dV^g = =dg = —V^gg^dg^ 



Whence, we get that 



R l u,6(y/ = gg ,u ')d l x = / C-g(R’i,.u - -g, w R)dg ,w d A x. 



/Ir gg^)d 4 x = 

Now summing up results above, we consequently get the following 



5 J V=~gRd‘x = j </-g(R^ - ) vVV'/'V 4 .7; 



(7-53) 



(7-54) 



for the variation of the gravitational part of the action (7 — 51). Notice that Lp = 
L F (g ^ u , g^) by assumption. For its second part, we obtain 



5 J C^gL F d A x = j 



d{V~gi 



d{\C r g L F ) 



So t"' + -Av — ^_L±Sq^ v 
dg IJ,J 9 dg%' g ’ a 



The second term on the right-hand-side of the above equation can be written as a 
surface integral which contributes nothing for its vanishing of the variation at the 
integration boundaries, minus another term following, 

d 



dgt 



dj^L F d A x = J{^kr- d ^ 1Lf 

= \ f V~~gT, w dg ,J,u d 4 x . 



| dg^d A x 



(7 - 55) 

Summing up equations (7 — 49), (7 — 51), (7 — 54) and (7 — 55), we finally get 
di= f V^g{Rpu - \g^R - KT^dg^dtx, 



that 



